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BBenenune

[Tocobue mocBsImeHo Tpem 0a30BLIM pa3jejaM MaTeMaTHUeCcKOTO aHaJNn3a,
KOTOpbI€ HEOOXOUMbI JJis1 JlaJIbHEIIeI0 OCBOEHUS ITPOIPAMMbI 110 MHOI'UM JIUC-
IUIJIMHAM €CTeCTBEHHOHAyJIHOro IuKJa. Llenb mocobusi — KpaTko onucarh 0OC-
HOBHOI TeopeTndecKuili MarepuaJi o pasjeiam «lIpenesnnr», «Auddepeniupo-
BaHue (PYHKIMU OJHON IepeMmeHHO» u «Heomnpenenennplit nHTErpass; mosc-
HUTH HEKOTOPbIE 0OCOOEHHOCTHU TPU PEIIeHUud ITPUMEpPOB 0 JTAHHBIM pa3esiaM.

YuebHoe 110cobue COJEPKUT TEOPETUUEeCKUil MaTepualsi, KOTOPbIN 110J[XO/ 1T
Jutst puctuiina « Maremaruuecknii anausy, «Maremarudeckuit anams. dud-
depenIpaabHble U pAa3HOCTHBIE YPAaBHEHU» U OYJIeT IO0JIe3HO CTYIEHTAM IIePBO-
ro Kypca JIjis IMOJIKPeIJIeH A JIEKITMOHHOTO MaTepHraJia, a TakzKe JJIsi TPaAMOTHOIO
BBITTOJIHEHUST TUIIOBBIX PACUETOB B COOTBETCTBHUU ¢ TPEOOBAHUSIMU IIPENOiaBaTe-
Jisi. Takoke 1ocobue MOXKeT paccMaTpuBaThCs Kak JIONOJHUTE/IbHAs JIMTEPATYPa
JUISE CTYJICHTOB TEXHUYECKUX HAIPaBJICHUIA.

[Tocobue cocTonT M3 Tpex pasjiesioB: MEPBbIi MOCBAIIEH TEOPUU TTPejiesia To-
CJe/I0BAaTeJIbHOCTH U IIpejiesia PYHKIUU OJIHOM ImepeMeHHoii, BTopoii — judde-
PEHINAJIBLHOIO UCUNCIeHNsT (DYHKIIMKA OJHON IepeMeHHOI, TPeTnuii — Heolpeie-
Jlennomy unrerpaJy. Ilocsie kaxjoro naparpada Jijisi CaMOIPOBEPKU YCBOEHU S
3HAHU CTYJICHTY TpPeJlJIaraeTcs BbIIOJHUTD PsJi yiipaykHenuii. [Ipu mnojiroroske

TEOPETUIECKOr0 MaTepuaJsia aBrop onupasics Ha psj pador [IH3].



I1penennt

1. MmHuoxecTBO AeiicTBUTEJIbHBIX YICEJI

1.1. IIpomcxoxkjmeHue m 3HAYUEHNE MATEMATUKN

Yro ke Takoe maremarnka?! MHOrMe ydeHble yMbl IbITAJIUCH JATh YHUBEP-
caJibHOE Ollpe/JleJiIecHre MaTeMAaTUKKW, HO MaTeMaTUKa Pa3BUBAJIaCh U Pa3BUBACT-
cs1, MEHSTIOTCS ee POJTU 1 3HAUEeHWe B YKU3HW YejIoBeKa. Mbl ¢ BaMU OCTaHOBUMCS
Ha, CJIEJIYIOIIEM OIpeJiesIeHnd, KoTopoe JiaJ pycckuit matemaruk A. H. Kosmo-

rOpOB.

Onpenenenne 1. Mamemamurka (epeu. pabdnuarika om pabnua snavenue,
NAYKAQ) — HAYKE 0 KOAUNECMBEHHVT OMHOUWEHUAT U NPOCMPANCMEEHHOLT POD-

MaT 0eticmeumenbroz2o MUPQ.

B oreuecrBeHHO# jiuTepaType HPUHATO Pa3/indaTh YeThipe OCHOBHbBIX HEPHU-
oJla pa3BuTHst MareMaTuku [3].

Hauanpusrit nepuo/ (riaybokasi IpeBHOCTE) — MEPHOJ JJOHAayIHO MaTeMa-
tuku. Cioa orHOCAT MaTeMaTuky pesnero Erunra, Basuiona, Kuras, Nuun.

Ilepuon 3jieMeHTApHOI MaTEMATUKM — IEpUOJT HAYTHONH MaTeMaTHKH,
U HAy4YHOCTb CBsi3aHa C BO3BHUKHOBEHUEM IOHHATHUS JlOKazarTebcrBa. Marema-
TUYECKOe JI0Ka3aTe/IbCTBO BO3HUKJIO B JIpesHeit ['peruu, u 4ejioBeKOM, ¢ YbUM
MMEHEM CBSI3BbIBAIOT TEpBbIE JloKazaTeabcTBa TeopeM, Obl1 Pasec Muserckuit
(ok. 625 — 548 10 H. 9.). B HEKOTOPOM CMbBICIE €r0 MOXKHO JlaXkKe CIUTATDH
MEepBbIM MaTeMaTHKOM, UMsi KOTOPOTO HaM u3BecTHO. [lepmoj syiemMeHTapHOi
MaTeMaTUuKK 1pojoJiKaJjics 10 cepejunbl XVII Beka. B aror nepuos, maremaru-
YecKue Uccse/I0Bannst 0a3upoBaJiuCh Ha JIOCTATOYHO OIPAHUYECHHOM KOJIMYECTBE
MOHATHI, BO3HUKINNUX B CBA3W C CAMBIMU MPOCTHIMA 3alIPOCAMU XO3AHUCTBEHHON
»ku3uu. Ha ocHoBe apudMeTuKu 3aporK1aeTcss TeOpusl drcesi, ajredpa Kak OyK-
BeHHoe ucuucjenue. Tpakrtar EBknuma «Hauama» okazas HEM ¢ yeM He cpaB-
HUMOE BO3JIeiCTBHE HE TOJILKO Ha MaTeMaTHYeCKHUe WCCIeJOBAHUS W MaTeMa-
THUYeCKoe obpa3oBaHue, HO, MMOXKaJIYyil, U Ha BCIO YeJIOBEUECKYIO Ky/bTypy. Kiie
OTHOCHUTEJILHO HEJIAaBHO 9Ta KHUT'a 3aHNMaJ1a B FXBporie Bropoe MecTo 1o KoJimde-
CTBY TedaTHbIX n3fganuii (mocse Bubmun). Kak yueonuk «Hawama» Bo Muormx
OTHOIIECHUSIX (HAIPUMED, B TOW YaCTH, KOTOPasi OTHOCUTCS K TeOMeTpHn) (ak-
THYCCKA HE UMEJH JOCTOMHBIX KOHKYPEHTOB BILIOTH j10 KoHIA XVIII Beka u

OKOHYATEJbHO ObLIN 11peB30iieHbl TOJbKO B XIX mim jaxke B XX Beke.
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Ilepuoa mareMaTMKM NEepPEeMEHHBIX BEJIMYMH HAaUMHAETCs C Hadaja
XVII Beka, Korja 3alpochl €CTECTBO3HAHUS U TEXHUKHU LPUBEIN K CO3/IAHUIO
METOJI0B, TIO3BOJIAIONINX MaTEeMATUICCKU U3ydaTh JBUXKEHUE, IPOIECChl U3MEeHe-
HUsI BEJIMYIUH, TpeodpazoBanust reoMerpuieckux ¢uryp. C ynorpebdienns mepe-
MEHHBIX BEJIMYUH B aHAJIUTUICCKON NeOMETpHUH U co3/iaHus JTuddepeHIuaibHO-
I'o ¥ MHTErpabHOI0 UCUUCICHUI HAUMHAETCs [IePHUOJ MaTeMaTHKHU IIePpEMEHHbBIX
BesinunH. Ha mepBbIit 1y1aH BBIIBUTAETCS MOHATHE (DYHKIINH, U3y YeHHe KOTOPOit
PUBEJIO K (POPMYJIMPOBAHUIO OCHOBHBIX [MOHATHI MaTeMaTHYeCKOIO aHaJIU3a.
A wmeron koopaunat Pene [lekapra He TOJIHKO YCTAHOBUI TECHYIO CBSI3h MEXKLY
aJiredpoii U reoMeTpueil, CUMTABIIMMUCI paHee Pas/IMIHLIMU JIMCIUILJINHAMH,
HO U COJIepKaJjl B CBOEil OCHOBE MOHsTHE (PYHKIIMOHAJIBHONI 3aBUCUMOCTH, ObICT-
PO CcTaBIllee ejBa Jii He IeHTPaJbHbIM BO Beell MaTeMaTnke. Be3 aroro nonsaTust
0Ka3aJi0Ch Obl HEBOBMOXKHBIM co3jianue Hboronom u Jleitbuuiiem ocHOB MaTemMa-
TrdecKoro anaansa (jnddepeHuaibHOro 1 MHTErpaabHOro neaucsenui). Ma-
TEeMATUICCKWH aHa u3 (Ha3bIBAEMBbIii €Ile BBICIICH MAaTeMaTHKON) ObICTPO CTA
IJIABHBIM Pa3JIeJIOM BCEI'0 MaTeMaTHIECKOI'O 3HAHUS M OCHOBHBIM HallpaBJICHH-
eM HCCJIeIOBaHUi OOBIIMHCTBA BEIYIINX MaTeMaTHKOB BCEro Mupa. B Hemaoi
CTENEHU 3TO ObLJIO CBABAHO C TEM, UYTO € CAMOI'0O MOMEHTA CO3JIaHus MaTeMaTrde-
CKOI'0 aHaJin3a, Obljia, SICHO BUJIHA TEPCIIEKTUBRA MPUJIOKEHUN MaTeMaTuIecKOro
aHaIM3a K U3ydeHnio (busndecknx (Mpexjie BCero MeXaHuvIecKux) Mporeccos,
CBSIBAHHBIX C PA3JIUIHBIMU (DOPMAMU JIBUXKEHUsI 1 n3MeHenus. JlajibHeiiiee pas-
BUTHE MaTeMaTHKHU NpUBeJIo B Hadaje XIX Beka K MOCTaHOBKE 3aJIa9 U3y YCHU
BO3MOXKHbBIX TUIIOB KOJMYECTBEHHbIX OTHOIIEHUN U ITPOCTPAHCTBEHHBIX (POPM C
JIOCTAaTOUYHO 0011eil Toukr 3peHus. HoBbie Teopru BO3ZHUKAIOT HE TOJILKO B pe-
3yJibTaTe 3alTPOCOB €CTECTBO3HAHUS W TEXHWUKHU, HO U BCJIEJCTBUE BHYTPEHHUX
IOTpeOHOCTE caMOil MaTeMaTHKH.

Ilepuoa coBpemeHHOIT MaTeMaTuKM cBsizan ¢ oTkpbiTueM H. . Jloba-
uesckuM (1792—1856) nepBoro npumepa «BooOPAKAEMON» HEEeBKJIMJIOBON 1eo-
merpun (1826). Kpome coszjianust HeeBKIIMJIOBBIX MeOMETpUil KpylHeiie Ma-
remaTndeckue cobbiTus XIX Beka TakKoOBBI: CTPOroe JOrndeckoe 0OOCHOBaHNE
MaTeMaTHIeCKOro anajgu3a (mpexje Bcero B paborax Oriocrena Jlyu Kormn
(1789-1857) u Kapua Beitepmrpacca (1815-1897)), co3natme cCHMBOIATIECKOT
goruku (JIxxopmx Byas (1815-1864), Oracrec me Mopram (1806—1871), Totto6
Opere (1848—1925)), cozpanue reopun muoxkecrs (leopr Kanrop, 1845—1918).
D10 OBLI BeK OYPHOTO PA3BUTHUST BCEX MPEKHUX HAIPABJICHWI MaTeMaTUKWA 1

IMosABJIEHH A MHOI'MX IIPUHIIUIIMAJIbHO HOBbIX HOHATHUI 1 HaHpaBJIeHI/IfI.
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MaTreMaTnuecKue MeTOodbl

B ocHoBe nocTpoeHmnst MaTeMaTUuICCKOR TEOPUHU JIEXKUT aKCUOMATUIECKIIA
METO/, IIP1 KOTOPOM B (DYHIAMEHT TEOPUHU 3aKJIabIBAIOTCST HEKOTOPDIE HCXO/I-
HBbIE TIOJIOXKEHWS, Ha3bIBaeMble aKCHMOMAMM TEOPHH, 8 BCE OCTAJBHBIE TIPEJIITO-
JIO2KEHU S SIBJISTFOTCS CJICJICTBUSIMU aKCHOM.

OCHOBHBIM METOJIOM B MATEMaTHUYECKHX HMCCJICJOBAHUAX SBJISIOTCSI Mame-
Mamuseckue doKa3amersbemea — CTPOrue Jorndeckue paccy:xkjaenust. Ho s
IPABUJILHOM TTOCTAHOBKH 3324, OIEHKHU €€ JIaHHbIX, BIOOPaA CIIOCODa, PeleHnst
TaK»Ke HeOOXOMMa MaTeMaATHIeCKasT WHTY WIS

B MaremaTuke UCIOJIb3YeTCs JIBa BUJIa YMO3aKJIIOUCHMH: TS YK U UHJIY K-
U1, MO3BOJISIIONIUE CJIeJIaTh BBIBOJIBI Ha OCHOBAHUM OOIIMX 3HAHUI JIJIsi KOH-
KPETHOro cjiydast ¥, HaoO0OpOT, Ha OCHOBAHMM YACTHBIX CJydaeB — 00 0o0IuX
YTBEPXK ICHUSIX.

Yo ke Takoe BeJndnHa?

Onpegenenue 2. Beauuwuna npedcmasasem cobotll ocobvie c80Ucmea oKpy-
ACANOULUT HAC NPEOMEMOB U ABAEHUL, NOABAANMCA BEAUNUNDL NPU CPAEHEHUU

npeomemos u ABAEHUT MO IMOMY C80UCMEBY.
CsoiicTBa BeJIMYNH
1. JItoOble BeIMYUHBI OJIHOIO POJia CpaBHUMBL: @ > b, b > a, a = b.

2. Benuuunubl oHOTO pojia MOXKHO CKJIAJIBIBATh, B PE3yJIbTaTe MOJydaeM Be-

JINIUHY TOT'O K€ Pojia.
3. Benmaunbl 01HOrO pojia MOXKHO BBIUUTAT.
4. BejimuuHy yMHOXKAIOT Ha, JEHCTBUTE/ILHOE YHUCJIO, 10JIydasi B PE3YJbTaTe
BEJIMUMHY TOI'O Ke POJIa.
1.2. MmuoxkecTBa

[TorsATHE MHOYXKECTBA OTHOCHUTCS K MaTeMaTHUYeCKUM OOBLEKTaM, JIJId KOTO-
PBIX HET cTPOroro ompejieienus. Mbr OyjieM cauTaTh OnpejesieHueM ciiejytoriee
yTBEPXKJIEHUE.

Onpenenenune 3. Muoocecmseo — co6okynHocmb 006eKMOB, PACCMAMPUBHLE-

MBIT KAK 00HO uenoe.



MuoxkecTBa IpUHATO 0003HAYATL MPONUCHLIMU JIATUHCKAMK OyKBamm: A,

B, M, R.

