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1 BBenenwme

B nHacrosiee Bpems 60bloe 3HaUeHIE IPUOOpeH MPoO/IeMbl Iepeaadn HHGpOPMAIUT U, B 9acCT-
HOCTH, BOIIPOCH KOIWPOBAHUS U JIEKOIMPOBAHUS B IIEJAX ee HAIeKHOH Iepemadn Mo '3almuieH-
abiM " KaHatam. OObIYHO ObIBaeT HEOOXOINMO HEPEIATh COODIIEHNE, COCTOSINEE U3 KOHEIHOHN MOC/1e10-
BATEJIHHOCTH CHMBOJIOB, ABISIONMIAXCS dJIeMEHTAMH HEKOTOPOTO KOHEYHOro ajdapuTa. FKcau, Hanmpu-
Mep, 3TOT aadaBUT COCTOUT 13 cuMBOJIOB () 1 1, TO mepeaBaeMoe cOODIEeHNe MOYKHO PaCCMaTPHBATH
KaK HEKOTOPOe JBOMYHOE YHCI0. B 0bImeM ciiydae mnpejmosaraercs, YTo aadaBuT aBIIeTCS HEKOTO-
PBIM KOHEYHBIM T1oJieM. [lepemada KoHeUHO# 1OC/IeI0BATEILHOCTH 3JIEMEHTOB ajl(aBUTa 10 KAHALY
CBsi3U HE 00s13aTe/ILHO OCYIIeCTBIsAeTCs B "TounoM " Bue B TOM CMbIC/Ie, 9YTO KaxK bl OuT undopma-
AN [TePeaeTCs M0 KaHAIY He H3MeHssiCh. BBHIY TOro, 9To HE CYIIECTBYeT HeaJbHOr0 KaHaua 0e3
"mrymoB" | moTyyaTess mepesaBaeMoro COOOIEHUST MOYKET MOy IUTh UCKAKEHHYI0 WH(MOPMAINO 1
OIMOOYHO UCTOJKOBATH IIepeaHHble CUTHAJIBI.

O/1HOit M3 OCHOBHBIX 3aJa4 TEOPUH KOIUPOBAHUS SIBJISETCS CTPpEMJICHHE K TOMY, YTOOBI BEPOAT-
HOCTDL OITUOOK, MOSBJSIONINXCA B Pe3yabTaTe IMyMa B KaHaje CBA3M, OblIa CBeJeHa K MUHUMYMY.
MeTo/ibl TTOBBIIIIEHNST HAJIEXKHOCTH TIepPeIadn COOOIEeHnit B OCHOBHOM 0a3upyIOTCs Ha CBOHWCTBAX KO-
HEYHBIX NOJEH.

OcHoBHOII Hjieelt ajredbpandecKoil TeOpuy KOJUPOBAHU ABJIETCS Mepeiada u30bIToUYHOl nHpOP-
MaIllid BMECTe C TeM COODIIeHHmeM, KOTOpoe HeOOXOIMMO IepelaTh. DTO 03HAYAET, YTO IIOCJIeI0Ba-
TeJIbHOCTH CHMBOJIOB, COCTABISIONINX TIepeaaBaeMoe COODIIeHne, HEKOTOPBIM CIIeIHaJIbHBIM 00pa3oM
npeodpasyercst B 60Jiee JUIMHHYIO TTOCJIE0BATEJILHOCTD.



2 JIuHeliHbIe KOObI

Onpegenenne. Anredbpandeckas cucrema < F,+, - > Ha3bIBaeTCs TMOJIEM, €CJIH:
1. < F,+,- > sBagerca KoMMyTaTHBHOI (abesieBoii) rpymnmoii mo cJI0KeHnro

2. < F/{0},- > aBnsercs abeaeBoil TpymnIoii Mo yMHOKEHUIO
3. BBIMOJHSIETCS 3aKOH JUCTPUOYTUBHOCTH: s JIIOOBIX a, b, ¢ € F cupaBenauBo

a(b+c) =ab+ ac

[Topgakom moJist Ha3bIBAETC YUCTO eTo 31eMeHTOB. [lome Ha3bIBaeTCsa KOHEYHBIM, €CJIH OHO UMeeT
KOHEYHBIA 1TOPAI0K.

IIpumepst. <Q, +,- > <R, +,- >, < C, +, - > - 6eckoHeuHbIe TOJIS.
Konpio BerueToB < Z, 4+, > TeAbIX YHCeJ MO MOJYJII0 IpocToro duciaa p. Jlagee Takoe mosie
OyJeM Ha3BIBaTh IPOCTBHIM U 0003HAYATD [,

Omnpenenenne. XapakTepucTukoii mosist F HazpiBaeTcs HamMeHbIIee 1Mejioe MoJI0KUTEThHOe THC-
JIO P Takoe, 94TO B 1ojie F' cirpaBesjinBo paBeHCTBO:

1+1+...+1=0
. —

P pa3

[TockonbKy B moJIe HeT JeJuTes el Hy/Isd, XapaKTePUCTAKA P BCETa SABISAETCS MPOCTBIM YUCIOM.
Ecim Takoro 4mcia He CymIecTBYeT, TO TOBOpAT, uTo moJie F mmeer xapaktepuctuky 0. OdeBuaHo,
4TO JII000E KOHEYHOE T10JIe UMEeT XapaKTepPUCTUKY, oTjinduyio or (.

2.1 IlocTrpoeHme JUHENHOTO KOIa

[IpocTast MoIe/Tb CUCTEMBI CBA3W CJIETYIOIAS:

] Coobrienne ‘ a ‘

Lof

\ 3aKoanpOBaHHOE COOOIEHNE \ c \




Kanan cBa3m \ — \ Iy M ‘

[Tonyuennoe coobiienue \ c+e ‘

Ly

’ JlekonmpoBaHHOE COODIEHNE \ a ‘

CHMBOJIBI, COCTABJSIIOIINE UCXOIHOE 3aKOANPOBAHHOE COOOINEHNE, ABASIOTCA SJIeMEeHTaMI KOHed-
Horo noJig Iy, Koguposanue obosnadaer, 910 010K 13 k cHMBOJIOB TIepeaBaeMoro COOOIIEHN a4 Ay ... A,0; €
Fyi= 1, k 3aMeHsIeTCS KOMOBBIM CJIIOBOM €, Co, ..., Cn >k, ¢; € Fy, 1= 1,n.

Mpr GyeM paccMaTpHBAaTBH KOJOBOE CJIOBO KaK N-MEPHYIO BEKTOP-CTOPOHY ¢ € [}

Takum obpaszom, dpyuknus f uz Ff B F' naspiBaerca cxemoli kopuposanus, a g @ Fl' — Fcf
Ha3BIBAETCS CXEMOMH JEeKOINPOBAHUSI.

[Ipocrast pa3HOBHAHOCTH CXEMbI KOAUPOBAHUS MMEET B

a=4aj; a ... a — Qa1 G ... Qg C1 C2 ... Ch—f = C
re nepsbie k cuMBOJIOB COBIAIAIOT ¢ k cMMBOJIaMU MCXOIHOTO COODIIEHUS M HA3bIBAIOTCSA MHMOPMa-

[IUOHHBIMA CUMBOJIAMHE, a JIONOJHUTEJbHbIE 1 — k CUMBOJIBI HA3BIBAIOTCS IPOBEPOUYHBIE (KOHTPOJIb-
HBIME) CHMBOJIAMH.

Takas cxeMa KOJUPOBAHHA YacTO HpeJcTaBiasercsa B caeayiomeM suge.llycts H - Marpuna pas-
MepoM (n — k) X n ¢ smementamu u3 F, u mMeIonias Buj

H = (AEnfk)

rae A - marpura pasmepa (n—k)xk, a E,,_j, - euauanas Marpuna nopsijaka n—k. Toraa nposepodnbre
CUMBOJIBL OIPEJICIAI0TCA U3 CUCTEMBbl JIMHEeIHBIX ypaBHeHUI

Hd =0
YpaBHeHUd JTAHHON CUCTEMbBI Ha3bIBAIOTCH MPOBEPOYHBIMU YPABHEHUSAMH JUHEHHOTO KOJIA.

IIpumep 1. [Iycts Hj,7 MaTpuna HaJ moJeMm Fy ciieayionero BUa:
101 1100
H=|11101010
1 110001

n="7 k=4

[TpoBepOYHBbIE CUMBOJIBI MOZKHO HaiiTn 3 cuctembl ypasuennit Hc! = 0 rie ¢ = (a; ag as ay ¢ ¢3 ¢3).



a + a3 + a4 + ¢ = 0
a + a + a4 + Cco = 0
a + ay —+ as + C3 = 0,

TOTIJIa IPOBEPOYHBIE CUMBOJIBI MOYKHO BBIPA3UTh Yepe3 NH(MOPMAIMOHHbBIE CAELYIONUM 00pa30M:

= a + a3 + a4
o = a1 + a + a4
c3 = a1 + a2 + a3

Urak,
a1 s a3 a4 — Q1 A9 A3 A4 C1 C2 C3

f:F} — Ff
aj az ag ay — ay ag az ag (a; + as + aq) (a1 + az +aq) (a1 + az + as)

Hampumep 0101 — 0101001.