Onpepesierne 4. Obsexmo, 10601 npupodv (a0du, doma, KHUY, “UCAL U
mak dasee), cOCMABAAIOULUE MHONHCECTNEO, HA3BIGANOM, INEMEHMAMU MHOICE-

cmea.

DJIeMEeHTbI MHOXKECTBa 0003HAUAIOT CTPOYHBIMU JIATHHCKUMU OyKBaMu: a, b,
m, r.

Ec/in sjieMenT npuHaieyKuT MHOXKECTBY, 9TO 0003HATAETCST CJICYIONNM 00-
pasom: a € A, a ecsin He npuHajiexkur — b ¢ A.

st cTporocTu omeparnii Ha MHOXKECTBAMW BBEJIW TIOHSITHE TTYCTOTO MHO-
YKeCTBa, KOTOpoe 0003HaYaeTCs CUMBOJIOM &. UTO Takoe IIycToe MHOXKECTBO B
obbrunoit xu3uu? IlpeacraBbTe, y Bac B poK3ake ObLIO 9 si0JIOK, U MbI BOCIIPH-
HUMAEM Balll PIOK3aK KaK MHOXKeCTBO s10J10K. [lo jjopore K Dabyiike Bbl C¢bein
BCE 3TU sA0JIOKM, TaKUM O0Pa3oM, y BaC OCTAJICs IyCTON PIOK3aK, KOTOPbI u
eCTh MyCTOe MHOXKECTRO.

Bysiem roBopuTh, 4To MHOXKECTBO A comep2kuTcsa BO MHOXKecTBe P, eciiu
KarKJIbIil 3JIeMEeHT MHOXKeCTBa A SBJseTcs saeMeHToM MHoXKectBa P: A C P.

MuoxkecrBa A u P Oyjem HazbiBaTh PABHBIMHU, €CJIM KAXKJIbI 9JIEMEHT 0/I-

HOT'O MHO2KECTBa fABJIACTCA 9JIEMCHTOM APYTOTI'O MHOXKECTBA!: A = P
CroocoObI 3aJaHsg MHOXKECTB

1. IlepeumciieHme Bcex 3JEMEHTOB MHOXKecTBa. Hampumep, A =
{a,b,c,k}, M ={1,80,101}.

2. Xapakrepuctudeckoe cBoiicTBo: P(z) Oyjgem unrarh Kak «z obsiajia-
er coiictBom P». M = {z | P(z)}, 7. e. MHOXKecTBO M COCTOUT 13 BCEX TAKUX
T, KOTOpBIE 00JIaIaI0T HEKOTOPBIM CBOICTBOM P.

Hanpuwmep,
MF = {x|x — cryjsenrs Mmaremarunieckoro (haxky/brera .

Onepanum HaJ MHOXKECTBaAMMU

1. Ilepeceuenuem muoxects A u B nHazwbiBaercst Mmuoxkecrso A N B, co-
CTOsIIIeE W3 TeX W TOJHKO TEX JIEMEHTOB, KOTOPbHIE SIBJISTIOTCS 3JIEMEHTAMU MHO-

XxecrBa A M MHOXKecTBA B
ANB={z|z€ Auz e B}.
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IIpumep 1. Ilycts muoxkectBo A cocrout m3 crymenTos rpymnmsl MT-101,
KoTopbie m3y4dalor Python, a muoxkecrBo B cocrout u3 CTyJIEHTOB STOR 2Ke
IpyInbl, Koropbie ndydaior Java. [lepecegennem muoxkects A u B Oyuer MHO-
YKeCTBO, KOTOPOE COCTOUT M3 CTYJIEHTOB, n3ydaoiiux Python n Java onnospe-
MeHHO. OOopMIIATH pellleHre TaKoi 3a/1a49i MbI OyJIeM CJIeJIyIONUM 00pa30M:
A = { crygenTsl, KoTOpbie n3ydaioT 136k Python},

B = { crynenTbl, KOTOpbIE U3YUAOT S3bIK Java},
rorga A N B={cryuenrsi, uzyuatomue sisbiku 1 Python, u Java}.

Harssiroe cpeicrsBo st paboThbl CO MHOXKECTBAMU — JIMarpaMMbl Jiijepa—
Benna (kpyru Ditsepa, quarpammbl Diiepa). Ha stux jgmarpammax m3o0pa-
JKAIOTCsI BCe BO3MOXKHBIE BapHaHTBI IlepecedeHns MHOXKecTB. Karkjioe MHOXKe-
cTBO 0003HAYAIOT JIHOO KPYroMm, Jinbo J1toboit 1pyroii dhurypoit (KkBajgpar, 4acThb
Kpyra, TpeyrojbHuk u T. 11.). Paccmorpum pemenue Ilpumepa 1 npu nomoru

Jauarpamm Ditsepa — Benna (puc. 1).

Puc. 1. ITepeceuenne muoxects A u B (3amTpuxoBaHo)

2. Oobeaunenuem muoxecrs A u B nazpiBaercs muoxkecrso A U B, co-
CTOSIIEE U3 TEX U TOJBKO TEX FJIEMEHTOB, KOTOPBIE SIBJISTIOTCS JIEMEHTAMU WJI

MHOXKeCTBa A, MJI MHOXKeCcTBa B:
AUB ={z|z € Awm z € B}.

IIpumep 2. Ilycrs muoxectBo A cocrout u3 cryaentoB rpymnbl MK-101,
KOTOpble n3yuaror 136K Python, a maoXKecTtBo B COCTOMT M3 CTYJIEHTOB STOi
’Ke I'PYIIIbI, KOTOPble M3ydalor si3blk Java. O0benunenneM MHOkecTB A u B
Oy/leT MHOYXKECTBO, KOTOPOE COCTOUT W3 CTYJIEHTOB, uM3ydatorux uiau Python,
uian Java, mim oba s3bika ojHOBpeMeHHO. Paccmorpum perienue [Ipumepa 2

IIPY TIOMOITHU JrarpaMm Jitgepa — Benna (puc. 2).
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e

AUB

Puc. 2. O6bennuenne MmuoxkectB A n B (3amTpuxoBaHo)

Onpenesierne 5. Yuusepcasvnoe muoocecmeo (ynusepcym) U (6 xonmerx-
cme 3a0aMu) — MHOINCECTNEO, COOEPIHCAULEE BCE INEMENMBL PACCMATPUBLEMOT
300a4U: INEMEHMBL BCET MHONCECTNE 3a00NU U IAEMEHMDL, HE BLOOAUUE 6 HUL.

3. JomoHenueM MHoxKecTsa A HasbiBaeTcs MHOXKeCTBO A, KoTopoe cojep-
XKHUT T€ U TOJIBKO T€ JIEMEHThI, KOTOPBIE HE SIBJSIOTCST JJIEMEHTAMI MHOXKECTBa
A:

A={ze€U|x ¢ A}.

IIpumep 3. Ilyctb U — MHOXKeCTBO JOJieil, HaXOJSIUXCs B yUueOHOM
ayJIMTOPpUK IJIaBHOrO Kopiyca Henl'V, a mHokectBo A cocrour u3 JieByIIeK
(HAXOJIAIIMXCS B 9TOM ayIMTOPHHN), Y KOTOPbIX JIeHb POXKJIeHHs oceHbio. Torjia
JIOTIOJTHEHUEM K MHOXKeCTBY A OyaeT MHOXKECTBO JIIO/el, KOTOPbIe HaXOIsITCsI
B 9TOIl ay[IUTOpUU, HO He HMpHUHAJIeKaT MHOXKecTBY A. Paccmorpum pernenne

[Ipumepa 3 mpu momorru guarpamm Diisiepa — Benna (puc. 3).

Puc. 3. ononHenune Kk MHOXKecTBY A (3amTpuxoBaHo)
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4. Pa3noctbio Muoxkects A u B HasbiBaercsa Mmuoxkectso A\ B, kotopoe
COCTOUT U3 TeX U TOJILKO TeX 3JIEMEHTOB, KOTOPbIE IIPUHAJIEXKAT MHOXKECTBY A

n HE npunajexar muoxecrsy B:
A\B={zeU|z € Anzx ¢ B}.

IIpumep 4. Ilycts muOXKecTBO A coctouT u3 crymentos rpymnsl I1IpH-101,
KOTOpble n3yuaior 136K Python, a MaoXkectBo B COCTOUT M3 CTY/IEHTOB STOi
JKe TPYIIBI, KOTOPhIE U3y4aloT si3biK Java. Paznocrbio mHOXKecTB A 1 B Oyner
MHOXKECTBO, KOTOPOE COCTOUT W3 CTYJEHTOB TOW T'PYIIIIhI, U3YYAIONIUX TOJIb-
Ko s3blK Python. Paccmorpum pemenue [Ipumepa 4 npu momolnu jiparpamm

Diinepa — Benna (puc. 4).

A\B
\ B

Puc. 4. Pasznocrs muoxkects A u B (3amrpuxoBana)

CsoiicTBa omepanuii HaJ| MHOXKECTBaAMM:

1) ecru ACBwu BCC, 10 ACC (TpaH3UTHBHOCTD );
2) eciu ACBu BC A, 10 A= B,

3) AUA = A;
4) Aug = A;
5) ANA= A
6) ANY =g,
7) A\ A=g;
8) AUB = BUA (KoMMyTaTuBHOCTH O0'be/IMHEHNUS);
9) ANB = BN A (KOMMyTaTUBHOCTD [EPECeICHMUs );
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10) HO A\ B # B\ A;

11) (AUB)UC = AU (BUC) (accoruaTuBHOCTD 00bENHEHNS );

)
)

12) (ANB)NC =AN(BNC) (acconuaTuBHOCTD MepecevdeHust);
)

13) AN(BUC) = (ANB)U(ANC) (auctpubyTHBHOCTD MEPECETCHNsT OTHO-

CUTEJIbHO 0O'bE/MHEH NS );

4) AuU(BNC) = (AUuB)N (AU () (aucTpubyTuBHOCTH O0bEANHEHNUS
OTHOCHTEJILHO 11€PECCUCHMs );

15) AN(B\C)=(ANB)\ (ANC) (mucTpudyTHBHOCTD MEpeCeTeHnsT OTHO-
CUTETHHO BBITHTAHNUA).

1.3. MHo>XKecTBO JeliCTBUTEJIbHBIX YNCEJI

Onpenenenne 6. Muoowcecmeo X masvieaemcs ajeroOpamdecKuM II0JIEM,

ecau

(1) onpedeaeno addumusnoe omobpascernue (onepayus crodcenua) + @ X X
X — X co caedyruwumu ceoticmsamu:
e Va,be X a+b=>b+a (Kommymamusnocmv crodcenu);
e Va,b,c e X a+(b+c) = (a+b)+c (accoyuamusnocmo caoocenu);

eVae X JI0 e X a+0 = a (cywecmsosanue netmparvnozo sne-
MEHMA — HYAA);

e Va € X Jl(—a) € mathcalX a+ (—a) =0 (cywecmsosanue npo-

mueonoaAoNHCcHO20 3/L6M€Hma),'

(2) onpedeaeno mysvmunaukamuenoe omobpasicenue (ONEpayus  YMHON’Ce-

nua) -2 X X X = X co caedyrowumu c60tcmeamu:

e Va,be X a-b=0b-a (Kommymamuenocmv ymmoscenus);
o Va,bce X a-(b-c)=(a-b)-c (accoyuamusnocmo ymmoorcenu);

eVac X3 eX a-1=a (cywecmsosanue netmparviozo snemen-
ma — edunuyl);

oeVa € X, a #0 EI!% € X a-i =1 (cyweemeosanue obpammnozo

a
INEMENTNA,);
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(3) ynomanymoie onepayut c8A3aH CACOYIOUUM 00PA3OM:

e 071
o VYa,b,c € X (a+b)c = ac+ bc (ducmpubymusnocms ymmostcenus

OMmMHOCUMENADBHO C/LOQfCGHUﬂ).

Onpenenenune 7. Mnooicecmeo nasvieaemcs JIMHEMHO YIIOPSAI0OYEHHBIM,

ecau
(1) na nem onpedeaeno ommuowenue wacmuynozo nopadka (<);
(2) npu mobwx a,b € X cnpasedauso aubo a < b, aubo b < a.

Onpenenenne 8. Mnooicecmeo X nasvieaemcs TMHENHO yHIOPAJ0I€HHBIM
aJIerdopanvuecKuM TIOJIEM, €CAU OHO ABAAECMCA 00HOBPEMENHO aN2ebpauUe-

CRUM TONEM U AUHETIHO YNOPADOUEHHDIM MHOHCECTNEOM, NPULEM
(1) YVa,be X a>0ub>0=a-b>0;
(2) Ya,b,ce X a<b=a+c<b+c.

Onpenenenne 9. Jlunetino ynopadouenmnoe muoscecmso X Ha3vi6a€mces MOJI-
HBIM, €CAU 044 A1000T d8YT €20 nenycmolr nodmmoscecms X1 u Xo, maxur,
Ymo

Ve € Xy Voo e Ay 21 < 9,

natidemes aremenm y € X, maxot, wmo
r1 Sy < 9.

Omnpenenenue 10. [Toanoe aunetino ynopadoventoe ar2edbpauveckoe nose Ha-
3bL6AEMCA MHOHCECTTIBOM O0eTiCTNBUMEADHBLT HUCEA U 0003HAYAETNCA CUM-

sonom R.

B nagaJjie cuera BOZHMKAET HATYPAJILHBIN PsIJI HUCE]I, KOTOPBIH NPUHATO 000-
3Hadarh caepyomuM obpasom: N = {1,2,3,...,n,...}. Cioxenne u ymHO-
JKEHUEe BO3MOXKHDLI BCErJa, a JIeJeHHe W BbluMTanue — Her. g BbInoJiHe-
HUS OIlEPAllMY BLIYMTAHUA BBOJAAT YUCJIa, HPOTUBOILOJIOKHDBIC HATYPAJIbHBIM 110

3HAKY, U BBOJAT HyJib. Takum 00pa3oM, MOJydaeM MHOXKECTBO IeJIbIX YUCeJI:
Z=4..,-n,...,—3,—-2,—-1,0,1,2,3,...,n,...}.
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Y100b! ObLIa BO3MOXKHA OIEPAIUs JIeJEHUs UNCes, BBOIAT palllOHAIbLHDIE

qucCjla, TO €CTb MHO2KECTBO

Q= gpeZweZ\W}

VKe B IPEBHOCTY MATEMATHKHN ONPEJICJNIN CyIeCTBOBAHUE YUCET, KOTOPLIC
HEBO3MOKHO 11PEJICTABUTL B BUJIE PAIMOHAJLHOIO YMCJIa, TAKUe YUCJIa BO3HU-
KaloT IIPU HaJMYUKM KOpHeil pas/iuuHoil crenenu, jorapudgmos u 1. 1. Uppaiu-
onasibroe yncsio (I) — 1o GeckoHewdHast JecaTHIHAS HEepHouIeckas Ipoob.
CaMoe u3BecTHOE HppalMoHaJbHOE 4YKucjio — 7 = 3,14159265359.... Coor-
BETCTBEHHO, OObLEINHEHNAE MHOXKECTB PAIMOHAJIbHBIX U UPPAIMOHAIbHBIX YUCEJ

JlacT MHO2KECTBO ﬂeﬁCTBHTeﬂbeIX HyuceJl
R=1+Q.

NCZcCQCR.

HormoyiruM MHOKecTBO R ajieMeHTaMu +00 U —00, CUUTAS HPU ITOM, UTO

—o0 < 4+00.

Onpegenenne 11. Muoowcecmso R, donoanernnoe +00 u —00, HA3LIBAEMCA

pacCIInpeHHbIM MHO2K€CTBOM ,Z[GﬁCTBPITG.TIbeIX guceJ R.

Onpenenenune 12. Ecau a < b, a € R, b € R, mo mnooicecmso
{z: a <z <b} nazweaemcs orpeskom [a,b]. Eciu a = b, mo ompesok co-
cmoum u3 00Hot mouku.

Onpenenenve 13. Ecau a < b, a € R, b € R, mo muoocecmso
{z: a <z < b} nasweaemcs narepsasom (a,b).

Onpenenenne 14. Humepsaa (a,b) nazvsaemcs BHYyTPEHHOCTBIO OTPE3KAa

[a, b].

Onpepesierne 15. Mnoowcecmsa [a,b) = {x:a <z <b} u (a,b] =
{z: a <z < b} naswearomcs mosynHTEPBATIAMI.

Bee st MHOXKECTBa Ha3LIBAIOTCS MPOMEXKYTKAMM, e @ U b — KOHIIbI
IIPOMEXKYTKA, a BCe TOUKH T : a < < b HazpIBalOTCsl BHYTPEHHUMMU.
Ecin a w b koneunbl, 10 (b — a) — jyuna npomexyrka. Ecin a wiu b

OECKOHEUHbBI, TO U MTPOMEXKYTOK OECKOHEUHBIH.
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Onpepesierne 16. Fcau a € R, Ve > 0 (daa aobozo sncunron) e-

okpectHOCTBIO O(a,e) wucra a nasvisaemcs unmepsan (a — €;a + €).
U(a,e) = O:(a) = (a —eg;a+¢).

Jlemma 1. V 060z 06Yyx pasiuunvls movex pacuupennozo MHOMCeCmaea Jeti-
cmeumesvhulr wuces R cywecmsyrom ux nenepecexaouuecs 0Kpecmmocmu.

Onpenenenune 17. Ecau dasa nodmmoocecmesa E mmoocecmesa deticmeumenn-
HOLT YUCEA CYUWECTBYEM MaAKoe YuUcio b, umo ono ne Menvuie KanHcdozo 4ucia
x € E, moemv Ve E: x <b, momuoocecmso E nazvieaemcs orpa-
HUYEHHBIM CBEpPXY, a b — wucao, ozpanuvusalouwee ceepry muostcecmso E .

MuoxkecTBO, He dABJsIONeecs OrpaHndeHHbIM CBEPXY, Ha3bIBA€TCA HEOT PAHU-
YEeHHBIM CBEPXY MHOXKECTBOM.

CuMBOJIBHO:
E C R orpannueno csepxy < (Fb € R)(Vz € E) : z < b,

E C R neorpannuenoe ceepxy < (Vb € R)(dx € E) : & > b.

Ecinu Bo muOXkectBe E umeerca umcio b: b € E, x < b, To b Ha3biBaercs

MaKCAMAaJbLHBIM YUCJIOM MHOXKecTBa F. OHO U ecTb Orpann4duBaronice 9mcJjio.

Onpegenenune 18. Ecau das nodmmoocecmsa E mmoocecmsa deticmseumenn-
HOLT YUCEA CYULLCTNBYEM MAKOE YUCAO G, YMO 0HO He DoAbUe KadtcD020 YUCAA
x € FE, moemv Ve € EE: x> a, mo muooncecmseo E nazvieaemcs orpa-
HUYE€HHBIM CHHU3Y.

CuMBOJIBHO:
E CR orpannueno cuusy < (da € R)(Vz € E) : z > a.

Onpenenenune 19. Muoocecmeso, ozpanuyienmnoe u c8epry, U CHU3Y, HA3bL6A-

emcAa npocmo OrpaHNIYeHHbIM MHO2KE€CTBOM.

CuUMBOJIBLHO:
E CR orpannueno < (Ja € R,FIb e R)(Vz € E):a < x < ).

Omnpenenenune 20. Houmenvuiee cpedu 6cex wucen, 02paHUMUBAIOULUL CEEPTY
mmoorcecmeo 2 C R, nasvisaemcs eeo TO9HOM BepxXHEl TPaHBIO U 0003Ha-
Yaeme
sup F = sup{z}.
z€eE
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Onpenenenne 21. Hauborvuiee cpedu 6cex wucen, 02paHuyu8aOUUL CHUIY
mmoorcecmeo B2 C R, naszvieaemces e2o TOUHON HUXKHEIN T'PAHBIO U 0003Ha-

Haemcs

inf £ = inf {z}.

TeF

B = sup F, ecan
l)Vee E:x<p,
2) (Vo< B) Bz e k) z>p.
a = inf F, ecin
)yVeeFE:z>a,
2) (Vo/ >a) (Fr e FE): z<d.
Teopema 1. Bcakoe oepanuuennoe c6epry HENYCMOE “UCAOGOE MHONCECTNEO

UMeem 6EPITHIOW 22PpaHb, a4 B6CAKOE 0ZPAHUYYEHHOE CHU3Y HENYCMOE "UCA0B60€E

MHOHCECTIBO UMEEM, HUNHCHIONW 2PAHD.

Teopema 2 (Akcuoma Apxumena). Kakoso vt nu 6viao wucio a € R cy-

wecmeyem makoe namypaivroe wucio n € N, umo n > a, mo ecmo
(Va € R)(d3n € N) : n > a.

HokazareabcTBo. [Ipejnonoxum nporusuoe: da € R, uro Vn € N: n < a.
U3 sToro ciejryer, 9To 9uCI0 ¢ OIPAHUYNBAET CBEPXY MHOXKECTBO HATYPAJIbHBIX
quces N. [Tosromy MHOXKeCcTBO HaTypaJbHBIX Ynces N 110 mpeabyIiei TeopeMe
IMeeT TOUHYIO0 BepxHioio rpaib = sup N.

Tak kax [ — 1 < 8, To 1o cBoiicTBY 2 TOuHOI BepxHeit rpann dn € N, uro
n> 3 —1.Hororna n+1> @3, npuuem (n+ 1) € N. Hepasencrso n+1 >
nporuBopednt Tomy, 9ro [ = sup N. IlosyuenHoe npornBopedne JOKa3bIBaCT

Teopemy. [

CaencrBue 1. Kaxosvr 6ot nu Oviau wucaa a v b, 0 < a < b, cywecmsyem
makoe Hamypasvroe wucao n € N, wmo na > b.
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2. YmcJiaoBble OCJIeIO0BATEJIHPHOCTH

2.1. IlonsgTume mocJjie0BaTEJIbLHOCTI

Onpenenenue 1. Ecau wascdomy wucay n € N nwamypasvnozo pada wucen
1,2,...,m,... cmasumcsa 6 COOMBEMCMEUE NO ONPEICAEHHOMY 3AKOHY HEKO-
mopoe 8ew,ecmeentoe Yucao T, € R, mo muoocecmeo 3anymeposannoir eeule-
CMEBEHHBLT HUCEN

L1,LYy ey Lpy...

6ydem Ha3vi6ams IUCIOBOI TIOCIEI0BATEIBHOCTBIO {X, }, T,y — anemenmo

UAU YAEHDL NOCAEA0EAMENBHOCTNU.

1 11
—oil - =
{n} 2°3

ApudmMerndeckue onepanum HaJl [IOCJIEI0BATEIbLHOCTIMU:
Cymma {z, + yn} : z1 + y1;22 + yo; . - ..
Paznocte {r, —y,}: o1 — y1;02 — yo; - - ..

ITpumep 1.

ITpoussenenue {x, - y,} : x1-y1;22 - Yo; .- ..
Tp |  T1 T2
YHactHoe { — ¢ 1 —; —; ..
Yn Yr Y2
paBHBI HYJII0 KOHEYHOEe YHCJI0 YJIEHOB, YaCTHOE HAYMHAETCS ¢ HOMEpa HEHYJe-

., IIPU YCJIOBUHU, YTO Y, HE PABHbI HYJIIO UJIA, €CJIU

BOTO TJICHA MOCIEIOBATEILHOCTH {Yp }.

Ounpeaenenne 2. Iocaedosamervrnocmo {x,} Hnazvieaemcs orpaHUYEeHHOM
cBepxy (cHUBY), ecau cywecmeyem makoe wucaso M € R (m € R), wmo
KaotcOwitl anemenm T, nocaedosamenvrocmu {x,} ydosaemeopaem ycaosuro

Ty <M (z,>m). M — eeprnan epanv, m — HUICHAA 2DAHD.

Onpenenenne 3. [lociedosamenvrocms {x,} Hazweaemcs OTPAHUIEHHOM,
CCAU OHA 02PAHUYEHA CEEPTY U CHU3Y, MO €CMb

dImeR M eR: Ve, € {z,} :m <=z, <M.

Ecan MMOCJIEJJOBATEJIbHOCTL OT'PaHNY€Ha, TO BCE €€ 3JIEMEHTHI YJIOBJIETBOPAIOT

HEPABEHCTBY
lz,| < A, A=mazx{|M|,|ml|}.
IIpumep 2.
a) —1,—4,..., —n?, ... — OrpaHMYECHA CBEDPXY, HE OIPAHMUCHA CHUBY:
6) 1,1/2,...,1/n,... — orpanudena.

18



2.2. DBeckoHe4yHO 00JIbIIINE M MAaJible€ IIOCJIEI0BATEIHHOCTHI

Onpenenenne 4. Iocaedosamenvrnocmo {r,} mnazweaemcs OGECKOHEUHO
OOJIBIION, ecau 0af 4106020 NOAOIICUMELN020 Yucaa A (cKkoav yz00mo 6oav-
woz0) moocno ykazams maxots nomep N, wmo npu n > N ece aremenmos Ty,

amoti nocaedosamesvrocmu ydosAemeopatom nepasencmey |r,| > A.

JIobast 6ecKoHeUHO OOJIBINAs MOCTEI0BATEILHOCTh He OrpaHndeHa, OJIHAKO
HEOrpaHWYEHHasT TOCIE0BATE/IbHOCTh HE BCErjia sBJIsieTCss OECKOHETHO 00J1b-

IO,

Onpepesienne 5. [lociedosamenvrocmo {a,} nasvieaemces GECKOHEIHO Ma-
JIOM, ecau 0aa A100020 NOAOAHCUMENLHO20 HUCAL € (CKOAL Y200HO0 MaA020)
MOHCHO ykazams marot nomep N, wmo npu n > N ece snemenmol a, 2mot
nocaedosamenrvrocmu ydosaemeopalom nepasencmsy |a,| < €.

1 1 1 1

Ipumep 3. < — > :n>N=>—<—.Ilyerb — <e= N =[1/e]+1.

n n— N N

Teopema 1. Cymma dsyx beckoneurno masvz nocaedosamenrvrocmet; ecmo bec-

KOHEYUHO MAAAA NOCACAOBAMENDHOCTD.

Teopema 2. Pasznocmv deyxr beckoneuno mMaisblx nocaedosamesbnocmet ecmo
OeCKOHEUHO MAAAA NOCAEIOBAMENLHOCTND.

Teopema 3. Beckoneuno manas nocaedosamesvhocmo 02PparHU“eHa.

Teopema 4. IIpoussedenue ozparuiennot nocacdosamesbHoOCMU Ha beckoHey-
HO MAAYW NOCACIOBAMEALHOCND Npedcmasaiem cobotl becKoHeuHo MaAY0 No-

cAed08aMeAbHOCTY.

3. IlIpenes mocjiegoBaTe IbHOCTH

3.1. OmnpeneneHne mpejesia MOCJIEA0BATEIHHOCTHA

Onpepesienne 1. Iocaedosamervnocmo {,} nasveaemes cxongumeiics, ec-
AU CYWECTNBYEM MAKOE YUCAO G, ¥MO OAd 1100020 (CKOAL Y200HO MaA020) NO-
AOHCUTENDHO20 YUCAE € MOACHO YKa3amb Homep N marot, 4mo npu Homepar
n > N ece asemenmo, 2moti nocaedosamesvbHocmiy YydosaemeopAom HepaeeH-
cmey |z, — a| < e. IIpu smom wucao a naswviearom TPETETOM MOCJIIETOBA-

TeJabHOCTH {T,}:

lim z, =a< (Ve > 0)(3IN(e)) (Vn > N = |z, —a| <e). (3.1.1)

n—oo
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Taxum oOpa3oM, Bce JIEMEHTHI [0C/IeI0BATeIbHOCTH, HAUNHAsI ¢ HEKOTOPOI'O
HOMEpPA M, HAXOJATCSA B €-OKPECTHOCTUA YUCHA @ .

HanHoe ornpejiejieHne siBJISIETCS OJIHUM U3 BarXXHEHIUX 1 OJIHUM U3 0a30BbIX
onpeJleJIeHU T, Ha KOTOPBIX CTPOUTCH KyPC MaTeMaTUYeCKOTO aHAJJIU3a.

IIpumep 1. /lokazarhb, 9TO

lim —— =1,
n—oon + 1
) n
Jirgon+1_1@(Ve>0)(3N(s)) Vn > N = n+1_1<6 ;
n—n-—1 1 1 1
— <€ = <e=n+l>-=2n>--1=
n—+1 n+1 € €

1
N=|--1|+1
€

3.2. CBoiicTBa mpejeJa I10CJe10BaATEeIbHOCTU
Teopema 1. Crodawasca nociedosamesvbHoCmb uMeem MoAbKo 00uH npedea.

HoxkazareabcTBO. [lpejnonoxum nporusuoe. Ilycrb y 1ocsejoBaresib-
HOCTH JIBA PasJIMuHbIX npejesia: a u b — upejgenst {x,}, ciepoBaresibHo,
lz, —al < e u |z, —bl < €. Boipasum z,, B 000MX BBIDAXKEHUSX U JlaJjiee
HaijieM UX pa3HoCThb:

Ty = Q-+ &,
T, =b+¢';
O=a—-bte—c =ec—€ =b—a.

Takum 06pazsoM, Mbl OJIY UMK, YTO JJIst JIIOObIX € U € (CKOJIb YIOJHO MaJIbIX )
UX Pa3sHOCTL € — € paBHa OJHOMY U TOMY 2K€ 4UCJIy b — a, a 3T0 BO3MOXKHO

TOIJIa U TOJILKO Torjia, Korna b —a = 0, To ectb b =a. O
Teopema 2. Crodaujascs nocacdosamesvHocmy 02paHuvenda.