Onpeanenenne. [lycrs H - marpuna nan nostem Fy, pasmepoM (n—k)xn u panra n—k. MHozxKecTBO
C Bcex n-MepHBIX BEKTOPOB ¢ € [ yJIOBIETBOPAIOMIX ypaBHeHUIO H ¢! = 0 nazpIBaeTCA TUHEHHBIM
(n, k) xomom nax nosem F,. Daementsl MuoykecTBa C HA3BIBAIOTCS KOJOBBIMHE CJIOBAMHU (BEKTOPAMH).
Yucsio n HasbiBaeTCH JUIMHON KoJsa, k - pasmepnocThio Koga. Marpuiia H naswsiBaeTcs mpoBepodHoi
Matpuiieil uraeitnoro koja C. Ecomn ¢ = 2, C na3piBaercd dmHapHbIM KojioM. Eciin marpuna H umeer
Bung H = (AE,_i), 1o kox C Ha3BIBAETCH CUCTEMATHICCKAM KOJIOM.

BamernM, uTo MHOKecTBO C pemenuii cucreMbl TUHEHHBIX ypasHenuit Hc! = 0 apiagerca k - mep-
HBIM TIOJIIPOCTPAHCTBOM BEKTOPHOTO npocrpancTsa [ . Tak Kak KOIOBbIe C10Ba 00pasyioT IpyILy
o cyiokenuio, 70 C TakzKe Ha3bIBAETCS TPYIIOBBIM KOIOM.

ITpumep 2. (Kox ¢ obmieil TPOBEPKOii HA YETHOCTB )
[TycTh mano mose Fh u mepemasaeMoe COOOIMIEHNEe UMEeT BUI (1 Ay ... di. OUpemesuM cxeMy KOIUpO-
Banus f ciemytonmm obpazom:

f:a1 as ... ap — by by ... bk+17 rae bi:ai, izl,k,a

b 0,ecin ¥, a; =0
T Leem SF_ a; =1

CiieioBaTeIbHO, CyMMa JIEMEHTOB JI0060T0 KO0BOro cioBa pasua (. Eciu cymma sjiemenTon
paBHa 1, TO moJiydaTenb y3HAeT, YTO B IPOIECCE IMepeaadn COODIMeHus MOsSBUIACH OInOKa. Kcim
HOJIOKUTH N = k + 1, TO TONyUYeHHBIl KOJ ABJASETCsT JuHeHHbIM (n,n — 1) KOAOM ¢ MPOBEPOIHON
marpureit H = (11 ... 1).

Onpenenenne. Marpuna G = (Ej, — A') pasmepoM k X n Ha3blBaIOTCA TOPOXKIalomeil Mmarpuueit
quHeirHoro (n + k) Kofa ¢ nmpoBepounoii marpuneii H = (A E,_y).

U3 ypashenna H ¢! = 0 u ¢ = a G caenyer G H' = 0 umm H G' = 0. Koxn C cosnanaer
¢ IPOCTPAHCTBOM CTPOK IopoxKiaiieir marpunsl G. B obmem ciydae sobasg k X n marpuna G,
IPOCTPAHCTBO CTPOK KOTOpoi paBHsercd C, Ha3bIBaeTcd Nopoxkaatomieil marpunei komxa C.



ITpumep 3. Topoxgatomas marpuna G ¢ mpoepkoit marpuneit H u3 npumepa 1 umeer Bu:

1 00 0111
a_ 01 00O0T1°1 ’
001 0101
0001110
aG =c

(a1 as a3 ay)G = ay as az ag a1 +asz+ayg a; +as+ay a3+ as + ag, T.€. LOJyIAEM TOT 2Ke JIMHEIHbIT
KOJ KaK B mpuMmepe 1.
Jlerko nposeputh, uro GH' = 0.

2.2 JlekoaupoBaHUe JIMHEMHBIX KOJIOB

Onpegenenne. llycts z, y € FJ', Torga:
1. Paccrosuuem Xommunra d(x, y) MeXKIy BEKTOPAMHU X M Y HA3BIBAETCS UUCIO KOOPIXHAT, KOTO-
PBIMHU BEKTOPBI X U Y OTJIMYAIOTCL JPYT OT APYyra.

2. Becom XsmmuHra w(r) BEKTOpa X HA3bIBAETCH YUCJIO HEHYJIEBBIX KOOPAMHAT HTOIO BEKTOPA.

Takum 06pa3oM, ec/in X - IepejaBaeMoe CJI0BO, TO Bejuuuta d(x,y) jgaer Yucao omuboK, MOsIBUB-
IIHXCs Ipu nepegate c1osa X. Jlerko Bugers, 410 w(x) = d(x,0), d(z,y) = w(z —y).

Jlemma. Paccrosgaue XoMMUHTA ABISETC METPUKON B IPOCTpancTBe F') T.e. a1 molbIX =, y €
F}' BBINOMHAIOTCA CIEYIONIHUE YCTOBUSA:

1. d(x,y)=0 Torga m TOIBKO TOr/A, KON X=y
2. d(z,y) = d(y,z)
3. d(z,2) < d(z,y) + d(y, 2)

IIpumep 4. Iloctpouts E? - MeTpHaecKoe IPOCTPAHCTBO HAJ IOJeM Fb.

[Ipu AekoaIupPOBAHUHT MTOIYYEHHOTO CJI0BA ¥ OOBITHO CTAPAIOTCS HANTH KOJIOBOE CJIOBO C, JIjIsd KOTO-
poro w(y — ¢) IPUHEMAET HAUMEHbIIIee BO3MOXKHOE 3HadeHne. Takum 0O6pa3oM, Ipu TeKOIUPOBAHUM
MbI HIIEM KOJOBOE CJIOBO C, OjinzKafiiiee B CMbIC/Ie PACCTOSHUSA XAMMUHIA K MOJYYEHHOMY CJIOBY Y.
DTO MPABUIO HA3BIBAETCS JIEKOIUPOBAHUEM B OJimzKaiiiee KOJIOBOE CJIOBO.

Omnpenenenne. Eciu t - HEKOTOpOe HaTypanbHOE 4uCI0, TO Koa C' < F' HA3BIBAETCA KOJOM,
MCIIPABJIAIONIAM t OMHUO0K, ecu s todoro y € Fi' naiinerca He 6omee omaoro ciosa ¢ € C', Takoro,
qro d(y,c) < t.

Ecmm ¢ € C' - nepemaBaemMoe KOI0BOE CJIOBO M IPHU Iepenade MOABIIOCH He Hojee t omuboK, TO
d(y,c) < t ans nomydenHoro ciaora y. Ecam kox C - Ko MCTpaBasgonuii t onmmmboK, TO I BCEX
KOJIOBBIX CJIOB X # € JIOJIZKHO BBITIOJHATHCs cOOTHOIIEeHuE d(y, x) > . DTO 03HAYALT, UTO C SIBJISIETCS
OMMZKAMIIIM Ky KOJOBBIM CJIOBOM M JI€KOIMPOBaHHEe B OJIMKaiilllee KOITOBOE CJIOBO JAeT IPABHIb-
HblI pe3yJibrar. Takum o0pa3om, ojiHa U3 33/1a4 TeOPUU KOJUPOBAHUS COCTOUT B LHOCTPOEHUHU TAKHUX



COO00IIeHHH, /1719 KOTOPBIX KOJOBbIE CJIOBA HAXOMIATCS HA 3HAYUTETLHOM PACCTOSHHUH JIPYT OT JIPyTra.
C napyroit CTOPOHBI, €CTECTBEHHO CTPEMHTBHCS TEePeIaTh 10 BO3MOYKHOCTH 00JibIle WH(MOPMAIUN B
equnuity Bpemenu. CorjlacoBanmud dTUX JIBYX (DAKTOPOB COCTABJILAET OJIHY U3 HMPOOJIEM TEOPHH KOIH-
poBaHUsI.

Onpepenenne. Yucsio
d. = min d(u,v) = min w(c)

uwveCu#v0#cel

HA3BIBAETCS PACCTOsSTHIEM JinHelnoro koma C.
Teopema. Kox C ¢ paccrosgnuem d, MOXKeT HCIPABIATH t omUOOK, ecau d. > 2t + 1.
ITpumep 5. Ko uz npumepa 1 umeer d, = 3 u, cjaeJ0BaTEIbHO, MOXKET UCIIPAB/LATH OJHY ONIUOKY.