ObpaTHoe He Bcerjia BEpHO, TO eCTh OrPpaHUYeHHas 110C/e[0BATeIbHOCTD MO-
XKeT ObITh ¥ HECXOSIIecsl.
IIpumep 2. {—1,1,—1,1,...} — orpanndennas MoCJeIOBATEIBHOCTh, HO

HE CXOJIATIASACS.
|zp — Tpy1| = |1 — (—1)] = 2 — He GeckoHeTHO MAJIOE THUCIIO.
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Teopema 3. Cymma (pasnocmv) crodawurcs nocaedosamervnocmets — cro-

OAWAACA NOCALIOBATNEADHOCTND.

lim z,, = a, hm Yp = b= hm(xn:I:yn)—a:I:b

n—0o0
Teopema 4. Hpougeeaenue cxodﬂuwxc;z nocaedosamenvrocmetl ecmv crods-

WAACA NOCALAOBAMEALHOCTNG, NPEDEA KOMOPOT PAGEH NPOU3BEIEHUIO NPEIEN0B:

lim{z, -y,} =a-b.

n—oo
Teopema 5. Yacmmnoe deyr crodawuzca nocaedosamenvrocmets {x,} u {y,},
npu yeaosuu, wmo npedea {yn} omauuen om Hyaf, ecmov CTOOAWAACA NOCAE-

dosamesvrnocmo, npedes KoOmopot pasen 4acmmomy npedesos:

, T a
lim ¢ — > = —.
n—oo | Yy b
CaencrBue 2. Ecau daa nocaedosamenviocmets {xn} u {yn} swvinosnsemca

HEPABEHCMNBO Ty < Yp, VN > N, mo

lim z, < lim y,.

n—oo n—oo

CaencrBue 3. Ecau nocaedosamenvrocms oeparuvena u a < x, < b, mo

a< lim z, <b.

n—oo

Teopema 6 (o nByx mmaurumonepax). [lycmo {z,} u {z,} — crodawue-
ca nocaedosamenvrocmu, umerousue 0bwuil npedea, pasnut a. Ilyemv xpome
M020, NANUNAA C HEKOTNOPOZO HOMEDPA, INEMENMBL Nocaedosamervrocmu {yy, }
Ydo6AEMBOPAIOM HEPABEHCMBAM Ty < Yy < 2y, CAJ06AMEALHO, NOCACIO6A-
meavnocms {y,} crodumea u umeem npeden, pasuuii a.

lim z, = lim z, =a, z, <y, < z, = l1myn—a

n—oo n—oo — 00

Buapl HeomnpeaesieHHOCTEI

00, 0 oo 0
— 00 —00; 1%, 0-00
o oo 00
o0
IIpaBmniio pacKpblTus HEONPEAEJIEHHOCTA — [Ji OTHOIIEHUS MHO-
o0
rodjieHa Ha MHOTI'OYJICH

0, ecmp<k;
an? + anPt + ...+ ap,

lim —{ oo, eciu p > k;
n—oo bnk 4 bynk—1 4 ... 4+ b, a
e ecin p = k.
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JaHnHoe 1paBujio PaCKpbITUsi HEOIIPEJIEJIEHHOCTY i HUKOIJIa, He TIpejijiarako
3aIlOMUHATH B TaKOM BHJie. KEro MoXKHO C(bOpMYJII/IpO%?in CJIOBaMH, 9TO Npeden
OMHOWENHUS MHOROUAECHA HA MHO20MAECH PABEH OMHOWENUIO KOIPHUUUEHNO06
npu cmapuieti CMenen, ecat Cmenert MHo204AeH068 co8Nnadarom; paser Hyi0,
eCAU CMENEHD YUCAUMENS MEHLUWE CMENEHU 3HAMEHAMENA; PAGEH DECKOMEY-
HOCTNU, E€CAU CIMENEHD YUCAUMErd boavuie cmenenu 3namenamend. Ha camom
JleJie Hy>KHO IIPOCTO pa300paThCs ¢ METOJIOM PEIIeHUs] TAKKX IIPEIeJ0B — BbIHE-
CeHUe cTapleil CTelneHn 3a cKOOKHU. [IponrrocTpupyio BEIBOJI JAHHOTO MTPaBUIA
Ha cJjieytonmux Tpex npumepax. OObITHO CTYJIEHTHI yrKe MOCIe MEPBOTO MpPaK-
TUYECKOT0 3aHATHU 110 ITON TeMe TaKue MPUMepPbl PeraoT yCTHO.

IIpumep 1. Boruucants npegen

. 2n2 + Tn + 5000
lim )
n—00 n3 +1

Ecian B JAaHHOM IIpe€jesie BMeCTO T IHOACTaBUTb 6eCKOHeqHOCTb, TO BbIXOJAUT

HEONIpeJCeJICHHOCTL BUJIa — . Haunem ¢ TOro, 4TO B YUCJIIMTEJIC U 3HaMEHaATEJIE
0.0

BBIHECEM 38 CKOOKU CTapHiyio CTEII€Hb: B YHUCJ/IUTEJIE BBIHECEM n2, B 3HaMeHaTe-

3

Jje — n-.
P+ Tn45000 . n*(2+ L4 3090)
lim = lim n : &
n—00 Tn3 +1 n—00 n3 (7 + ﬁ)

Tenepb, BO-IEPBBIX, MOJKHO YHCINTEIb U 3HAMEHATEIb COKPATHTH Ha 12, BO-

BTOPBIX, CMOTPUM BHUMATEJBLHO Ha COIEPXKUMOE CKOOOK: BHYTPU €CTh TPH JIPO-
OM BUJIa YUCJIO PA3JICJIUTh HA OECKOHETHOCTb, YTO OYEBHUJIHBIM 0DPA30M CTpPe-
MuTcd K Hy/10. OrbpocuB crpeMsnigecs K HYJIO Jpobu ¥ COKpaTHB Ha OOIIuil

MHO2KHUTEJIb, II0Jy9aeM CJICAYIOIIee:

Cont 2+ I+ 2
lim L 2 = lim —.
n—00 n3 (7 + %) n—oo Tn

[Tocie 1poBejieHHBIX COKpAIeHUi M 1PeoOPa30BaHKil CHOBa I1IPpOBEpsieM Ha
HEOIIPEJICJIEHHOCTb: OTHOIIEHWE KOHCTAHTHhI K OECKOHEYHOCTH TaKOBOH HE siB-

JIACETCA, TIO9TOMY 3allMChbIBa€M OTBET

li 2 0
11m — = U.
n—oo ’n

Wrak, 310 ObLI 1epBbIN CJydail OTHOIIEHUS MHOTOYJIEH HA MHOI'OYJICH, KOIJIa

CTeleHb YNUCJIUTENd Obljla MEeHbIle crerneHn 3namenaress. Orser nmoJyiy4daeM: 0.
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IIpumep 2. Boruncants npegen

) ™3 + 1
lim )
n—oo 2n? + Tn + 5000

Ecan B JaHHOM IIpejesie BMeCTO 7 IHOACTaBUTh 6eCKOHe‘{HOCTb, TO BbBIXOJIUT

HeOIIpeJIeJIeHHOCTb Bujia — . HauneMm ¢ Toro, 4ro B uucjuTesie ¥ 3HAMEHATE e
00
BBIHECEM 38, CKOOKHU CTaPIIYIO CTEIEeHb: B YUCAUTE/IE BbIHECEM n3, B 3HAMEHAaTe-
e — n?. .
, ™3 +1 , n® (7+ %)
lim 5 = lim =00
n—oo 2n? + Tn + 5000  n—oo n? (2 + 14 200 )

Tenephb, BO-NEPBHIX, MOKHO YHCINTEIb U 3HAMEHATEIbh COKPATHTH Ha Nn?, BO-

BTOPBIX, CMOTPUM BHUMATEJILHO Ha COIEPXKUMOE CKOOOK: BHYTPH €CTh TPH JIPO-
O BHUJ@ UUCJIO pPa3JeJUTh Ha OECKOHEUYHOCTH, YTO OYEBUJIHBIM 0DOPa30M CTpPe-
MuTcda K HyI0. OTOpocuB cTpeMsniecs K HYJIO JpoOu ¥ COKpaTUB Ha OOIIuit

MHOXKHUTEJIb, 11OJIydaeM CJIE€AYIOIIeE:

y n® (7+ %) _ m

[Tocie mnpoBejieHHBIX COKpallleHuit M 1peobpa3oBaHuii CHOBa IIPOBEPsieM Ha,
HEOIPEJICJIEHHOCTh: OTHOINEHNE KOHCTAHThI K OECKOHEYHOCTU TaKOBOW HE siB-

JIAETCA, IIO3TOMY 3allMCbIBacM OTBET

o Tn
im — = oo.
n—o0

Mrak, 570 ObLI BTOPOi CjIydail OTHOIIEHWSI MHOTOYJIEH Ha MHOTOYJIEH, KOIJIa,
CTelleHb YucauTe s Oblia 60Jblie crenenu 3HaMenaress. OTBer mosydaeM: bec-
KOHEYHOCTD.

ITpumep 3. Boruuciurs npejien

) ™3+ 1
lim )
n=o0 2n3 + Tn2 + 5000n1/2

Ecan B JaHHOM TIIpejesie BMeCTO 7 IIOACTaBUTh 6eCKOHe‘{HOCTb, TO BbBIXOJIUT

HEeOIpesIeIeHHOCTh BUa — . Hadunem ¢ Toro, 9To B 4ucauTeNe U 3HaAMeHaTe e
00
BbIHECEM 33 CKOOKM CTapIIyIO CTeleHb NS

, 3 + 1 : n? (7T + -5)
lim = lim — =500 -
n—00 203 4 Tn? 4 5000n1/2  n—oo 3 (2 + I 4 2900)

052
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Tenepb, BO-IEPBBIX, MOJKHO YHCINTEIb U 3HAMEHATEIb COKPATHUTb Ha 1>, BO-

BTOPbIX, CMOTPUM BHUMATEJbHO Ha COIEPXKUMOE CKOOOK: BHYTPU €CTh TPU JIPO-
Ou BUJIA YUCJIO PA3JIEIUTh HA OECKOHEYHOCTb, YTO OYEBHUJIHBIM 00PA30M CTpe-
MuTCst K Hys110. OTOPOCHB CTpeMSIIuecst K HyJIi0 IpoOu W COKPATUB Ha OOIINit

MHO2KHUTEJIb, I1I0JIydaeM CJICAYIOoIIee:

3 1
lim n (7+ "3) = lim —

n—oo 13 (2 + % + ?19’99) n—oo 2

-

[Tociie npoBejieHHBIX COKpallleHnWit M Tpeobpa3oBaHuii CHOBa ITPOBEPsieM Ha,
HEOIIPEJICJICHHOCTD: OTHOIICHNE KOHCTAHTHI K KOHCTAHTE TaKOBOIl He ABJAETCH,

I[IO3TOMY 3alluCbIBa€M OTBET

lim . — 3, 5.

n— 00
Hrak, 570 ObLI TpeTwii ciaydail OTHOIIEHHS MHOTOUJIEH Ha MHOI'OWJIEH, KOIJa
CTEIEeHb YMCANTEIsI paBHa crenenn 3HaMeraress. OTBer mojydaeM: OTHOIIEHTE

KO PUIIMEHTOB TIPU CTAPIIell CTEIeHN.

3.3. MoHOTOHHBIE II0CJIEA0BATEIBHOCTHU

Omnpenenenne 2. Iocaedosamenvrocms {a,} naswveaemes Bo3pacTaromeit
(yObiBaroweit), ecau a, < a1 (an > ans1), Vn € N.

Onpenenenue 3. Bozpacmarowue u ybwvisaroujue nociedosamensbHocmu Has3vl-

6a1r0m MOHOTOHHBIMN.

Onpepenenne 4. [locaedosamenvrocms {a,} Hnazveaemes CTporo Bo3pac-
Taforeit (crporo yowiBaromeit), ecau a, < apy1 (an > ape1), Vn € N,

Bospacraloiye 1oc/ie/10BaTe/IbHOCTH Ha3bIBAIOT HEYObIBAIOMIUMU, a yObiBa-

I0Ii€ — HeBO3PACTAIOIIUMHU.

Teopema 7. Beakaa ospacmarowas nociedosamenvrocms {a,} umeem npe-

dea 6 R li_>m a, = sup{a,}, u amom npedes xoneuen, ecau {a,} oepanuvena
n—oo

ceepxy, u npedes pasen 400, ecal NocAedoBAMENLHOCTIL HE 02PAHULEHA.

IIpumep 1. {1,1, %, %, el %, %, ...} — HeBospacratwoias. Orpannuena
cBepxy 1, a cauzy — 0.
IMpumep 2. {1,1,2,2,...,n,n,...} — neyboiBatomas. Orpanuuena cHU3y

1, a cBepxy — He orpaHuYeHa.
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ITpumep 3. {%, %, %, c+ vy 7o - -} — Bospacraiomast. Orpanudena cHusy %,
a ceepxy — 1.

HeBospacraroniue moc/ie1o0BaTe/lbHOCTH OMPaHUIEHbI CBEPXY HEPBLIM 3JIEMEH-
TOM, a HEYOBIBAIOIINE MOCIEI0BATELHOCTH OrPAHIMYEHBI CHU3Y MEPBBIM 3JIeMEH-

TOM.

Teopema 8. Ecau meybvisarowas (1e6o3pacmarowai) nociedosamenvrocmy

{z,} oepanunena ceepry (cnusy), mo ona crodumca.

YejoBue OI'paHN4I€HHOCTH MOHOTOHHOI IIOCJIEJOBATEJIbHOCTU IIPpEACTaBJIAECT

coboii HeOOXOIMMOE U JIOCTATOUHOE YCJIOBUE €€ CXOIUMOCTH.

Jlemma 1. O BJIO2KE€HHBIX OoTpe3Kax. I[lycmb dana beckoneunas cucmema
ceemenmos [a1, bi], lasg,bs], [as, bs], ..., [an,bn], ..., Kaocdwis nocaedyrouyui
u3 xomopoir codepotcumces 6 npedwdyusem (anp—1 < a, < b, < by_1), u nyemo
paznocmo by, — a, — 0 npu n — 00 (CMALUBAIOWAACA CUCTNEME CE2MENNOG).
Tozda cyuecmeyem u eQuHCMBEHNAA MOYKE C, NPUHAOAEAHCAULAL BCEM CE2MEMH-

mam 2motl cucmembot.

3.4. Ywuciio e

1 n
e=lim {1+ —
n—00 n
e~ 2,7182..
ITpumep 1.
1\" 2 \"
lim (2 + =[1°] = lim (14 —
n—oo \ 1, — 1 n—00 n—1
2 nTl 21'
n- im 22
= lim [ 1+ = enl—wo el — o2
n—00 n—1
IIpumep 2.
2n+4 2n+4
3 5)
lim (2 + =[1%] = lim 1+ —
n—oo \ 1, — 2 n—00 n— 2
n—=2 5
5 T-m-(2n+4) .
= lim <1 + > = lim emnjfo = eV,
n—00 n — 2 n—00

25



3.5. Kpurepnii Koinu cXoauMoOCTH I10OCJI€10BaTEILHOCTEM
IlousaTue moarmocsie10BaTEJILHOCTHI

Onpenesieane 5. I[lyemv {x,} — wmexomopas nocaedosamenvrocms. Pac-
CMOMPUM NPOUZBONLHYIO BO3PACTNANULYIO NOCALIOBAMEALHOCTNG UEAVLT YUCEA
ki, ko, ... kn,.... Bubepem us nocaedosamensvnocmu {,} asemenmol ¢ nome-

pamu ki, ko, ..., ky, u pacnosoostcum ux 6 caedyrowem nopadke:

xkl,xk2,:1:k3, “e ,xkn, cee;

NOAYHYEHHYIO nocAedosamesbHocmo 6y0€M Ha3vieamsv IMMOoAIIOCJIeJ0BATCJIBbHO-

CTBIO nocaedosamenvrocmu {x,}.

CBOWCTBO TIOZMOCTIEOBATEILHOCTHA: €CJIN TIOCTIE0BATEIBHOCTh {2, }
CXOJIUTCSI ¥ UMEET CBOMM IPEJIEJOM UKUCJIO @, TO W JIF0Dasi MOJI0C/IE/I0BATE b

HOCTH 3TOI IMOoCJICJOBATEJIbHOCTHU CXOAWUTCA U UMEET CBOUM IIPEJCJIOM 9IHUCJIO G .

Teopema 9. Teopema Boabnano — BeiiepmTpacca. /3 10601 ozpanu-
YeHHOT NOCACJOBAMEALHOCTNU MOHCHO 6HIIEAUMD CTOOAUYIOCA NOINOCAEA06A-

MeABHOCMD.

3ameuanmue. 13 j11000ii orpaHnueHHON! 0C/Ie0BATEIHLHOCTH MOXKHO BbIJICIUTD

MOHOTOHHYIO IIOJIIOCJIEIO0BATEJIbHOCTD.

Onpepesienne 6. [locaedosamenvrocms {x,} nasvieaemes pyHIaMeHTATIb-
HOWU, ecAu OaA Hee 6uinosneno ycaosue Kowu:

Ve IN(e) : |zp — 2| < &, Vn,m > N. (3.5.1)

Teopema 10. Kpurepnii Kommu. /lia crodumocmu nocaedosamenvrocmu
HeobT0duUMO U AOCMAMOUHO, YMOobY, 0HaA ObIAG HYHIGMEHRMANLHOT.

Jloka3aTejabCTBO

Heobxodumocmo. [lycrb nocsiepoBarebHOCTb {a, } CXOAUTCs U 1IPeJIesl ee pa-

BeH a: lim a,, = a. Breibepem npoussosibuyio € > 0. Torja 1o onpejeseHuio
n—o0

peJIesia MOCIIeI0BATEILHOCTH UMEEM
AN (e) = |ap, —a| < g,Vn > N(e).
Eciu n,m > N = 10 O1ieHUM Pa3HOCTh MEXK Ly JIEMEHTaMK ¢ HOMEPAMU M, M :
\a,—an,| = |la,—a+a—ay,| < |a,—a|+|a—a,| = |a,—al+|a,—al < %—l—% =e.
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CretoBaresnbro, BbinosHsieTcs yeaosue Komm (3.5.1). Yto n TpeboBasocs jo-
Ka3aTh.

Jocmamounocmob. Tlycrs nocsepoBarenbuoctsb {a,} dynjjamentaibia, To

ecTh BhiNoJHsiercst yeaosue (3.5.1). [Tokaxkem, 4To OHa CXOAUTCH.

1. [TokazkeM, 4TO HOCJIEI0BATEILHOCTL orpanudeta. Ilycrts € = 1, Toryma us
(3.5.1) =
AN €N |a, —an,| < 1,¥n > Ny

|an — an,| < lan| + lan, |, |an| <14 |an,| =
lan| < lan —an |+ lan,| <1+ |ay,| = {an} — orp.
2. Beigeanm u3z {a,} cxomsuryiocs mognocsenoBarebuocth {ay, ;. [lycrs

lim a,, = a.
k—o0

3. ITokaxkem, uro u lim a,, = a. [ycrs € > 0, B cuay (3.5.1):
n—oo

In(e), k(e) : an — an,| < g,‘v’n > n(e), Vk > k(e)

npu k — oo =
£
lan, —al < 5 < e, Vn > n(e).

B cuy mpousBoJIbHOCTH BbIOOpa € CJIELyeT, UTO li_>m a, =a. O
n—o0

YrpaxkHeHus JJisi CAMOIIPOBEPKN

Yupaxkaeraue 1. BoraucjiuThb 1mpejie/ibl YhCJI0BbIX 0CJIEI0BATE/IbHOCTEH:

< 3n3-2n+1 < 2t =3nP+5
L. nh_>rgo 2n34+n? 6. nh—>rgo 3nt—5n2+1"
< 3n’+n—1 « - n?—2n+3
2. hm Saien 7 hm et
< 2nt-n+3 : n®—Tn+3
3. lim S5—g . 8. lim 5557555
. —2)(4n+3) . (2n—1)(5n+3)
4. hm (n— 9. hm N R -
n—oo (n_l)(n+5) — 00 (7%—1)(”—5)
5 lim Im3ron—1 10. lim 2 —on+1— vVni+l
T S0 n+2 T oo VnS4n342n2—5+4/n2—3n+6 "
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4. Ilpenen dbyHKIUN

4.1. Omnpenesenune mipeaesa pyHKIAN

Pacemorpum dyukiwo y = f(z), onpeeseHnyo Ha HEKOTOPOM MHOYKECTBE
D(f), u TouKy x(, BOSMOXKHO, He TpuHajiexallyio maoxectsy D(f), Ho 06-
JIAJAIOINLYI0 TeM CBOMCTBOM, 9TO B JIFOOOH 0-OKPECTHOCTH TOYKH T UMEIOTCS

Toukn Muoxkectsa D(f), oTautdnnie oT .

Onpenesierne 1 (o Leiine). Toura yo € R nasweaemes npedenom dynxyuu
y = f(z) 6 mouke g, ecau das mobot nocredosameavrnocmu {x,} C D(f),
cxodauetica K Ty, nocaedosamesvnocmv suavenuts gynkyuu {f(z,)} crodum-

CA K Yo-
li_>m flz) =y VneN, {z,} € D(f), =, # zo,
lim z, = zy = lim f(z,) = vo. (4.1.1)
n—o0 n—oo

Onpepesierne 2 (no Komm). Touxa yg € R nasweaemea npedesom dynryuu
y = f(x) 6 mouke xg, ecau das aobozo € > 0 cywecmseyem § > 0 makoe, wmo
0N 6CexT 3HaueHUll ap2ymenma T, YooeAeMEOPAUUT Yeaosuto |x — xo| < 6,
sepno nepasencmeo |f(x) — yo| < €.

lim f(z) =yo & Ve >030(c) : Vo € D(f), |z —xo| <d = |f(z) —yo| <e.

T—To
(4.1.2)
Teopema 1. Onpedeserusn no Kowu u no letine pashocusvb.
ITpumep 1. Boruuciaurs npejen
lim3z =[3-1] = 3.
z—1
Hoxaxem 1o onpeesnennto (mo Kormm):
Ve >036(e) : Ve € D(f), |t —1| <= |3z — 3| <e.
€
[T 0=—":
yCTh 3
£ €
|z — 1] <§=>3-\x—1|<3-§:>|3:1:—3\ <e.
IIpumep 2. Oyukius f(zr) = ¢ uMeer NpejesbHOE 3HAYCHUE B KaXK 107

Touke GeckoHewdHoit nipsivoit lim f(z) = c.
Tr—a

ITpumep 3. [Ipesenbhoe 3uavenue Gynkiuu f(z) = x B a0boii rouke a € R

paBHo a: lim f(z) = a. B arom ciayuae nocieoBaresbHOCTH 3HAYEHUIT apry-
r—a

MeHTa U 3HadeHuit QyHKImil Toxkecrsenubl {z,} — a u {f(z,)} — a.
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4.2. Apudmeruydeckue omeparu

Apudmerndeckue onepanum Haa PYyHKITUIMEA, TMEIOIITIMUA IPEIeT

Teopema 2 (Ocnorrast (apudmernueckue oneparuu)). Ilyemo 3adanmvie na
odrom u mom oce mnoocecrnee O(xg) Pynruyuu f(z) u g(x) umerom 6 moure

xo npedeavnvie snavenua b u ¢ coomsememeenno: lim f(z) =0, lim g(z) =
T—Tq

c. Toeda dpynwyuu f(z) +g(x), f(z) —g(z), f(z)-g(z) u %; g9(wo) # 0

UMENT, 6 TMoOYKeE I npede,/Lwae S3HAYEHUA, PABHDBIE COOMEBEMCIMNMEEHHO b + C,

b—c, b-c, b (ecau ¢ #0).
c

HokazarenbctBo. Ilycrs x1, ©a, x3, ..., Ty, ... (T, # To) — Upous-
BOJIbHAS CXOAANIAACA K Tg IOCJIEJI0BATEJILHOCTL 3HAUYCHUI apryMeHTa (DyHK-

unii f(x) u g(z). CoorBeTcTByIOIIe TTOCIEIOBATEIHLHOCTH 3HAYCHUT BDYHKIHI

f(z1), f(x2), f(x3), ..., f(zn), ... wm g(z1), g(z2), g(x3), ..., g(@0), ...

UMeIOT TIpejiesibl b u c.

Torjga 1o cBoiicTBaM Ipejieia IOCJIEJI0BATEIbHOCTH I10CJIEI0BATEILHOCTH
f(x
@) +9(@)}, @) 9@}, ()9}, {ﬁ NCIO TDCCTH, pasibe

COOTBETCTBEHHO: b+ ¢, b— ¢, b-¢, - (ecim ¢ # 0).

B cnity 1pousBOJILHOCTH TOCJIE0BATEIBHOCTH {Zy,} 9TO O3HAUAET, YTO

lim (f(2) + g(z)) = b+c, lim (f(z) — g(a) = b—c.

T—T9 T—Tg

b
lim z)-qg(x))=0b-c lim —~& = -.0O
Jim (/(a) - g(@) = b-c, Jim L) 2

IIpumep 1. Jokazars lim 2% = 16.
r—4

limz® = 16 < Ve > 038(¢) : Vo € D(f), |z — 4| < 6 = |2* — 16| < &.

T—4

Ham neobxojiumo onenuth |22 — 16| = |x —4|- |z +4|. Boiieanm okpecrHocTh
TouKM o = 4, Hanpumep uarepsat (3;5). Torma

Vo € (3,5) = |v+4| < 9= |z? — 16| < 9|z — 4.
Tak kak d-okpecTHoCTh TOUKH Ty = 4 (4 — §,4 + §) He JOJDKHA BBIXOJAUTH 3a
npejiesibl wHTepBasa (3,5), To § = min {1, %}
Mpn 0 < |z —4| <6 = |z* — 16| < 9|z — 4] < 96 < .0
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Teopema 3. O aByx muauruonepax. [lycmov gynwyuu f(z), g(x), h(zx)

onpedeaenv 6 mexomopoti okpecmuocmu mowku o, o € R, f(z) < g(z) <

h(z) 6 amot oxpecmuocmu. Ipu smom lim f(x) = A u lim h(x) = A, moada
T—Tg T—Tg

lim g(z) = A.

T—Tq

4.3. BeckoHe4YHO 0O0JIbIINE BEJINYNHBI

Onpepenenne 3. Pynryua y = f(x) nasveaemes 6€CKOHEIHO OOIBIIOIL 6
MouKe Ty, CCAU OHA ONPEIEAEHA 60 6CET MOYKAT HEKOTMOPO20 UNMEPGANL To €
(b, c), Kpome, 603M00ICHO, camOl MOUKY To, U Ak 100020 wucsa M natidemeas
markoe wucao 6 > 0, wmo |f(x)| > M.

li_)m fz) =0 Vr,0< |z —20| <d= |f(z)| > M. (4.3.1)
Ecmm B (4.2.1) f(z) > M,10 lim f(z) = +o0.
T—To
Ecin B (4.2.1) f(z) < —=M,r0 lim f(z) = —o0.
T—Tg
Jlemma 1. Ecau dynrkyus y = f(z) asasemca beckonewno 60avwot 6 mouke
zo € R, mo ¢pynxyua ﬁ ABAAEMCA OECKOMEUHO MAAOT, U HA0OOPOM.

CBoiicTBa 0CKOHEYHO OOJIBINNX BEJINYUNH

1. Ecim lim f(z) = 0o, lim g(z) = A (A < o0), 10
T—Tg

lim (f(z) + g(2)) = oo,

T— T

2. Ecim lim f(x) = 400, lim g(z) = 400, 10

T—Tg T—Tq

lim (f(2) + g(a)) = +oc.

T—Tq
3. Ecom lim f(z) = oo, lim g(z) = A (A #0), 10
T—To T—To
lim (f(z) - g(x)) = oo.
4. Ecn lim f(x)=A (A#0), lim g(z) =0, 10
lim _f(x) =
2=z g(x)
5. Ecoim lim f(z) = A (A#0), lim g(z) = o0, 10
=T T—To
tim £ — g



4.4. Kpurepnii Komm cymiectBoBaHusd mpejesaa (pyHKITAN

[Iycts ma X 3amana Gynknusa f(z). Pacemorpum touky a € R, a # oo,
a# —00, a# +00.

Onpenenenne 4. Qynxuyusa f : X — R ynoBiaerBopdgeT B TOYKE a
(a — npedeavnas mouka muosicecmea X ) ycaosuio Kommn, ecau Ve 30, (a):

Va1, 2 €0 (a) = [f(z1) — f(z2)] <e.

Teopema 4 (Kpurepuii Komu cymecrsosanus npejena Gyuxin). s mozo
ymobwv, pynxyus f: X — R umesa 6 mouxe a xoneunwil npedea, neobxodumo
u docmamouno, wmobw, pynruyua f ydosaemeopana 6 mouxe a ycaosuro Kowu.
4.5. 3amedaTesIbHBIE ITPEIEJIbI

IlepBhIit 3aMmevaTenbHBIN TTPEIET

Teopema 5 ([lepsorit 3ameuarensublit npesen). [Ipedeavroe snauenue @ym-

sin x
YUY 6 mouke x = 0 cywecmseyem u pasHo 1:
x
. sinx
lim = 1. (D)
z—=0 X
Jloka3aTejabCTBO

1. Ilpu 0 < z < § cupaseiinBo ciejytoniee nepapencrso: 0 < sinz < x <
tgx.
Paznennm na sin x:
x 1 sin

1 < — < = cosx <
sin & CoS X T

< 1.

2. Jlanmoe HepaBEeHCTBO CHPaBeUIMBO U mpu —+ < x < 0, IOCKOJbLKY

b
2
cos(—z) = cos x:

sin(—z)  sinx
—x T

3. Tak Kak (pyHKIHMS COS T HEIpepbIBHAs, TO li_)r% cosx = 1, cieyoBaTenibHO,
x

S22 BLIMOJHSIOTCS YCJIOBUSI TEOPEMbBI O JIBYX MUJIUIHO-

Juist pyHKIMA cosz, 1,

Hepax. U
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BTopoit 3ameuaTesbHBIN ITpeIest

Teopema 6 (Bropoit 3ameaarenbubiii mpejien). Ilpedesvnoe snauenue gynkyuu

1 xr
f(z) = <1 + E) npu T — 00 CYUWECMEYEM U PAGHO €

1 m
lim (1 + —) —e. (1)
T—00 €T

1
3ameuganmne. [lycrb — = «, Torya a — 0 upu £ — 00 =
x
ili% (1+a)> =e. (IL.1)

Jloka3aTejabCTBO
1. Ilyctp z — 400. Kaxkoe © 3aKII09EHO MEXKTY JIBYMS TEJIBIMUA YUCTAMU:
n<z<n+1, [z] =n. Torna

n-+1 T n

1 n 1:1: 1n+1
(i) <(+3) <(+2)
n—+1 x n

1 n
Bocnonib3yemest onpejiesieHueM ducia e: lim <1 + -] =e.

n—00 n
2.
(1 L) ol
lim 1+ = —= : = e.
3.

. 1 n+1 . 1 n ' 1
lim [ 1+ — =lm|(l1+—)] -lim(14+—]) =e.
n—00 n n—00 n n—00 n

4. ITo Teopeme 0 IByX MUJIAITMOHEPAX

1 x
lim <1 + —> =e. (%)
T—>+00 T

5. Illyctb x — —o00, cuesaem 3ameny —x =t =t — +00:

1 T 1 -t ¢ t
lim <1 + —) = lim <1 + Q) = lim <—> =
2—$—00 €T t—+00 t t—=+oo \t — 1
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I 1\ 1
=i (14 7g) =t () () = e
N3 (*) u (**) caepyer, uro dopmysa (II) nokasana. O
OKBUBaJEHTHbIE (DYHKIUU

.«
Onpegenenune 5. Ecau lim — = 1, mo « u [ Hasdwvearomcs SKBUBAJIEHT-
T—Tq

HBIMU 0E€CKOHEYHO MAaJIbIMU (npu & — Ty) a ~ .

sin « )
=1= sinz ~ x.