Jlemma. [l toro urober nwHeitasiit kog C ¢ mpoBepouHoit martpunieit H umesn paccrosiame
d. > s+ 1, HEOOXOIUMO U JIOCTATOYHO, YTOOBI JI00BIE S cTOI010B MaTpuilbl H 6bL1n nHeiiHo Hes3a-
BUCHUMBI.

Onpegaenenne. [lycrs C - smueiinstii (n, k) xox nax moaem F,. Muoxecrso
a+C={a+c|ceC}

HA3BIBAETCS CMEXKHBIM KJIACCOM.
Taknm 06pazoM, BEKTOPHOE MPOCTPAHCTBO [ /C' cocTouT M3 BCeX CMexKHBIX Kjaccos 1o koiy C.

Onpenenenne. Jlugepom cmexkuoro Kiaacca a + C' HA3bIBAETCS BEKTOP €, MMEIOIIHH MAHUMA b~
HBII BecC.

Ounpepenienne. Ilycre H - npoBepounas marpuia Jjumseitnoro (n, k) koma C. Torma BekTOp
S(y) = Hy" nmunbl (n — k) Ha3bIBAETCS CHHIPOMOM BEKTODPA V.

Teopema. Ecm y, z € F/, To

1. S(y) =0<=yelC

2. S(y) =8(z2) <= y+C=2z+C.

Ilycrs C < F)' - numeitnpiit (n, k) Kof, U IycTb y - IpHHATHIT BeKTOp. Jlia Toro 4robhr ucnpa-
BUTH ONTUOKH, UMEIOIHECsT B Y, BRIYUCTUM S () U HAliieM Takoil JInIep CMeXKHOTO KJIacca e, CHHIPOM
koroporo pasen S(y). Toraa gekomupyem y Kak & = y — €. 37eCh X - KOJOBOe CJIOBO, HAXOJAIICEC T
Ha MUHHUMaJbHOM PaCCTOAHUN OT Y.

IIpumep 6.

1. Iloctpouts (4,2) xkox nag noaem Fj

012 2
H =
( 1230 )

Co 1 G2 C1



2. Cucremarusupyem marpuiy H
1220
"= ( 2 30 1 )
ay az €1 C
0
1
(31
“\23

C1 = —3a1 — Q9 = 2@1 + 4CL2
Cy = —2a1 - 3@1 = 3(11 + 2@2

JIOMHOZKHMM TEPBYIO CTPOKY MaTPHIILI HA 3

311
i = 2 30

VR

N

3. W3 marpune H naxonum cq, ¢

aias — a10s 2a1 + 4as 3a; + 2as

4. Haxoaum nopoxpatontyto Marpuny Gix, = (F — AY)
G 10 -3 -2\ (1023
- \01 -1 -3/ \01 42
Haiigem c1, ¢ mo dpopmyrne: aG = ¢

10 2 3
(Gl GQ)(O 1 4 2>: a1a9 2a1—|—4a2 3a1—|—2a2

5. IIpoBepuM mpaBUJIBHO JIK MBI HAILIN TOPOXKIAIONLYIO MaTpuiy G

GH'=0

(342 243\ _[(00
“\1+4 3+2 ) \o0o0

O = = W
— o W

10



6. [TocTpoenue Tab/UIBI CMEZKHBIX KJIACCOB

C

00

0000

0001

0010

0100

1000

0002

0020

0200

2000

0003

0030

01

0142

0143

0102

0242

1142

0144

0112

0342

2142

0140

0122

10

1023

1024

1033

1123

2023

1020

1043

1223

3023

1021

1003

02

0234

0230

0244

0334

1234

0231

0204

0434

2234

0232

0214

20

2041

2042

2001

2141

3041

2043

2011

2241

4041

2044

2021

03

0321

0322

0331

0421

1321

0323

0341

0021

2321

0324

0301

30

3014

3010

3024

3114

4014

3011

3024

3214

0014

3012

3044

04

0413

0414

0423

0013

1414

0410

0433

0113

2413

0411

0443

40

4032

4033

4042

4132

0032

4034

4002

4232

1032

4030

4012

11

1110

1111

1120

1210

2110

1112

1130

1310

3110

1113

1140

22

2220

2221

2230

2320

3220

2222

2240

2420

4220

2223

2200

33

3330

3331

3340

3430

4330

3332

3300

3030

0330

3333

3310

44

4440

4441

4400

4040

0440

4442

4410

4140

1440

4443

4420

12

1202

1303

1212

1302

2202

1204

1222

1402

3202

1200

1232

21

2133

2134

2143

2233

3133

2130

2103

2333

4133

2131

2113

13

1344

1340

1304

1444

2344

1341

1314

1044

3344

1342

1324

31

3101

3102

3111

3201

4101

3103

3121

3301

0101

3104

3131

14

1431

1431

1441

1031

2431

1433

1401

1131

3431

1434

1411

41

4124

4120

4134

4224

0124

4121

4144

4324

1124

4122

4104

23

2312

2313

2322

2412

3312

2314

2332

2012

4312

2310

2342

32

3243

3244

3203

3343

4243

3240

3213

3443

0243

3241

3223

24

2404

2400

2414

2004

3404

2401

2424

2104

4404

2402

2434

42

4211

4212

4221

4311

0211

4213

4231

4411

1211

4214

4241

34

3422

3423

3432

3022

4422

3424

3442

3122

0422

3420

3402

43

4303

4304

4313

4403

0303

4300

4003

4323

1303

4301

4333

11




00

0000

0300

3000

0004

0040

0400

4000

0011

1001

0022

3003

01

0142

0442

3142

0141

1132

0042

4142

0103

1143

0114

3140

10

1023

1323

4023

1022

1013

1423

0023

1034

2024

1040

4021

02

0234

0034

3234

0233

0224

0134

4234

0240

1230

0201

3242

20

2041

2341

0041

2040

2031

2441

1041

2002

3042

2013

0044

03

0321

0121

3321

0320

0311

0221

4321

0332

1322

0343

3324

30

3014

3314

1014

3013

3004

3414

2014

3020

4010

3031

1012

04

0413

0213

3413

0412

0403

0313

4413

0424

1414

0430

3411

40

4032

4332

2032

4031

4022

4432

3032

4043

0033

4004

2030

11

1110

1410

4110

1114

1100

1010

0110

1121

2111

1132

4113

22

2220

2020

0220

2224

2210

2120

1220

2231

3221

2242

0223

33

3330

3130

1330

3334

3320

3230

2330

3341

4331

3302

3302

44

4440

4240

2440

4444

4430

4340

3440

4401

0441

4412

2443

12

1202

1002

4202

1201

1242

1102

0202

1213

2203

1224

4200

21

2133

2433

0133

2132

2123

2033

1133

2144

3134

2100

0131

13

1344

1144

4344

1343

1334

1244

0344

1300

2340

1311

4342

31

3101

3401

1101

3100

3141

3001

2101

3112

4102

3123

1104

14

1431

1231

4431

1430

1421

1331

0431

1442

2432

1403

4434

41

4124

4424

2124

4123

4114

4024

3124

4130

0120

4141

2122

23

2312

2112

0312

2311

2302

2212

1321

2323

3313

2334

0310

32

3243

3043

1243

3242

3233

3143

2243

3204

4244

3210

1241

24

2404

2204

0404

2403

2444

2304

1404

2410

3400

2421

0402

42

4211

4011

2211

4210

4201

4111

3211

4222

0212

4233

2213

34

3422

3222

1422

3421

3412

3322

2422

3433

4423

3444

1420

43

4303

4103

2303

4302

4343

4203

3303

4314

0304

4320

2301
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C
00 | 0000 | 0012 | 0031 | 0024 | 0401 2303 | 4414 | 3024
01]0142 | 0104 | 0123 | 0111 | 0043 2440 | 4001 | 3111
10 | 1023 | 1030 | 1004 | 1042 | 1424 3321 | 0432 | 4042
02 ] 0234 | 0241 | 0210 | 0203 | 0130 2032 | 4143 | 3203
20| 2041 | 2003 | 2022 | 2010 | 2442 4344 | 1400 | 0010
03 | 0321 | 0333 | 0302 | 0340 | 0222 4124 | 4230 | 3340
30| 3014 | 3021 | 3040 | 3033 | 3410 0312 | 2423 | 1033
04 | 0413 | 0420 | 0444 | 0432 | 0314 2211 | 4322 | 3432
40 | 4032 | 4044 | 4013 | 4001 | 4433 1330 | 3441 | 2001
111110 [ 1122 | 1141 | 1134 | 1011 3413 | 0024 | 4143
22| 2220 | 2232 | 2201 | 2244 | 2121 4023 | 1134 | 0244
3313330 | 3342 | 3311 | 3304 | 3231 0133 | 2244 | 1304
44 | 4440 | 4402 | 4421 | 4414 | 4341 1243 | 3304 | 2414
1211202 | 1214 | 1233 | 1221 | 1103 | | 3000 | 0111 | 4221
21| 2133 | 2140 | 2114 | 2102 | 2034 4431 | 1042 | 0102
13| 1344 | 1301 | 1320 | 1313 | 1240 3142 | 0203 | 4313
31| 3101 | 3113 | 3132 | 3120 | 3002 0404 | 2010 | 1120
14 11431 | 1443 | 1412 | 1400 | 1332 3234 | 0340 | 4400
41 | 4124 | 4131 | 4100 | 4143 | 4020 1422 | 3033 | 2143
23| 2312 | 2324 | 2343 | 2331 | 2213 4110 | 1221 | 0331
32 | 3243 | 3200 | 3224 | 3212 | 3144 0041 | 2102 | 1212
24 | 2404 | 2411 | 2430 | 2423 | 2300 4202 | 1313 | 0423
42 | 4211 | 4223 | 4242 | 4230 | 4112 1014 | 3120 | 2230
34 | 3422 | 3434 | 3403 | 3441 | 3323 0220 | 2331 | 1442
43 | 4303 | 4310 | 4334 | 4322 | 4204 1100 | 3212 | 2322

o y1 = 2303; aumep xnacca e; = 3000; z1 = y; — e = 2303 + 2000 = 4303 — 43

o o = 4414;
nuzep kiaacca ey = 0024; w3 = yo — el = 4414 + 0031 = 4440 — 44
aujep kiaacca e3 = 0203; xd = yo — 2 = 4414 + 0302 = 4211 — 42
quaep knacca ey = 2010; xd = yo — €3 = 4414 + 3040 = 2404 — 24
quaep knacca ey = 0340; xd = yo — €3 = 4414 + 0210 = 4124 — 41
mgep kaacca ey = 4001; zd =y — €5 = 4414 4 1004 = 0413 — 04
nuzep Kiaacca €5 = 1400; xd = yo — €5 = 4414 + 4100 = 3014 — 30

o y3 = 3024; auuep kaacca ez = 0010; x3 = y3 — ez = 3024 + 0040 = 3014 — 30

2.3 OcHOBHBIE ONIpeaeIeHUS

Onpegenenne. [logkonbio < I;+; - > OpOU3BOJIBHOIO KOJIbIA < R; ;- > Ha3bIBAETCI HICAJTIOM,
€CJTH JJTsl JTIOOBIX 3JIeMeHTOB u € I, v € R BoimonHsgeTca u-v € [ m v - u € I.
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Hanpumep, noaxonbno < pZ; +; - > gBASeTCS NALAJOM KOJIbIA HeJbIX dncesa < Z;+;- >.
[Tycts < F; +,- > - HeKoTOpoe TioJie. PaceMorpum Koaiblio F[x] Bcex MHOrOUYJIEHOB OT MepeMeHHO
x ¢ koapdunuenrom u3 nosst F. Ilycts s(z) - npoussoabHbiii Muorounen u3 F[z]. Torma MHOXKeCTBO

(s(2)) = {c(2) - s(2)|e(z) € Fla]} (1)

obpasyer mmean kosbia Flx]. Bepro m obparnoe: moboit naean xoabia Fx| mpemctaBuM B BHIE
COBOKYIHOCTH HPOU3BEJACHUI MHOIOWIEHOB [IJIsl HOIXOAsIEero MuEorowiena s(x). bes orpanmdenus
OOIIHOCTH MOZKHO CYUTATDh, 9T0 $(x) - MHOrO4IeH HanMemnblieil crenenu B uaease (s(x)). [Monbsyscs
anropuT™MoM EBKJIHIA /711 MHOTOUICHOB, MOKHO HOKA3aTh, YTO B JIIOOOM Hjease TaKOil MHOTOUJICH
s(z) cymecrByer u euHCTBeHeH. PaceMorpuM dakTop-koabio F[z]/(s(r)) Koabia Bcex MHOrOYIeHOB
Flz] mo momymio umeana (s(z)). Daemenramu dakrop-koabia Fx]/(s(x)) SBASIOTCS BCEBO3MOKHBIE
MHOT'OY/IEHbI CTEIIEHU MEHbIIElH, YeM cTeneHb (1), a onepaluu CJI0KeHUsI U YMHOXKeHUs: B (hakTop-
KOJIbIIe TIPOU3BOJIATCS 110 MOy T0 MHOrOUIeHa §(x). Econ crenenb MuOrOUIena () paBHa m u moJje
F koneuno, 1o dakrop-kosbiuo Flz|/(s(z)) comepxkur B Toanoctu |F|™ smemenToB.

Onpepenenne. Muorowren f(r) uz koabna F[z] HasbiBaeTcst HEMPUBOIUMBIM HaJl ToJieM F| ec-
JI OH HOPMUPOBaHHBIA (cO crapimmm K03 huImenTom, paBabiM 1) 1 He MOKeT ObITh PE/ICTaBICH B
BHUJIe IPOU3BEJCHUN IBYX MHOrOWIEHOB u3 F[x] MeHbIIX creneHeil.

CupasejiuBa cJieyomast

Teopewma 1. Ilycts f(x) - MHOrOWwIeH cremenn m ¢ koshgumuenrom 3 npocroro most F, u (f(x))
- mieaJt, HopoxaeHnblii muoroienoM f(x) B koubue Fy[x]. Paxrop-xoubno Fyz]/(f(z)), cocrosinee
u3 p"™ SJIEMEHTOB, SIBJISCTCS HOJIEM TOTJa U TOJILKO TOLAa, Korga maorowrer f(x) nenpuBogum Hay F,.

IIpumep 1. Ilycrs p = 2, Fy, = {0, 1}. Paccmorpum muorounen f(z) = 1+ 23 + z*. Heciox-
HO NIPOBEPHTDL, YTO OH HEeNpHBOAUM HaJ mojeMm [Fh. leiicrBurennpHo, Tak Kak d1eMenTol 0 m 1 me
ABJIAIOTCA KOPHAMH, TO f(r) He MMeeT JUHEHHBIX MHOTOWICHOB T U T + 1 B KadecTBe menuTeseil.
JIerko mpoBePHUTh, YTO e IMHCTBEHHbIH HeMPUBOAUMEIi Ha [y MHOrOYIeH BTopoil crenenn a2 4 x + 1
takxke He genut f(x). CremoBarenbHo, MHOTOWIEH f() HEIPUBOAUM 10 TeopeMe (DaKTOP-KOIbIO
Fylz]/(f(x)) aBngerca koneunbim mosem ¢ 2 smementamu. Bee ero 16 351eMeHTOB IIpeICTABUMbI KaK
MHOTOYJICHBI CTCIeHH MeHbIIeH 4 ¢ onepanuaMy CJIOKCeHHA HaJ HoJaeM Fo B YMHOXKEHHUS 110 MOJLYJIIO
f(x). Hampumep:

(P +r+)@*+ )=+ +2+2° +r+1=2"+2"+1=

vt rartl=x(P+2) 2l +r+l=
'+ o)+t +r+l=(@+1+2)+ 2 + o+ 1 =2+ 2%(mod f(z))

2.4 CrpoeHne KOHEYHBIX MOJIeii

Teopema 2. /List 1106010 MpOCTOro 9ucjaa p U JIIOOOro MHOJOXKUTETLHOIO HEJ0I0 TUCAa M CYIIe-
CTBYET €IMHCTBEHHOE C TOTHOCTHIO JIO H30Mopu3Ma moJre nopsjiaka p™.

Koneunoe noste nopsizika p™ masbiBaetcst moteM lamya n obosnadaercs GF(p™) B 4ecTh mepBoro
uccJieioBare/is Takux 1oJjeit 9sapucra lasya.
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HOpH,ZLKOM IIPpOU3BOJILHOI'O 3JIEMEHTA ﬂ HEKOTOPOI'0 KOHEYHOI'O II0JId Ha3blBa€TCd HaWMeHbIIee
IesIoe  MOJOMKHTEbHOe dnciao k Takoe, uro ¥ = 1. HemocpeacTBeHHO W3 OIpeIeICHUS CIIeLyer,
410 B KoHedHOM note G F(p™) njs saementa 3 nopanka k see smementst 1, 3, 32, ..., B pazmmans,
[losTomy mopsiIok Kazk10ro vaeMenta noJist G F'(p™) KonedeH u He npespimaer ducsia p” — 1. DiaeMent
a nostst GF(p™) Ha3bIBaeTCsl MPEMHATHBHBIM, €CJTH €r0 TOpsI0K pasen p — 1.

Cuieyionas TeopeMa rOBOPUT O TOM, 4TO KOHEYHbBIX IOJIeil HopsiKa, OTJAUIHOro or p', He cyiie-
CTBYeT.