Tak kak lim
z—0 x

DKBUBaJIeHTHbIe (byHKIUM ripu © — (

sing ~ x e ~1+=x
tgx ~x a* ~1+zxlna
arcsinz ~ x In(l14+z)~z
arctgxr ~ x ) log,(1 + x) ~ xlog,e
cosz o1 — 2 (14+2)f ~1+kz
2
ITpumep 1. Broruuciuth npejent lir% 1_;35’”.
r— o
Pemienue. 2
2
2 X
. 1l—cosz 0 : 1_(1_%) .9
lim E = |=| = lim : =lim 5% = 1.
z—0 z= 0 z—0 z~ =0
2

4.6. OHOCTOPOHHUE MPEEIIBI

Omnpenenenne 6. Hnmepsan suda (xg, xo+9) [(zo — 0, x0)] Haswsaemca mpa-

BO# [meBoii] npokosomot (mo ecmov cama mouka uckmouaeMCAs U3 UNMEPGQ-
!

ol o
aa) § -oxpecmmuocmovio mouku o (xg € R) u obosnavaemea Oy (o) [Oé (xo)] .

CUMBOJILHO I[IpaBasd IIPOKOJIOTad OKPECTHOCTb!

ofT

Os (xo) ={z €eR: zg <z <z9+d}.

CuMBOJILHO JieBast IMTPOKOJIOTasdA OKPECTHOCTb!:

ol
O(;(.’l?()):{ZBER: 170—(5<ZE<£E0}.
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Onpepesierne 7. [Iycmo xg € R. IIpaBeim npegeaom ¢gynuryuu f(z) npu
r — g+ 0 nazvieaemcs
li =
Jim (f(z) = flzo +0)
oT

& (Ve > 0)(30 > 0)(Vz € D(f),z €05 (20)) = (f(x) €O (f(x0 +0))).

Hnawe

lim f(z)= f(zo+0) <

z—xo+0

& (Hau} © DU > w0, Jim o = 20) = (I f(w) = flzo +0))

n—oo
f(zo + 0) moorcem 6vimv a106vM JeTEMEUMEALHOIM YUCAOM, 6 TNOM YUCAE U

beckorneunocmbio.

Omnpenenenne 8. [Tycmv xy € R. JleBbim mpenesiom ¢ynxyuu f(z) npu
r — xg— 0 nasweaemca
im (f(z) = flzo - 0)
Ol o)
& (v > 0)(35 > 0)(¥z € D(f),z €0y (a0)) = (£(x) €0x (F(zo — ).

Hrave
lim f(z) = f(zo—0) &

T—x9—0

& (o} € D(f))(z, < xo,nli_)rglo T, = x9) = (lim f(x,) = f(zo —0)).

n—00
f(zo — 0) moorcem 6vimo A106vM JeTUCMEUMENLHOIM YUCAOM, 6 TOM YUCAE U

OecKoOHeuHoCmobio.

Onpenenenne 9. Oynkyus f(x) nasvieaemes HEIPEPHIBHOM cIpaBa [ciie-
Ba| 6 mouke a, ecau npasoe (aesoe) npedeavroe 3navenue amot PyHKUUU 6
MOYKe a CYWECMEYEM U PasHO 4acmuomy dnavenuto gynkuuy f(a).

Henpepwiena cnpasa: lim f(z) = f(a).
z—a+0

Henpepwiena caesa: lim f(z) = f(a).

z—a—0
Teopema 7 (Kpurepuii cymecrsosanus npenena dynkmun). Ipu zo € R,
Yo € R
lim f(z) =y« lim f(z)=yo v lim f(z)=yo.

T—To T—x9+0 T—x9—0
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4.7. JlokaJibHBIE U TJIOOAJBHBIE CBOMCTBA HEIIPEePBIBHBIX (PYHKIIHII

HemnpepsiBHOCTh (DYyHKITUN

[Iycts a € D(f) u miobast €-0KPECTHOCTb TOUKH G COAEPKAT OTIUIHBIE OT

a Touku D(f).

Onpepenenne 10. Qynryus f(r) nasveaemcs HEMPEPHIBHOMW B TOYUKE a,
ecau npedeavroe snavenue dmoti GYNKUUL 6 MOUKe 4 CYUECTEYEm U PaGHo
f(a)

lim £(z) = f(a).

Tr—a

Onpenenenune 11. Qyuryuu, o06pazosarmvie 6 PE3YALMAME CYNEPNO3ULUUL
(mo ecmb nocaedosamenvrozo npumenenus) 06YxT U HECKOADKUT PYHKGU,

bydem 1a3v16aMb CIAOAKHBIMU.

[Tycrs 3amana Gynkims © = ¢(t) Ha HEKOTOpOM MHOXKecTBe T U X — MHO-
’KECTBO 3HadeHui 310l pynknuu. [Ipeanonokum, 9To Ha yKa3aHHOM MHOXKECTBE
X omnpegenena jgpyras dbyukinus y = f(z). Torga roBopsr, 4To Ha MHOXKECTBe
T 3amana caoxKHasg QyHKIINAT

y = fle(®)] = F(t).

Teopema 8 (O mpemene kommosuiwu dyukIwit). Feau dgynkyus x = ()
nenpepuerai 6 mouke a, a gynxyus y = f(x) nenpepvisna 6 coomsemcmeyio-
wet mouke b= p(a), mo caoocnan Pynruyus y = flo(t)] = F(t) nenpepusna

6 1movyre a.

JlokaJbHBIE CBOMCTBA
[Tycth 29 € X,

Ompenenenne 12. Fcau gynkyus ne Asaiemcsa HenpepuieHot 6 mouke xg €
X, mo mv 6ydem 2060pumsv, wmo Gynkuyus f pa3pbIBHA B TOYKE T UAU

wmo gynryua f umeem pa3pols 6 movke .

Onpenenenue 13. Qynkuyus, HENPepwvieHas 6 Kadcdol Mmouwke HEKOMOopo20

NPOMENCYMKQ, HA3V6aEMCA HETIPEPBIBHOW HA 3TOM HNPOMEXKYTKE.
JlokaJbHBIE CBOIICTBA HEMPEPBIBHLIX (DYHKITHIA

1. HempepoiBhast B Touke g € R dbyukius f(x) Jg0KaabHO OrpaHnvIeHa.
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2. Eciin dyuxmuun f(z) u g(r) nenpepuiBHBI B TOUKe Tg, TO UxX cyMma (f +

g)(x), npoussesenue (f - g)(z) u gacTHOE (5) () (B cayuae g(zg) # 0)

TOXKE HeIIPpEepPbIBHBIE B TOUKE X( (PYHKIUU.

3. ycrs y = g(z) w z = f(y) — ase Gynxmun, npuaem E(g) C D(f), g(z)
HEIPEepPBIBHA B TOUKE T, a GyHKnus f(y) HempepbiBHA B TOUKE Yo = ¢(z0),

torga ux komnosurus z = f(g(x)) HempepbiBHA B TOUKE Iy .
Knaccudukaimsa Togek pa3pbiBa

Onpenenenune 14. Touxa o € D HA3BVLBAEMCA MOYK0T, YCTPAHNUMOTO
0
pa3pbIBa, €CAU CYUWECMBYIOM AL6HIT U NPasuill Npedeavl, HO OHU He PABHDL

BHAMEHUI PYHKUUL 6 MOoYKe Ty, w_l)lgn Of(x) = m_l)ignwf(a:) # f(z0).
0~ 0

LR b

ITpumep 1.

Touka x = 0 — TOYKa yCTPAHUMOIO pa3phbiBa.

ITpumep 2.

sin

flz) =

Touka x = 0 — TOUKa yCTPaHUMOI'O pa3pbiBa.

Omnpenenenne 15. Touxa xy € D(f) nasweaemcsa moukold mpocTOro
pa3pbIBa, ecAl Ae6uill U NPasviii Npedesvl CYWECMmEYm, HO HE PacHL

limof(x)7§ lim f(x).

E—xo— z—29+0
ITpumep 3.
f(z) = [x].
Touka x = 1 — TOUYKa MPOCTOrO pa3pbiBa, TaK Kak
xl—lﬁrlo[x] =0 xl—lf}ro[x] =1L

Onpenenenune 16. Yemparnumoie u npocmole padpuvievl Ha3bi6a10Mess Pa3pbi-
Bamu I poaa, a ece ocmasvnovie — paspbiBamu 11 pona.

IIpumep 4.
1
f(z) = —
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Touka x = 0 — paspwiB Il poga, Taxk Kak

.1 .1
lim — = —o0, lim — = 4o00.
z——-02 z—+0 2

1

IIpumep 5. f(z) =e=2.

: 1 : 1 : El :
lim e=2 = lim e¥—2 = lim e% = lim ™™ = 400,
=240 z—240 z—240 z—240
. a : 1 : a1 . o
lim e = lim e?02 = lim e-0 = lim e > =0,
z—2-0 z—2-0 z—2-0 z—2-0

xr = 2 — TouKa paspbBa Il poja.

IIpumep 6.
—2x+1, =<1,
flz) =S logyz, 1<z<2;
—xr+3, x>2
Pemienue.

Oyuxrums f(x) ompesenena u HempepbiBHA Ha nHTEpBase (—oo; 1)U (1;2) U
(2;+00). Paspbi BosmoxkeH B roukax x1 = 1 u x9 = 2.

Uccnejyem Touky x1 = 1. Bbruucjium JieBblii U 1npaBbiil Ipejiesibl B JIaHHOM
TOYKE U CPABHUM CO 3HadenneM (QyHKIUN B 3TOH TOYKe.

lim (=2z+1)=-2+41=—1,

z— 1-0

li | =1 1=
tim_(log, 7) = logy 1 =0,

f(1) =logy1 =0.

Taknm 0Opa3oM, MbI TIOJIYUUIH, ITO

lim fla) # lim_f(x) = £(1).

z— 1+0

CrenoBaresnbro, Gyuknus f(z) B Touke x1 = 1 UMeeT HEyCTPAHUMBIH Pa3pPbIB
IIEPBOI0 PoJia.

Uccnenyem Touky 9 = 2. BbIUMCINM JIeBBIH U IpaBBIil Ipeaesbl B JaHHOM
TOYKE U CPABHUM CO 3HaYEHUEM (DYHKIUU B 9TOI TOYKE.

x_l>1r51+0(10g2 z) =logy2 =1,

lim (—z+3)=-243=1,

z— 2—0

f(2) =logy2 =1.
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Takum 0Opa3oM, MbI TOJIYUUIH, ITO

lim f(z)= lim f(z)= f(2).

rz— 2—0 z— 2+0

CrenoBaresnbro, Gynknus f(z) HenmpepblBHA B TOUKE Tg = 2.

Puc. 5. I'paduk dynknuu. [Tpumep 6

ITpumep 7.
2+ 2z, = <O0;
fz) = § Ve, 0<z<2
2, x > 1.
Pemenwne.

Oyukiust f(x) onpejenena u HenpepbiBHa Ha nHTepBase (—oo;0)U (0;1) U
(1; +00). Paspei Bodmoxken B Toukax x; = 0 u x9 = 1.
Uccnenyem Touky x1 = 0. Bpraucanum JieBwIil U IpaBbIil Ipeesbl B JaHHOM

TOUYKE ¥ CPABHUM CO 3HaUeHHEM (PYHKIIMHU B 9TOH TOUKE.

lim (224 22)=0+0=0,

z— 0-0

lim (vz)=+v0=0,

z— 040
£(0)=v0=0.

Takum 0Opa3oM, MbI TOJIYUUIH, ITO

lim f(z)= lim f(x)= f(0).

z— 0-0 z— 0+0
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CrenoBaresnbro, Gyuknus f(z) HenpepbiBHa B Touke x1 = 0.
Uccaepyem Touky x9 = 1. Bbiuuc/ium JieBblil U 1paBbIil 1Ipeje/ibl B JAHHOM

TOYKE M CPABHUM CO 3HaYEHUEM (PYHKIIMU B TON TOUKE.

lim (vz)=+V1=1,

z— 1-0

x_l)lf{l+0(2) - 2,

f)=v1i=1

Takum 0Opa3oM, MbI HOJIYUUIH, ITO

F)= lim f(e)# lim f().

z— 1-0 z— 140

CrenoBaresnbro, Gyuknus f(x) B Touke xo = 1 UMeeT HEyCTPAHUMBIH Pa3pPbIB

[IepBOroO poJia.

Puc. 6. I'padux dbynknun. [Ipumep 7

ITpumep 8.
1

flz) = oot

Pemenne.

Oyukiust f(z) onpejenena u HenpepbiBHa Ha nHTepBasie (—oo; 0)U(0; +00).
Pa3pwis Bosmoxken B Touke z = (.

Uccnenyem touky x = 0. Bolameaum JeBbIil U IpaBbIil Ipejiesibl B JaHHOM

TOUYKE ¥ CPABHUM CO 3HaUeHHEM (PYHKIIMHU B 3TOH TOUKE.

39



1
C onnoit croponsl  lim < 1) = 1, Tak KakK
z— 0-0 \ ] 4 s

1 1
zr—0—-0=—-—— —oc0= 2 = 0.
e

1
C spyroit croponbl  lim < - > = 0, Tak Kax
z— 0+0 \ 1 + 2=

1 1
r—04+0=— — +00 = 27 — +00.
T

Takum 0OpazoM, Mbl TOJIYUUJIH, YTO

lim f(z)# lim f(x).

z— 0-0 z— 040

CuiestoBaresbro, dynkius f(x) B Touke x = 0 uMeeT HeyCTPaHUMbIT pa3pbiB
epBOTO POJia.

Puc. 7. I'paduk dynknuu. [Tpumep 8

IIpumep 9.

Pemienne.

Oynkiusa f(z) ompeieseHa u HempepbiBHa Ha uHTepBaje (—oo;—1) U
(—1;3) U (3;+00). Pa3pniB Bo3moxkeH B ToUKax 1 = —1 u x5 = 3.

Uccnenyem Touky 1 = —1. Beraucamm JieBblii 1 IpaBblil IpeIeabl B JAHHOM

TOYKE U CPABHUM CO 3HadeHUeM (PyHKIMU B 910 Touke. C 0JIHO# CTOPOHBI




TaK KaK

r——-1-0= s —00 = 27T — 0.

rz+1

C spyroit cTOpoOHbI
_ O
lim = 400,
z— -140 \ 3 — x

TaK KaK

— 400 = 27T — +00.

r— —-14+0=
r+1

Takum 0OpazoM, Mbl TOJIYUUIIU, YTO

lim f(z)# lim f(z).

r— —1-0 z— —140

CutejioBaresibio, Qyukius f (m) B TOUkKe 1 = —1 umeer paspbiB BTOPOI'O
poJia.
Uccnepyem Toukyxo = 3. Beruucinm JieBbiil U 1npaBbiil Mpejiesibl B JIaHHOM

TOYKE ¥ CPABHUM CO 3HaUYeHHEM (PYHKIMHU B 9TOI TOUKE.