Teopema 3. Ilycte F' - KoOHEUHOE moOJIE MOPSAKa ( XapaKTepuCcTHKH p. Torjga i HEKOTOPOro
IOJIO?KHTE/ILHOIO IIEJI0T0 THCIa M CHPaBEIIHBO PABEHCTBO ¢ = p™.

HokazareabcTBo. [Tokazkem, aro mose F Moxker ObITH TOCTPOEHO KaK JIMHEHHOE M-MEPHOE ITPO-
crpanctBo GF (p) miast HEKOTOPOTO MOJIOKUTETBHOTO 1eJ0ro drcaa m. [TocKoIbKy XapakTepucTHKa
noJist F paBHa p, MOXKHO TOKa3aTh, 9To moJe I comepxur GF(p) B KauecTBe HAMMEHBIIETO MOIOJIS.
[Iycts m - mommuocTh 6asuca nostd F wax GF(p), T.e. IpOU3BOIBHBLA 3/1eMeHT u € F' MOXkKeT ObIThH
LIPEJICTaB/IeH B BUJIE

u=au' + ..+ a,u™ (2)
I HeKOTOPHIX a; € GF(p) u snementsl u' € GF(q), i = 1,...,m, IHHEAHO HE3aBUCHMBI HaT
GF(p). Torga Bepno g < p™. C apyroii ¢cTOpOHBI, TaK KakK 3JEMEHTH u', ..., u™ obpasyloT Gasuc

nosis B, Bee ssiementbl u Bujia (6.2) pasjiMuHbl DU PA3IUIHBIX G, ..., Ay U IPUHAIIEKUT 10110 F.
Caemgosarenbuo, ¢ > p™. Takum obpaszom, moka3aHo ¢ = p™. A

[Tycrs (a,b) o3nadaer HamGoJIbINHiT 06U geauTesnb uncesa a u b. Vmeor mMecto ciemyromime
YTBep:K/IeHUSI.

Jlemma 1. ITycTh 371€MeHTH 3 H Y KOMMYTATHBHOI TDYIIIBI HMEIOT HOpsAKd k u 1 cooTBeTCTBEH-
ro, npriem (k,l) = 1. Toraa nopsiok saemenra [y pasen kl.

JlemMma 2. Ilycth mopsamok s1eMenTa [ KOMMYTATHBHOW rpymnbl paBeH k. Torma mopsamok a.ie-

menTa (' pasen ﬁ

CupaseinBa
Teopema 4. Heny.iesbie snements nojist GF (p™) obpa3yror nukandeckyro rpymiy mopsiaka p™—1
OTHOCHTE/THHO YMHOYKEHHSI.

Teopema 5 (Teopema ®epma). Kaxkipiii smement most GF(p™) yaoBaeTBopsieT ypaBHEHHIO

m
2 —x=0,
T.e. B mosie GF(p™) cupaBel;iuBo pas3siozKeHue

2" — =11 (x - j).
peGEQPT)

Teopema 6. /[ 066X 37eMEeHTOB a,b MPOU3BOJIBHOTO TOJIST XapaKTePHCTUKH P H JII0OOI0 MO-
JIOZKATETBHOTO TeJI0I0 9HCAa S CIIPABEIIBO PABEHCTBO

S

(a —b)P" =a — V7.
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B 3aksirouenue npuBeseM CBOJIKY OCHOBHBIX Pe3Y/IbTaTOB, OTHOCAIIMXCS K moJsIM [aiaya u neob-
XOJAUMBIX HaM B JIaJIbHEHTIIEM.
1. Ymeao smeMenToB MpON3BOILHOTO 1O ['arya paBHO CTelmeHn MpOCTOro Iucia.

2. s 1106010 mpocToro 4mcjaa p u Jboro megoro ducjaa m > 0 CyIecTByeT eIHHCTBEHHOE C
TOYHOCTBIO 710 H3oMopdusma nose Laxya GF(p™).

3. Hammvenbimum moanosem nostsas GF (p™) asnsercsa noae GF(p).
4. Tone GF(p*) smnserca nognonem nons GF(p™) Toraa n TOAbLKO TOraa, Korja k jeamT m.
5. Jlioboe mone GF(p*) conepxuT XoTs 6bl 0JIMH TPUMUTHBHBI{ 3JICMEHT.

6. Han kaxapiv mosiem Lastya GF(p™) cyniecTByer XoTst 6bI OJJHH IIPUMHTHBHbIH MHOTOUJIEH JIIO-
OO TOJOKUTENBHOI CTeleH .

Yupaxaenune 1. /lokazarsh jeMMbl 1 1 2 1 Teopemy 6.
VYupaxkuenue 2. Jlokazars, uro muorownen M(x) = x° + 22 + 1 nenpusognm nax GF(2).

VYupaxkuenue 3. Haiitu Bce menpuomumbie nag GF(2) MHOTOWIEHBI CTENEHN, He MPEBLIIIAIO-
mei 3.

Vupaxkuenune 4. [locrpours nosie Tanya GF(22), ucnosib3ys HenpuBojAnMbIi MHOrOUIeH T2 +
x + 1. HaiiTu TabiuIpl cI0KeHUT U YMHOYKEHHS 3JTeMeHTOB IO,

2.5 IIpumepbl KOHEYHBIX TTOJIEM

Ipumep 2. IMocrpoum koueunoe nosie GF(21) ¢ nomompio Teopemsbr 1. Ncnosbzyem st 310oro
nenpusouMblii Han GF(2) muorowren f(z) = 2t + x + 1.
Cornacno Teopeme 1 noje GF(2%) cocTouT U3 BeexX MHOTOUICHOB, CTEIIeHH KOTOPBIX MeHbIIe 4:

0 =z x? a3

1 r+1 2 +1 2241
2+ >+
%+ 22
a2 +1
2+t
24?41

OrnpeiesiiM HA MHOYKECTBE 3JIEMEHTOB OIlePAIlMi YMHOXKEHUS U B3ATUs 00paTHOTO daeMenTa. Oco-
OeHHO YA00HO HPOM3BOJMTL THU ONEPAIUU C IMOMOIIbIO IPEICTABICHUS BCEX HEHYJIEBBIX JIEMEHTOB
noas GF(2%) B Buje creneneil HeKOTOPOro NPUMUTUBHOIO 3jemenrta . Bwibepem ero. Herpyo
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IPOBEPUTH, YTO B KAYECTBE (v MOKHO B3ATb T. JleficTBUTEIBHO, BCe ero cremenn no momaymwo f(x)
Pa3JIMYHbI MeXK/1y CODOIi:
= x

p— €T y

2
= 1'37
= x+1,
= 2%+,
= 23+ 22,
= +az+1,
= 2?2 +1,
3+,
224+ +1,
W= 2342?41,
2+t r+1,
3+ a?+1,

= 2+ 1,
=1

© 00 N O Ut ok W N =

—_
[e=]

—_
[\

—_
w

88 8 88 88 8 8 8 8 8 8 8

—
o~

1, CIeJ0BaTeIbHO, TOPAI0K X pasen 15 = 2% — 1.

I[IpeacraBuM IOJIE ¢ HOMOIIBIO TAGJIHUIIBL. 3/1eCh YHCJIO 4 JIJId 3JIeMeHTa Y = ' Ha3blBaeTCs JIora-
pugmoMm v (10 OCHOBAHUIO BHIOPAHHOIO TPUMUTHBHOIO dJieMeHTa «v). Jlorapudm amementa () mosa-
TalT OOBIYHO PABHBIM —OQ.

JlorapudwMm | Crenenp npuM. 3j-Tta | Muoroujaen | BekTop
—00 0 0 (0000)
0 1 1 (1000)
1 a x (0100)
2 a? x? (0010)
3 o’ 3 (0001)
4 ot r+1 (1100)
5 o’ P+ (0110)
6 a® 3+ 2? (0011)
7 a’ ?+r+1 (1101)
8 a® 2 +1 (1010)
9 a? 4 (0101)
10 o'l 4+ x+1 (1110)
11 alt 4+t (0111)
12 al? P+ +1] (1111)
13 als 4?41 (1011)
14 ol 3+ 1 (1001)

CioxkeHue 3J1eMeHTOB 0JId SBJIAeTCA OOBIYHBIM CJIOXKEHHEM 110 MOJLYJ/IIO 2 M He 3aBUCUT OT BBIOOPA
NPUMHUTHBHOTO 3/1eMeHTa B moJie. Hampumep:

Qo=@+ )@t ra)=2"+1=a"

YMHOKEHNEe HEHYJIEBBIX 3/IEMEHTOB IMOJIs, TPEJCTABIEHHBIX B BUJE CTEIMeHell MPUMUTHBHOTO 1€~
MeHTa, IPOBOJUTCA IyTeM CJOKeHHUs IloKasareseil cremeHeil mo Mojayaio 15, namomuum, o’ = 1.
Hanpumep:

(@342 - (P2 +1)=a ¥ =M 1) — gt = 5 1
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Omnepaitisi yMHOKEHHUST, B OTJIHYHe OT CJIOXKEHHs!, 3aBHCUT 0T BbIOopa MuHOrowieHa f(xz). Tem He
MeHee, COIJIaCHO TeopeMe 2, Kakue Obl HeIPUBOAUMbIE MHOTOYICHBI OAUHAKOBON CTEIICHH HU UCIOJIb-
30BAJIACH HAMH JJIsl IOCTPOEHH II0JIs, BCe MOCTPOEHHBIC HOJIE OYIYT N30MOPQHBI MK Iy COOOIL.

Haxozkenne o6paTHOTO JeMeHTa ToKazKeM Ha mpuMepe. Haitnem oGpaTHBIH 9JeMeHT 11 MHO-
rouwrena 72 + 22 + 1 = o'?, T.e. Taxoil HemymeBoit meMent o, 4TO

a3 .ok =

st 3TOTO 3amuiem
(Pl =a B =% = g2 = g2
HeTpyaHO mpoBepyuTh, 9TO peleHne HalIeHO BEPHO:
(P +2°+1)- (2°) =2 + 2" + 2% = (2° + 2) + (z + 1) + 2*)mod(f(z)) = 1mod(f(z)).

Bo3MOKHOCTH HAXOIUTH 0OPATHBIIT MHOIOUJIEH [T 33 JaHHOTO HEHY/JIeBOI0 MHOTOUYIeHa ¢(x) obec-
[eYMBACTCs HENPUBOJUMOCTBIO MHOrOWIeHa f(x) (aHAJOrMYHO U B OOIIEM BHJE I JEOOOTO MOJIs
nan GF(q)).

Hecnoxuo Y6e,IH/ITCH, YTO B IIOCTPOEHHOM II0JIE 3JIEMEHTDI a2, OZ4 TaKzKe IPUMUTUBHLBIE, a 3JICMEH-

Tel o, 0% IPUMHTHBHBLIME He SBIAI0TCA. Hampumep, cTenenn sjeMenTa > HOPOXKIAI0T He BCe Mo,

a Toapko o, ab, o, al? al® = 1.

Bamernm, 9ro MHOrowWIeH f(x) B HamieM caydae NPUMUTHBHBINA, MOCKOJBKY X, €r0 KODEHb 110
MOCTPOEHUIO, ABISIETCS MPUMHTUBHBIM JIEMEHTOM (.

IMpumep 3. [Tocrponm none GF(21) ¢ nomompio menpusoaumoro nan GF (2) muorownena f(x) =
t+ 23 + 22 + x + 1. Haiigem nekoropbiii npuMurusnbiii 31ement nojs GF(21). Hanpumep, sjiement
T He IBIAeTCS IPUMHTHBHBIM 3JEMEHTOM, TaK KaK ero IMOpPAA0K paseH 5, uTo Menbime 2% — 1 = 15.

[eificTBuTe/IHHO,
?=x-at =z (2° + 2% + 2+ D)mod(f(x)) = lmod(f(z)).

B kauecTBe IPUMUTHBHOTO 3JIEMEHTA MOYKHO B3STh X + 1, HECTOKHO YO IUTHCs, UTO €TI0 MOPSI0K
paBen 15.
[TpeacraBuM 1oJie ¢ TOMOIIBIO CJeyoleil TabJ nIb:

Jlorapudwm | Crenens npum. 3j-ta | Muorousnen | Bektop
—00 0 0 (0000)
0 1 1 (1000)
1 ! r+1 (0110)
2 a? z? +1 (1010)
3 a? 42 +1 | (1111)
4 ot 2+ +x | (0111)
5 ab 2 +224+1 | (1011)
6 a® x3 (0001)
7 o’ 4+ r+1 (1110)
8 a® 3+ 1 (1001)
9 a? x? (0010)
10 at? z? + 22 (0011)
11 all #+r+1 | (1101)
12 a'? x (0100)
13 al? ? +x (0110)
14 altt 2+ (0101)
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Taxum ob6pa3om, Mbl yOEAUIUCH, YTO C HOMOIIBIO PA3JIUYHBIX MHOTOYJIEHOB MOXKHO HAlTH pas-
Juanbie (HO SKBUBAJCHTHLIE) NpejcTasienus mojs Laaya GF(24).
YupaxkuaeHue 5. YcTaHOBUTH n30MOpdu3M IoJjeil, IpuBeieHHbIX B IIpUMepax 2 u 3.

Vupaxknenue 6. [Toctpouts aBa npeacrapaenus noaa Laaya GF(23), ucnonbsys oquH Henpwu-
BOAMMBIH MHOrO4IeH ° + x + 1 u pasHble IPEMHTHBHBIC 3JEMEHTEHL. YKAa3aTh H30MOP(pU3M ITHX
OpeaCTaBACHUIA.

Yupaxxkxuaenne 7. [loctpouts nosda lamya:
1. GF(23 i 3 2411
. , UCIIOJIb3Ysl HENPUBOAUMBIHT MHOTOWIeH z° + x° + 1. IlokazaTh m3oMoOpdu3IM MeKILy
ITOCTPOEHHBIM TIOJIEM U T0OJIEM U3 yIparkKHeHus 6;

2. GF(3%), ucnosb3ys HENIPUBOAMMBI MHOTOWICH 72 + 1 + 2;

3. GF(3?), ucnosib3ys HenpusoauMblii Muorousen x3 + 2z + 1.

3 llukiandyeckme Koabl

B 3TON TJIaBe pPacCMOTPpUM BBeJ€HHE B TEOPUIO HUKJINYICCKUX KOIAOB. Ba}KHOCTb TUKJINYICCKHUX
KOJIOB 00YCJIOBJIEHA TE€M, 4TO:
1. Knace mMUKIXYECKUX KOJOB COJEPKUT MHOT'O KOJIOB C KOHCTPYKTHBHO 33 aBaEMbIM PACCTOSI-
HHEM; C KOJIOBBIM PACCTOSHUEM, OJIM3KUM K HAWIYUIIEMY, B OCOOEHHOCTH JJisi KOJOB JIJTHHBI
< 100.

2. g MUKJIMYecKUX KOJOB CYIIECTBYET CPABHUTEJIHLHO HPOCTDHIE aaredpamdecKue MeTO/Ibl JIEKO-
JIMPOBaHUST W KOJWPOBAHUS, MTOITOMY WMEHHO IMUKJIUYECKHUe KOJbl Yallle BCEr0 UCIIOJIb3YIOTCS
JIIst iepejiadn nHgopMalu B KaHa1aX CBS3U C IIIyMaMH.

3.1 OmnpeneneHue n CBOMCTBA

Onpepenenne. JIuneiinplit KO JTMHBL 1 HA3BIBAETCS ITHKJIHTECKHM, €CJIN JIJIsE JTIOOOTO KOJOBOTO
cioBa (T, Ta, ..., Tp), CTIOBO (T, ..., Ty, T1) TAKIKE SBISIETCS KOJOBBIM.

[lukangeckne KOl 061a1a10T HECTOKHBIME HPOIE/LyPaMi KOMPOBAHUs U JCKOMPOBAHHUS, HMe-
0T XOpolue ajaredpandecKie CBOWCTBa, WX TPYHIBI aBTOMOPGMU3MOB COMEPKAT IUKINIECKUE MOJI-
craHoBku. MHorue Bakueijinue GJIOKOBbIe KO/bI, OTKDBITBIE II032Ke, TAKZKe OKA3a/IUCh JIHOO IUK/IH-
JeCKUMH, JTHOO TECHO CBA3AHHBIME C HUMU.

O603naunM yepe3 F' npocroe koneunoe mose GF(p), rae p - npocroe yucyio. Hamomuum, uro Fx]
- KOJIbIIO BCEX MHOTOYJIEHOB OT mepeMeHHOil ¢ Koadgdunumenramu u3 nous F. OHO acconmaTuBHO,
KOMMYTATHBHO M COAEPKUT enuuuily. B kosbie F[z] pacemorpum dakrop-muoxectso Flz]/(z™ —1),
COCTOSIIIEE M3 KJIACCOB BBIYETOB KOJIbIA F'[x] 10 Mozyaio Muorowiena x™ —1. Muoxkecrso F[z]/(2"—1)
3aMKHYTO OTHOCHTETIBbHO Olepanuii caokenust (+) U yMHOXKeHHs (-) U, CJI€I0BATETIBHO, SBIIAETCS
KOJIBIIOM. 3aMeTHM, 9To MHOKecTBO F'lx]/(2" — 1) He aBasgercs mojeM, Tak Kak Muorouien (z" — 1)
HPUBOJIUM.
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Bece muorowsensl cremenu He GoJblie 1 — 1 mOIajaioT B Pa3IMYHbLIE KJACCH BBIYETOB, W HX
MOZKHO BHIOpATh B KadecTBe MpejcTaBuTeseil 3rux Kaaccos. Koabio Kiaaccos Beraero Flz]/(x™ —1)
I30MOP(QHO N-MEPHOMY BEKTOPHOMY HPOCTPAHCTBY Hag F:

() =co+axtcr®+ ... +ep12” e = (co,c1,Cop ey Cut).