. 296—}-1
lim = 400,
= 3-0\3 — 2
1
. 2z+1
lim = —00.

z—=3+0\ 3 — =z

Taknm 0OpazoM, MbI TIOJIYUUIH, ITO

lim f(z)# lim f(x).

z— 3-0 z— 340

CuestoBaresbto, Gynkiws f(z) B Touke To = 3 nMeeT HeyCTPAHUMbII pas-

PBIB [IEPBOT'O POJIA.
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Puc. 8. I'padux dpyuknuu. [Ipumep 9

I'moGasbHBIE CBOIICTBA HEMPEPBHIBHBIX (DYHKITHAI

Teopema 9 ( Teopema Bosbnano — Kot o mpomexxyTouHOM 3HaMeHUN (DYHK-
unn). Ecau gynwyua f(x) nenpepwena na |a,b] u f(a) = A, f(b) = B, mo
oas mobozo C', saxsouennozo meocdy A u B, cywecmeyem makas mouka
c € [a,b], wmo f(c) = C. (Henpepvienaa na ompeske Gynkyus, npunumas
Kakue-Aub0 06a 3HaAMEeHUA, NPUHUMAEM U A1000€ Aedrcauee MeACOY HUMU 3HaA-

yenue. )

HoxkazareansctBo. Ilycrs st onpepenennocrn f(a) = A < B = f(b) n
A < C < B. Pazyenum otpesok [a, b] Toukoit zy Ha JIBa PABHBIX 10 JJIUHE OT-
peska, Torja 6o f(xg) = C u, 3HAYUT, KCKOMAast TOUKa ¢ = T HaiijeHa, Jubo
f(zo) # C, u Torja Ha KOHIAX OJIHOIO U3 MOJIyYeHHbIX 0Tpe3koB dyHkius f(z)
MPUHUMAET 3HAYEHUST, JIEXKAIUE 10 pa3Hble CTOPOHBI oT ducyia C', TouHee — Ha
JIEBOM KOHIIe 3HaveHune, Menbiiee C', Ha TTpaBoM — OoJIbITIEe.

O60o3HATNM 3TOT OTPE30K |a1,b1] W pasjesuM ero CHOBa Ha JIBA PABHBIX IO
JUIAHE OTpe3Ka u T. /. B pesyabrare aub0 depe3 KOHeUHOe THUCJIO MIAroB IPUIeM
K MCKOMOIT Touke ¢, B Koropoit f(c) = C, inbo 1osydum H0CIe0BaATebHOCT

BJIOYXKEHHDBIX OTPE3KOB [ayy, by ], 10 JUIMHE CTPEMSIIUXCST K HYJIIO0 U TAKKX, 4TO

fla,) < C < f(by). (4.7.1)

[Tycrb ¢ — obliast ToUKa Beex OTPe3KoB [y, by], n=1,2,... (cm. Jlemmy o

BJIOXKEHHBIX OTpe3Kax). Kak Mbl 3HaeM, ¢ = lim a,, = lim b,,. [Tosromy B cuity
n— o0 n—o0
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HernpepbiBHOCTH QyHKINEN [ ()
f(c) = lim f(a,) = lim f(by). (4.7.2)
n—oo n—0oo
U3 (4.7.1]) mo coiicTBaM mpe/iesia MoCael0BATEbHOCTH MOy THM

lim f(a,) < C < lim f(b,). (4.7.3)

n—oo n—oo

N3 (4.7.2) u (4.7.3)) crenyer, aro f(c) =C. O

CaencrBue 4. Ecau ¢ynxuyus f(x) nenpepvisna na [a,b] u na xonyazr om-
PE3KA NPUHUMAEM pasiusmnvie no 3uaky 3uavenus, m. e. f(a) - f(b) < 0, mo
na IMOM OMPE3KE CYWELCMEYEM Toma vl 00na mouka, 6 xkomopot PynKuus
obpawaemea 6 noav, m. e. 3¢ € [a,b]: f(c) = 0.

Teopema 10 (ITepsas reopema Beiiepiirpacca). Qynkyua f(z), nenpepuienas
na ompesrke [a,b], oepanuvena ma mem, MO €CNB CYULLCMEYEM MAKOE YUCAO
M, wmo |f(z)| < M, npu eécex x € [a,b)].

Teopema 11 (Bropas teopema Beiieprirpacca). Feau gynruyua f(x) nenpe-
puera Ha ompeske [a,b], mo ona docmueaem ceoeli eeprred u nustcHel epany
Ha 2MOM 0MPe3Ke.

YrpakHeHHusd JIJIg CaMOIIPOBEPKU

Yrupaxkuenue 1. Boraucauthb npejesibl GyHKITHA:

) ) 3_

1. lim (2*+ 6z +8). 8. lim £=1,
r——2 x—1 T~

3 2

9 1im 2zitdetw ] 4

g0 (T 9. hm1 ;_%.
r——
3 hm r°—3x+2

T4 r2—5x+4-

11, ljm Witz+a?-1

5 lim V& " 20
' r——1 I+z -
6. lim Yita—vz?+l 12. lim —%j_;_mg_f)'
C 250 Vifz—1  ° 78
. V2+z—+/3x—2 - 34z+rZ—vV9—2z+22
[ I T 13 lim S

Yupaxkuenue 2. BoruuciuTb mnpejiesibl QyHKITHi:
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. 4_ . 2_
1. lim xf—M 3. lim =L

z—00 TT3T+1 rosoo 22241
. 24 : 1+z—323
2. hm o me 4 i e

Yrupaxkuenaue 3. Boruucintb npejiesibl pyHKIuit:

. Xz
L lim (55)" 6. lim (1 + 52) 7.
x+1
2. lim (1+1)% 1
oo 7. lirr(l)(l—Z:I:)m
_ Tr—r
3. lim (&)1
T— 00
: Inz—1
. p_ gy L 8. lim 2=
4. 3,1520(3£+2) ° z—e TTC
. ]_ 211'2+1 2z 1
5 xll_)Il(;lo (;’—fl) . 9. 1111’(;J -

Yrupaxkuenue 4. Boraucints npejiesibl pyHKIuii:

sin 3u 1— cos
1. lim 322% 7 lim .
z—0 T z—0
Tx
2. lim tgrw . 1—cos? z
=0 ¢ 8. hr% xsin2z
3. hm sindz
0 Sin 5% 9 lim sin gm
g2 150 €082
4. hm )
0 sin 5 . o? s
. 10. im (1 —|—x2) &
5. lim Qargﬂ z—0
z—0 x
1
6. limz - ctgdz. 11. lim (82 ) s
z—0 =0 1+sinz
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JIndpdpepennupoBanne QyHKIIIN

5. IIpousBomnag (pyHKIIUU U ee CBOIICTBA

5.1. OmpenesieHne MpON3BOTHOM

[ycrs y = f(x) onpenenena va (a,b). @ukcupyem = € (a,b) w 3amaum

TSI TOM TOUKK & pousBosibHOE mpupaiienne Az: x + Az € (a,b).

Onpenesienne 1. Ilpupamienuem dbyukuuu y = f(z) 6 mouke x, coom-
GENCMBYIOULUM NPUPAULEHUIO APLYMERMA AT, HA306EM YUCAO

Ay = f(z + Azx) — f(z). (5.1.1)
OyHKIMS HEMPEPHIBHA B TOUKE T, €CJIN CYIECTBYET TPEJIEdT
lim f(z+ Az) = f(z).
Az—0

Cunras, uro Az # 0, paccCMOTPUM B JIaHHOH (DUKCHPOBAHHON TOUKE T OTHO-
IIeHHe IpupalleHns GYHKIUU B 9TOM TOUKE K COOTBETCTBYIONIEMY HIPUPAIICHUIO

apryMeHTa.

Omnpenenenne 2. IlpousBognoit dbyskuuu y = f(z) 6 dannot dukcupo-
BAHHOT MOYKe T HA3BIBAEMNCA NPEJe, NPU AL, CMPEMAULEMYCA K HYAW, OMHO-
WEHUA NPUPGULENUA PYHKUUL K NPUPGULEHUI0 GPLZYMEHTNG (NPU YCAOBUU, 4O

amom npedea cyuecmeyem):

F@) = lim Y = gy L@ A2 = /(@)

Az—0 Az Az—0 Azx (512)

ITpumep 1. Haiitu 1o ornpejiesieHnio MPOU3BOJIHYI0 PYHKIUU Y = €*.

z+Azx T z( Az T
, . e —e R G ) . Az 4+1-1)
(€)= lim — =l — =l A
. et Ax s
= lim = lim e’ =¢" =
Az—0 Az Az—0
() =

IIpumep 2. Haiitu 1o omnpejiesieHrIO Ipou3BojIHY0 GYHKIMU §¥ = In x.

_ In (2+Az In (1 Az
(Inz) = lim In(z + Az) ln:z:: lim n ( z ): lim M

Az—0 Az Az—0 Az Az—0 Az

~
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Azx 1 1

= lim = lim —=-=
Az—=0x - Ar  Az=0x X
1
(Inz) = ~.
T

I'eomeTpuydeckuit cMbICJI TIPOU3BOJTHOM

Puc. 9. AB — cekymas, AS — KacareabHas

[TpousBojHasi GyHKIMU B TOUKE PaBHA YIJIOBOMY KO MUIIMEHTY KacaTeshb-

HOIi, IPOBEJICHHON K I'paduKy (DYHKINUKM B JIAHHON TOUKe

f(z) =k =tga.

BoiBesieM  ypaBHenme KacaTeyabHO K rpadguky QYHKIME B TOYKE
A(zo; f(xg)). YpaBHeHue MpsSMOil ¢ YIIOBBIM KOIDMUIMEHTOM ¢ YIETOM T'eo-

METPUUECKOI'O CMbIC/IA [IPOU3BOJHON OyIeT BbIIIsJIETh CJEAYIONINM 00Pa30M:

y = f'(mg) - T +b.

Bocrosibzyemest Tem, 4T0 KacaresibHas Hpoxogur depes T1ouky A(xo; f(zg)) u

Haiijiem mapamerp b:

f(:L'o) = fl(xo) cTo+b=0b= f(xo) — f’(ﬂ?o) - Xog =

YpaBHeHnE KacaTeJIbHOMI

y = f(xo) + f'(w0) - (x — x0). (5.1.3)
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YpaBHeHUEe HOPMAaJIN
1
(o)

MexaHn4YecKuii CMBICJI ITPOU3BOIHOIM

y = f(zo) —

(x — z0). (5.1.4)

[Tycrh MarepmaJsibHasi TOUKa JIBUXKETCST BIIOJIb KoopanHatHo# ocu Oz (och
OPJIMHAT), 3aKOH JiBUKeHusA © = x(t).

3a mepuog (to;to + At) Touka mepemectuTces Ha paccrosguue x(ty + At) —
:E(to) = Azx.

CpejHsist CKOPOCTh: U = %.
. Az xz(to+ At) — z(tg)
lim — = 1 = 7' ().
WA T A 7o)

CKOpoCTh — MPOU3BOJHAST KOOPJMHATHI 110 BPEMEHU, WM TPOU3BOJHAST — CKO-

POCTh UBMEHEHUsT (PYHKITUU.

5.2. OcHoBHBIE TeopeMbl 0 and depeHImpyeMbrx QyHKITUAX
IIpaBuna nuddpepeHIMpOoBaHUS

Teopema 1. Ilycmov f(z) u g(x) onpedesenvr 6 okpecmmocmu mouku T u
dugpepernyupyemv. 6 amot mouxe. Tozda dynkuyuu C - f(z), f(z) + g(z),
f(z) - g(x), % (9(z) # 0) moorce dugppepenyupyemo, 6 mouke x :
g(z

(f() - 9(2)) = f'(2)g(x) + ¢ (@) (@),
(ﬂQnyWM@—d@V@
9(a) 7 x) |

Teopema 2. IIpoussodnvie snemenmaproir Gyrkuud:

n\ _ . . n—1 1
@) =n e (10g, 7)’ =
(a®) =a”-Ina ) zlhna
2 (sinz) = cosz
(6 =e€ ! .
o1 (cosz) = —sinz
(Inz) = — (tg )’ 1
T z) =
& cos? x
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1 1
)
sin” x ch”z
T !/

, (et —eT\ thr) — —
(shz) = <—2 > =chz (cth z) L2 7

T —z\ '/
(chz) = (%) =shz

ITpousBoanas oOpaTHOil PyHKIINNT

(ctga) = -

Teopema 3. [Tycmov f(x) nenpepuena u cmpozo MOHOMOHHA HA UHMEPBAAE
[z0 — 0,20 + 8], f'(z0) # 0. Toeda x = f~(y) Juddepenyupyema 6 mouxe
yo = f(z0), npunem

(F), =

Yo
Zo

TakuMm 00pa3oM, MOJYUYMM IIPOU3BOJIHbIE OOPATHO TPUTOHOMETPUUECKUX

byHKIMi:

1
. /
arcsinz) = ——,
( V=T
1
(arccosz) = ———,
V1—z?
1
tgz) = —
farctg ) =
1
(arcctgx) = R

Briseiem nepByio u3 HUX:

. -1 . mw T
y:arCSIHZI}:>f X = sy, ye |:_§7§:| ,
1 1 1

! 3 / — — =
Yp = (arcsm Jf)m (Sjn y); COs Y COS(&I’CSiH 517) ’

cos(arcsinx) = \/1 — sin®(arcsinz) = /1 — 22,
1
V1—a?

ITpousBoanas pyHKIMM, 3aJJaHHOI TTapaMeTPUIECKN

(arcsinz)), =

Teopema 4. I[Iycmo pynryus 3adana napamempuiecks:

r = z(t),
y =y(t).
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Toz0a

ede xy = x(ty).
ITpumep 1. Haiitu nmpousBojinyio pyHKIMHT, 38/ IlaHHOM TapaMeTPpUIecKn:

T = acos’ t,
. 5, (acTponna)
y = asin’t

z} = —3acos’ tsint,
Yy, = 3asin®t cost.

Takum 0Opa3oM, MOJIYUUM IIPOU3BOJIHYIO

, 3asin®t cost

= = —tgt.
Ya —3acos?tsint &

IIpouzBonnasa dbyHKINN, 3aJaHHOI HEABHO
Eciu muddepeniupyemast hyukiws y = y(z) yI0BIETBOPsieT YPABHEHUIO

F(z,y) =0,

TO Tpou3BosHasa Yy, = y'(x) 970l HesBHON GyHKIUE MOXKeT ObITH HajijeHa U3

ypaBHEHUA

IRy =0,

rie F(x,y) paccmarpuBaercst Kak CI0KHast (DYHKIHsT IEPEMEHHO X

ITpumep 1. Haiitu npousBojnyo GpyHKIMHT, 38 JaHHON HEsIBHO,

2 2
;—5+Z—9:1(SHHI/IHC).

2z 2y-y,

T 0

2y -y, 2z

49 25

;20 49 49z
Yo = o5 % T amy
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5.3. IIpou3BoaHBbIE BBICIIIEro MOPSAIKA

[Ipoussopnas f'(z) maa f(z), onpenenennoit u muddepeniupyemoit Ha,
(a,b), rakxke sBasieTcs DYHKIUEH, OMPEIEJCHHO Ha 9TOM HHTEpBAJIE.

Bosmoxuo, uro f'(x) — muddepeniupyema B HeKOTOPOit TOUKe T € (a, b).