B ﬂaﬂbHefH_HGM MBbI HE€ 6y,ZLGM pa3/indaTb BEKTOPbl U MHOI'OYJIEHBI CTCIleHM MeHbIIe I, HO U3
KOHTEKCTa BCeria 6y,ZL€T IIOHATHO, pe4db niaeT O MHOI'OYJIeHaX HUJIM BEKTOpPaX. HyCTb JaH MHOI'OY1JICH

( ) Zz 0C1 —C0+C1—|—...+Cn,11n—1.
Ob6o3HaunM 4yepes
<___
-1 —
c(r) = X cpit ™ = Cpiy + Cpo® + ...+ cox”
HHBEPCHIO MHOTOWIeHa ¢(x), 3anucaB ero KoahUIMEHTH TIPU CTENeHAX X B 00paTHOM MOPSIJIKe.

Onpenenenne. earom I kombia Flz]/(z" 1) HA3BIBAETCSI TAKOE €r0 JIMHETHOe MOJMPOCTPaH-

CTBO, 9TO Jist MOOBIX MHOTOWIeHOB 1(x) € F[z]/(2™ — 1) u ¢(x) € I muorowten r(z) - ¢(x) npunai-
Jgexnt [.

Teopema 8. Ilognpocrparncrso Koabna Flz|/(x™ — 1) spasercss nukamgaecKuM KOJOM TOTJIA A
TOJTBKO TOIJA, KOIJIA OHO 00pa3yeT HIea.l.
Horma mob3yoTest CAeYIONIM IKBUBATCHTHBIM OIPE/IeIeHIeM MHKIIeCKOTO KOJIa.

Onpenenenune. [[nkmmaeckuy KOg0M JIMHBL 1 HA3BIBAeTCs Haean koabua Flz]/(x™ — 1).

3.2 Tlopoxkmarorumit MHOTOYJIEH

Boibepem B nukandeckom koge C HEHYJI€BOW MHOTOY/IEH HAMMEHbBINEH CTeneHn, 0003HAYUM €ro
CTeleHb Yepe3 r. YMHOXKHUM MHOTOYJIEH Ha MOAXO/AIINAI 3JeMeHT 110Jis F, 94100bl OH cTajl HOPpMHPO-
BAHHBIM (HJIH TIPHBEJIEHHBIM), T.e. 9T00bI KO3 DHUIMeHT Tpu cTapiieil CTeneHn MHOTOUYIeHA PABHSIICS
1. B cuny nuneitHocTn Koma C momydeHHBIH MHOTOWIEeH TakKe cojepkuT C. O6o3HAUNM ero depe3

g(x).

YrBepxkaenue 1. [[uxmmaeckuii KO1 COMEPKUT €UHCTBEHHBIH HeHYJICBOH HOPMUPOBAHHBIH MHO-
ro4JIeH HAUMEHbBIIIeH CTeleHN.

Teopema 9. [[ukmmiaecKnit KO COCTOAT U3 BCEX MHOTOYJIEHOB BHJIA

fx) - g(x),

e g(x) - mopoXkgarounii MHOTOUIEH KOJa CTeneHy 1, crenerb f(x) menbine cremenn (n — 7).

Teopema 10. [[ukraaeckuii KO JUIHHBL I ¢ HOPOKTAIOIIAM MHOIOYIeHOM ¢(X) CyIlecTByer To-
171a B TOJBKO Torja, Korjga g(x) geant x™ — 1.
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CunencrBue 1. B KauecTBe mopoxKjgarouieli MaTpHIbl HKJIHYECKOIO KOJa JJIMHBI N ¢ HOPOXK1a-
foruM MHOTO9IEHOM () = go + ¢12 + ... + g»&" MOXKeT ObITh B3sITa MaTPHIA

g 91 - g 0 . ... 0

0O 90 n - g~ 0 ... O
G = e

0O .. 0 g g .. g O

0O ... .. 0 g 91 ... Gr

Marpumna G umeer n ¢ToaOIOB U N-T CTPOK.

3.3 KoaupoBaHne IUKJINYECKNX KOIOB

Onpenenenne. Koa q7muHel n pazMepHocTr k Ha3bIBaeTCd CHCTEeMAaTHIECKHM, €CJIH TTOCJIe BhIUep-
KUBaHUsI HEKOTOPbIX (1 — k) cTO/IO0B U3 €ro KOJ0BOH MATPUIIBI OCTAIOTCS B TOUHOCTH BCE PA3/IUUUSI
BEKTOPBI JITUHBI K.

YrBepxkaenue 2. JI060i muK/jgndecKkuil Ko SKBHBAJICHTCH CHCTEMAaTHICCKOMY KOIY.

s IMUKJIMYeCKOTo KOa CYIIECTBYET IPOCTOH CIOCOD HAXOXKIEHUs HMOPOXKIAIONIEHl MaTpUIbl B
KaHOHMYECKOM (MJIM [IPHBEJICHHO-CTYIeHYaToM) Buje. [Ipu s1oM nosydaercs HOPOXK/IAIONAs MaT-
PHIIA TOrO XK€ Poja, & He SKBHBAJECHTHOIO. DTO CYIIECTBEHHO, TMOCKOJIBKY IE€PECTAHOBKA KOOPIUHAT
MOXKET HAPYTIUTh KOJAWPOBaHNE TMIHKJIMIECKUX KOJTOB.

PaceMorpuM HECKOJIBKO OOIIUX HPUHITUIIOB KOAUPOBAHUS ITUKJINIECKIX KOIOB.

Ilepssorit cucremaTuueckunii Kozep. [lycrts mukmmdeckuit kog C IJIUHBI I TMEET MOPOXKIa-
ot MuOorowsen ¢g(z) cremenn r. Torma pasmeprocts k koma C pasra (n — 7). Jlis noctpoeHust
mopozk paromieit MaTpuiibl G OCYIECTBUM JIeIeHHe ¢ OCTATKOM MHOTOYJIEHOB

u g(z). Umeem

2" = g(x) - ap(2) + re(z).

[TockonbKy Kazk bt MHOTOWIeH 2"~ —r;(x) mas i = 1,2, ..., k neaurbest Ha g(), TO OH ABJISETCS
KO10BBIM 110 TeopeMe 9. Cremnens ocrarka r; () He npessitmaet r — 1. [Tycrs Muorowren —r;(x) umeer
BHLJI

—Tl(l’) = )\Z"r_lfL'T_l + /\i77,_217r_2 + ...+ /\i,O-
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[Topoxk atorias MaTpuIia

10 0 )\177~_1 )\l,r—2 /\170
G — 01 .. 0 )\2,7.,1 )\277«,2 )\270
00 o 1 Mcroet Acrrez o Auro
xn—l In—2 " .%'T_l ZET_Q ZEO
%
2" —ry(2)
n—2
xXr — TolT
G~ 2 ,
I o )
—
CTPOKH KOTODO# OTBedaroT MHOrowieHam z" ' — ri(x) mas ¢ = 1,2,...,k, uMeeT mpuBeJIeHHO-

CTyIeHYaThI#t BuA. TakuMm oOpas3oMm, s JAHHOIO HMUKJIMYECKOI'O KO HAHJIEHO CHCTEeMaTHIecKOoe
IIpeacTaBAeHHE.,

Bropoii cucremaruyecknii komep MoKHO paccMOTpPeTh CHCTEMATHYECKOe KOAUPOBAHHE JIJIs
MUKJIHIECKOTO KOJIA JJIHHBL NI ¢ MOPOKIAIOIIIM MHOTOWIEHOM ¢(X) cTemeHu 1 6e3 HCIOIb30BaHUS ero
nopozkpatomeit Mmarpuisl. [lycrs 3agana uadopMannontas MoCae10BaTEIbHOCTD

o = (QOa aq, "'7ak—1)7

k =n — r. Paccmorpum MHOrO4/1€H

flx)=ap+a1w+ ... +ap_z" .

JTomuoxkas ero Ha x”, uMeeM MHOTOYJIeH

2" f(x) = apr” + a4 L a2

Paznemus muorownen x” f(x) Ha g(x) ¢ 0CcTaTKOM, MOJIY UM
o' f(x) = g(x)q(x) + r(z),

rae crenenb r(x) menbine r. Tak kak muorowien x” f(x) — r(x) peaurbes va g(x), To 110 Teopeme 9
OH TIPUHAJIEXKUT KOy B crity Toro, uro r(x) He MeHseT Hoc/eHue k KOMIOHEHT BEKTOPA, OTBeYa-
fotero Muorowieny ' f(x) — r(z), 5T KOMIIOHEHTHI COBIAIAIOT ¢ KOMITIOHEHTaMH HH(MOPMATIMOHHON
I0CJIeIOBATEJILHOCTU (v. TakuM 06pa30M, €CJ MHOIOUYIeH —1 () UMeeT BUJ

—TZ<J]) = )\0 —|— /\1£L' —|— —f- )\r_lxr_l,

TO THGOPMAIHKOHHOMY OJIOKY
o = (CY(), A, ..., ak—l)

0TBEYaeT CJA0BO
c= ()\0, ALy ooy Ar1, Qg QU1 e ak—1)-
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Hecucrematuuecknii kogep. PaccMOTpuM IIPOCTOE HECHCTEMATHICCKOE KOIUPOBAHNE IS IIHK-
JITYECKOTO KOJIA JIJIMHOM N ¢ TOPOZKAAI0IUM MHOTOUIeHOM ¢ () crenenu 7. [Tycth nrdopMannoHHoMy
0JI0KY

a = (ag, gy .oy 1)

k =n — r, oTBeYaeT MHOTOYJIEH
_ k—1
a=aoayg+a1T+ ... +ap

ConocraBuM eMy KOJOBBIii MHOIOWIEH ¢() 10 TPABHITY

Yupaykaenune 8. Haiitu aBa cucremMarndeckux Kojepa s KOJAA JJIUHBI 7 C TOPOYKTAFOIIHM

muorowieroM ¢g(z) = 2% + x + 1. C moMoImpbio BTOPOro CHCTEMATHIECKOTO KOJIepa 3aKOJUPOBATDH
BexTop (1101).

3.4 IIpoBepo4YHBbIii MHOTOYJIEH

[To reopeme 10 mopoxkgaromnuii MuHOTOWIEH ¢(x) meaut MuOrow eH x" — 1.

Onpenenenne. Muorouren h(x) takoit, 9To
g(x) - h(x)=2"—1
Ha3bIBaCTCA IIPOBEPOYHBIM MHOI'OY/ICHOM HUKJIUYECKOI'O KOIA. Ero crenens k paBHa N — T.

VrBepxkaeuue 3. s mpon3BOJIBHOIO KOJOBOTO MHOTOUIEHA ¢(x) HMHKJIAIECKOrO KOJa C MpPO-
BepoYHBIM MHOTOWIeHOM k(x) cnpasemtuso c(x) - h(z) = 0 o moxyiao maorowrena x" — 1.

HoxkazarenbcTBo. Cortacuo reopeme 9 ji060ii KOA0BbIH MHOTOWIEH ¢(T) HUKIMIECKOIO KOJa
mmveer BuJ ¢(x) - g(x) u, cnenoarenbro, B akrop-kosbie F[z]/(x™ — 1) cupaBeajnBo paBeHCTBO

c(x) - h(x) = q(x) - g(x) - h(z) = ¢(x) - (2" = 1) = 0. A

Teopewma 11. IIposepounast MaTpHIfa MHKJIMIECKOTO KOJa JTHHBI 11 C TPOBEPOTHBIM MHOTOYIEHOM
h(z) = ho + hiz + ... + hpa® Mozker 6biTH BHIOpaHa B BHjE

1 .. .. 0 he ... hi ho

0 .. 0 hg .. hy hy O
H = e

0O hg ... hi hg 0 ... 0

hg ... hi hg 0 ... ... 0
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HoxazarenbcTBo. COmIACHO YyTBEPKIEHUIO 3 JJist JIIOOOTO KOJOBOTO CJIOBA ¢(X) MUKIHIECKOrO
KOJa BBITIOJIHAETCA

c(x) - h(z) =0.
Torma
ela) - he) = (S5 ea’) - (Si55 i) =0,

rie c(z) = X ez’ kosdpdumument mpu 17, j = 0,1,....,n — 1, B TOM IPOU3BEJCHAN DaBeH

Z” o cihii, (3)

/i€ MHJEKCHI OepyTCs M0 MOJYJII0 N. DTU PABEHCTBA 33/IaI0T IIPOBEPOYHBIC yPABHEHUS, KOTOPBIM
JIOJIZKEH YJIOBJIETBOPATH KO/ PaccMoTpum marpuiy

0 ... ... 0 hy ... hi ho
0 .. 0 hy .. hi hp O

0 hy ... hiy he 0 ... O
hig ... hi ho O ... ... 0

G~ 2*h(r)

l’n_r_lh(x)
U3 ypasrennii (3) ciemyer, 9T0 ecau BEKTOP
C = Cp,C1,C2y .-+, Cpn—1

KOJIOBBIH, TO

H-L'=0 (4)

Tax kak deg h(z) = k = n—deg g(z) ecTb pa3MepHOCTH KOJA M CTPOKH JHHEHHO HE3aBUCHMBI, TO
ycioBre (4) SBISETCs TakyKe JOCTATOYHBIM JJIsl TOTO, YTOObI BEKTOP C MPUHAJIEXkKAT KoY. Takmm
obpasom, H - npoBepouHas MaTpUIA IHKJIXYECKOTO KOJIA ¢ MPOBEPOYHBIM MHOTOUICHOM h(T). A

IIpumep 4. /st ABOUYIHOTO MUKIHIECKOrO [n,n — 1,2]— Kozja ¢ NpoBepKoil HA YeTHOCTH CIpa-
BeJIJTUBO

g(x) =z +1,

=

&2
I
|

R N Lo R Ry Ry

Tora marpuiibt
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O =
— =
— o
o O
o O
o O
o O

H=(11 .. 1),

ABJIAIOTCA COOTBETCTBEHHO NOPOXKJIIAIONIEA U ITPOBEPOYHON MAaTpUIel Koaa.

3.5 JlexkoampoBaHue ITUKJINIECKOTO KOIA

[TycTb mpu nepeade KogoBOro BeKTopa a = (ag, a1, ..., Gyp—1) TPOM3OILIA OMUOKH U HA TPUEMHOM
KOHIIE IIOJIy9eH BEKTOP
c=(co,C1yeeyCno1) = a+ e,

rae
€= (607 €1y -y En—l)

BeKkTOp omuboK. Ha s13bike MHOrO4/IeHOB HMeeM
c(z) = a(z) + €(x).

Tak kak a(x), cormacuo Teopeme 9, neaurbes Ha ¢(x), MHOTOUWIeHB! ¢(x) U €(r) UMEIT TpH
nejieHnn Ha ¢(r) OMMHAKOBBIE OCTATKH. JIpyruMU CJIOBAMU, BEKTOD ONMHOOK HAXOJMUTCS CPEIH TeX
HA6OPOB, KOTOPBIM COOTBETCTBYIOT MHOTOYJIEHBI, JAMOIINe DU JeJeHId Ha ¢(Z) TOT Ke OCTATOK, YTO
U MHOTOWIEH ¢(), COOTBETCTBYIOMU mpuHATOMY BeKTOpy. O6paTHO, MI000#1 BEKTOP, 00/I1aa0Tmit
YKa3aHHbIM CBOHCTBOM, MOZKET OKa3aThCd BEKTOPOM olnboK. 13 crpareruu JIeKOMPOBaHUs 110 IPUH-
OUITy MaKCUMYMa HpaB,ZLOHOZLO6HH B Ka4eCTBe BEKTOpPa O]lH/I6KI/I € IPUHUMaIOT BEKTOD HAUMEHBIIET'O
Beca (Kak HawmboJsiee BepOSTHBIN BeKTOD OMMMO0K). OTHICKHBaHHE BEKTOPA € MOXKHO OCYIIECTBUTH,
HAIPUMeDP, HepedbopoM BCEBO3MOXKHBIX BEKTOPOB B MOPA/IKe BO3PACTAHKUSA UX BECOB BILIOTH JI0 BEKTO-
pa, KOTOPOMY OTBeYaeT MHOTOWIEH ¢ HY:KHBIM OCTATKOM. B 3aBHCHMOCTH OT KOHKPETHO 3a1a91 Ha
MpaKTUKe, KaK IPaBIIO, IPOBOIIT CYIIECTBEHHO 00JIee MIPOCTHIE MPOIEIYPHl AeKOTMPOBAHUSI.

CyH_[eCTByeT TaKzKe aJITOPUTMbI A€KOANPOBaHUA, HCIIOJIb3YIOIIHNE ]_[I/IKJH/ILIGCKI/Iﬁ CABHUI 1 IMO3BOJIA-
IOIIME 33 CYeT TOr0 COKPATUTH 00beM TaOJIUIBI CHHIPOMOB.

Yupakuenue 9. Ilycrs st mepesadn uiHhOPMAINH HCIOJB30BAICS TUKINICCKUH KOIA THHDI
7 ¢ mopoXK malomuM MHOTOWTeHOM ¢(7) = 2 + x + 1. [exomuposats cioso y = (1011110).
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