Onpenenenune 3. IIpoussoduyro om npou3eodHot Ha3bi6a10M TTPOU3IBOITHOMN
BTOPOT'0 MOPLAIKA

f”(:c) — f(2)(£(3) — (fl(zb‘))l (5'3.1)

Onpenenenue 4. Oynxyuro, umerowyro Ha daHHOM MHOHCECNEBE X KOHEUHYNO
npou3sodnyto nopadka n, Hadviearom n-pa3 auddepeHnupyeMoii
/
() = [ V()] (5.3.2)
IIpousBosHbIE N-TO MOPAAKA JJisi JI€EMEHTAPHBIX (DYHKIIUIA
1.y =2 (z>0,ne€N):

Ecm n =k, o y™ =n(n —1)(n —2)---1 =n!
Eciu n >k, 1o y™ = 0.

2.y=a"(a>0,a#1):

/
y =a’lna,
y// — q° 1n2 a,

y/// — ax 1I13 a,

y™ = a”In" a.

Ecin a = e, 1o (&%) = ¢?.

3. y=sinz:

/
Yy =cosc,



4. y =cosx:

2
5. y=Inzx:
,_1
y_xa
n__ -
y - $27
///_3_(_1)2 1-2
y _3'33_ 2173 )
1-2-3 6
4) _ 3 _
y()_(_l) 4 Fa
1)l (n—=1)!
yo - CV =
T

5.4. Bropag npousBoaHada (pyHKIUN, 33JaHHOI MapaMeTpuIecKn

[lycts dyukius 3amana mapamerpudecku: ¢ = z(t), y = y(t). Homyuaercs,

qToO ,
y, =2

caMa, 110 cebe ToxKe (PYHKIMS, 3a/[aHHas apaMeTpPUIecKu:

r = z(t),
Yo = Y (t)-

J1J1s1 IpOUBBOJIHOM BTOPOT'O IOPSJIKA MOJIydaeM CJIEIYIONLy0 (pOpMYIIy:

d(y) _ (y2)i
n o __ ry — r) _ T t.

IIpumep 1. HaiiTn npon3BogHYIO0 BTOPOTO MOPSIKA:

{ r = a(t —sint)

y =a(l —cost), —oo < t < 0O IUKJIOH/IA;

o1



r, = a(l —cost), y, = asint;
, asint  sint
Yo = a(l —cost) 1—cost’

, cost(l —cost) —sint-sint cost —cos?t —sin®t

(y;)t =

(1 — cost)? B (1 — cost)?
_ —(1—cost) _ I
~ (1—cost)?  1—cost’

1

no__
Vo2 = a(l —cost)?

5.5. nddepenrman pyHKInm

Teopema 5. Ecau dynkyus y = f(x) umeem npedea lim f(z) = A, mo pas-
Tr—a
Hocmb Meotcdy dynuruuet U 3HaUEHUEM Npedess ecmv GyHKUUA, OECKOHEYHO

manasn a(x) — 0 npu © — a.
f(z) = A+ a(z), npuz — a.
[Iycrs y = f(z) auddepennupyema B Touke :
Ay = A- Az + o(Ax),
A — nekoropoe uuciio, He 3apucsiiee or Az, a(Az) — 0 upu Az — 0.

Onpepenenne 5. Iuddepennuanom dbyukimu y = f(z) 6 mouke z, co-

omeemcmeyrnuwum nNpupauLeEHUNO ap2ymenma ASC, Ha3vlearOM 2A406HYNO 4ACIMb

npupawernud Gynryuu A - Az, A = A—y, A= fl(x):
T

dy = f'(z) - dx. (5.5.1)
Mycrs = = p(t), y = f(x) = f(e(t)):
v =1 (*)

[Ipumenum (5.5.1) Kk GyHKImAM T U Y

dx
de = pydt = ¢ = —;
T = g at = @, T

d
dy = flde = f. = 22,

dx
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dy = (Fle()idt = o/ = (F(o(t)); = 2.

[loscTaBum mostydenibie Boipakenus B (*):

dy dy dx
— == — 5.5.2
dt dr dt ( )
Ilyctb u, v — muddepeniupyembie (GyHKINUT, TOIJA
d(u + v) = du + dv;

du-v)=v-du+u- dv;
cdu—u-d
p (E) _v-du 2u v
v v
3 Tabsuibl IPpOU3BOJIHBIX:

d(z") = n - 2" tda;

dx

1 1
(1) =L
I X

IIpu Az — 0 norpemHocTh paBeHcTBa Ay /& dy CTaAaHOBUTCS JOCTATOTHO

MaJieHbKO#. Bocrosib3yemMesi ornpejiesieHneM npupaiienust pyHKIUN:
f(zo+ Az) — f(zg) ~ f(zo)Az =
f(xo+ Az) ~ f(xg) + f'(zo)Axz. (5.5.3)
IIpumep 1. Boruncantsb npubInKeHHO ¢ TOMOIIbI0 gud hepeHimaa;
y=+Vaz?+5, z=109T;
xry =2, Az = —0.03;
f(zo+ Az) = f(2—0,03) = f(1,97);

f(,97) ~ £(2) + f'(2) - (=0,03);

f(2)=V22+5=3;

f’(:C) B 2x B T
V22 + 5 Va2 L5
, 2

2
f(1,97) %3+ 5+ (~0,03) =3 -0,02=2,98.
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5.6. nddepeniianabl BRICHINX MOPIIKOB

Huddepentman nepsoro nopsiika dy = f'(z)dr — dbynknus aByx mnepmes-
ubix ¢ u dz. [lycrs dynknus f(z) naxaer auddepernupyema, Tora

d(dy) = d(f'(z)dz) = f"(z)(dz)”.
Tnddepeniuan Broporo nopsijkas
d*y = f"(z)dz’. (5.6.1)
Tndbdepentpmarn n-ro nopsiika;

dy = f"(x)dz". (5.6.2)

5.7. ®opmyana Teitnopa

Teopema 6. Ecau pynkyua y = f(x) onpedesena 6 nexomopotd okpecmmuocmu
O(z9) mouku xy u umeem 6 nel npouzsodnvie do (n + 1) nopadka exat0OwU-
meavro, mo das aobozo v € O(xy) us 2mot oxpecmmuocmu Hatidemes mowka

¢ € (xo;x) makaa, wmo cnpasedausa popmyaa Tetiropa:

/ T " T
f(x) :f($0)+f(1'0) -($—$0)+f ;‘0) -(:z:—:vg)2—|—...+
(n)
+ ! n(,%) (z —20)" + Ry, (5.7.1)
ede R, — ocmamounwti waen. B dpopme Jaepansca umeem eud
_ f(n+1) (C) n+1
Hu = (n+1)! (= 20)™,

c=zy+0(x—1x0), 0<b<1.

IIpu zyg = 0 dpopmyna (5.7.1) mHazpiBaercs (opmysioit MakaopeHa u mmeer
CJIEYIONINI BUI;

/ " (n)
f(z) = f(0) + fl('o) -x+f2—(!0)-:1:2—|—...+ / n‘(O) -z 4+ Ry, (5.7.2)
_ M)

c=0-x,0<60<1.
ITpumep 1. Haiitu uucio e ¢ rounocrsio jo 0, 001.
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CooTBeTcTBEHHO, HAM TIOHAI00UTCA DYHKIUA Yy = € U ee 3HAUEeHUE B TOUKE
zo = 0. Yrobsl npumernts dhopmyiy (5.7.2]), HEOOX0MMO HANTH TPOU3BOIHBIE
10 n-ro nopsiaka: ¥ = e, y” = e*, y") = e*. Haiijem 3nadenns mpor3BOLHbIX

B Touke ro: Vk € N, f®(0) = 1:

T=1+ +$2+$3+ IS
e = L - oy — Hh )
21 ' 3l nl - (n+1)!7
I 4142454
e = — —
26
YcaoBre HA TOYHOCTD: .
< 0,001,
(n+1)!
e’ 3
0<ce<l=1l<e <31 =6: — < —— = 0,0006 < 0,001 =
‘ © PUT=D0 200 5040 — ’

1—|—1+1+1—|-1—|-1+1 2,718
e~ — - -4+ =+ == .
2 6 4! 5! 6! ’

Pa3znoxxenune anemeHTapHbIX QyHKIHi mo ¢popmysae MakiopeHa

. $3 £C5 (_1)nx2n+1
smr=r— —+—+4+ ...+

TR et T +R,. (5.7.3)

,D;OKaSaTeJIbCTBO. y’ = Ccos T, y(”) = sin (.CC + %n) .
HpI/I o = 0

Y

" T (k=24 LkeNuU{o}

2n+3 23 sin (9 + g (2n + 3))

) gy =
(2n—|—3)!f2 (0z) = (2n + 3)!

AHAOTUYIHO TOJYIUM CJIeAYIONe POPMYIIHI:

R, (60;z) =

T T
- LT
cos e AT T T e T et o)

m
2 4 (—1)ng2n €08 (9 + 5 (2n + 2)) S (574

| (1 N ) $2 N $3 N (_1)n—1xn N (_1)11 xn+1
n r)=—— — —_— — ... .
2 '3 n n+1 (1+6)+0

(5.7.5)

1 — 1) (a— 1
(14z)* = 1+%$+%$2+. : -+oz(a ) '(oz n )x”+Rn, (5.7.6)
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.172 5173 n e€

T
=1 L+ Lany 5.7.7
TR TR R o DT (5.7.7)
IMpumep 2. Paznoxurs Gyuknuio f(z) = —4x3+32%—2r+1 110 crenensm
(z+1).
B zajanuu ykazano no crenensim (z + 1), Takum obpasom, xg = —1. Ilpu-

MeHUM (HOPMYITY :
fllo)=—122 + 62— 2, f(-1)=-12-6—2=—20,
() = =24z +6, f"(—1) =24+ 6 = 30,
f(x) = =24, f"(-1)=-24
fP@) =0, fH-1)=0

F(=1)=4+3+2+1=10,

flo) =10+ (_1—2,0)(:1: +1)+ ?(w 1)+ —(_32!4) (24 1) =

=10—20(z + 1) + 15(z + 1)* — 4(z + 1)°.
5.8. IIpasuaa Jlommuraasa

HeonpenenennocTn %

Teopema 7 (IIpasuso Jlommrans). IIyemo gynryuu f(x) u g(x) nenpepvisro
u dudipepenyupyemo. 6 OKPECMHOCTIU MOYKYU Ty U 0OPAUWAIOMEA 6 HYAL 6 IMOT

mouke f(xg) = g(zo) = 0. IIycmov ¢'(x) # 0 6 oxpecmuocmu mowku xq. Tozda
/

ecau cyuecmeyem npedes lim f/(:c) =\, mo
T—x0 g (g:)
/
tim I g L8y

=1 g(x) =T g’(;zj)

Koporko: 1ipejiest oTHOIIeHUSst OECKOHEUHO MaJibIX PaBEH [PeJiesly OTHOIIEHUS

X IMPOU3BO/JHBIX, €CJIN HOCJIG,[LHI/Iﬁ CyHaieCTBYET.

3ameuanne. Teopema crpaBeji/inBa U B TOM CJIydae, KOTJIa T — 00!

lim M = lim M

T—00 g(x) T—00 g’(x)'
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Bameuanne. Eciu f'(z) u ¢'(x) ynoBaeTBOpsiOT TeM XKe YCIOBUIM TEOPEMBDI

1, uro u dbyuxuu f(x) u g(z), 1o Teopemy 1 MOKHO LIPUMEHUTH €IE Pa3, TO

€CThb
lim @ — lim fl(x) — lim f”(:C)

T—To g(x) T—To g’(x) T—To g”(gj)'

ITpumep 1. Boruuciurs npejies npu nomoiny npasuiia Jlomurasis:

.oz —1 . (z=1) 1
lim = lim—* =lim—-— =
r=lzlne  2-1(xlnz)  2-1lnzc+1

IIpumep 2. Boruuciurs upejes npu nomoiny npasusia Jlomuralis:

.1 —cosbx . 6sinbx 3 .. 6cosbx
lim ——— = lim
z—0 22 =0 4x 2 =0 1

Heomnpenenennocts =2

Teopema 8 (IIpasuso Jlormrasns). ITyems gynxyuu f(x) u g(x) nenpepuisn

U Ougiéepenuupyemm 6 oOKpecmHurocmu movyxu rog u 6 OKPECIMHOCITNU Mot MmouKu

lim f(z) = lim g(z) = co. Hycmo ¢'(x) # 0 6 oxpecmmuocmu mouru .
T—Tq T—To
. f(=) _
Tozda ecau cyuecmeyem npedes lim =\, mo
T g’(x)
/
limﬁz limm:)\.

=1 g(:zj) =T g’(aj)
ITpumep 3. Boruuciaurs npejien npu nomoiy npasuia Jlomurass:

tg3z . 3cos’(bz) 3. 2cos(bz)- (—sin(bz))-5

lim = lim —~% = —

s—»Ttghr  2—2 5cos?(3xz) 5 x—{% 2cos(3z) - (—sin(3z)) -3

sin(10z) . 10cos(10z) 5
= lim ——— = lim ——= = -.
e—1 sin(6z)  «=5 6cos(6x) 3

MBS

5.9. DkcrpemMyM QYyHKIINU

Onpenesienne 3KCTpeMyMa

Pacemorpum dyukimio f(x) na Hekoropom uaTepBase (a,b).

Teopema 9. /laa mozo wmobw, dugdepenyupyeman na (a,b) dynryua f(x) ne
ybwsara (ne 6ozpacmana), neobrodumo u docmamoywno, 4mobve npouseoonas

amot gynryuu f'(x) 6vra neompuuamenvra (Henososcumensva).
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Teopema 10. /laa mozo wmobwv dudipepernyupyeman na (a,b) dynwyus f(x)
goapacmana (yoweara) na unmepsane (a,b), docmamouno, wmobv, npouseoo-
nas omot gynkyuu f'(x) Ovaa noaoscumenvua (ompuyamenvua) 6cr0dy Ha

IMOM UNMEPEANE.
[Tycrs dyukuus f(x) onpejenena By B HekoTopoit okpecrnocrn O(zg).

Onpenesierne 6. [osopam, wmo f(x) umeem 6 mouke x() JIOKAJIHHBIN
MaKCUMyM (MHUHUMYM), €CAU HATUJemes makas okpecmuocms 2moti mov-
ku O(z0), 6 npedeaax komopot snauenue f(xg) Asasemes naubosvwum (Hau-
Menvwum) cpedu 6cer dpyaux 3navenuti smot PyHKyuL.

Heobxoammoe n 10CTaTOYHBIE YCJOBUA YKCTPEMYMA

Teopema 11 (HeoGxomumoe yciosue skcrpemyma). Feau f(x) duddepernyu-

pyema 6 mouke Ty u umeem 6 amot mouke axcmpemym, mo f'(xg) = 0.

Takum obpaszom, st orbickanus y auddepenipyemoit Gyukiuu f(z) To-
4eK BO3MOXKHOTO 9KCTpEMyMa CJieflyerT HailTu Bce Kopuu ypasuenus f'(x) = 0.
D1r KOpHK OyJIeM Ha3bIBaTh TOYKAMHU BO3MOXKHOI'O SKCTPEMYMa MJIM CTAIIMO-

HAapHbIMMA TOYKaMMHU.

Teopema 12 (Ilepsoe mocrarounoe yciosue skerpemyma). [ycms mouka g
ABAACTNCA MOYKOT 603M02ICHO20 dKCcmpemyma Pynryuu f(x) u nycmo dynk-
yusa duddepenyupyema 6crody 6 nexomopot oxpecmuocmu O(xg). Toeda ecau
6 npedesax yrasannot oxpecmmocmu f'(x) nosoorcumenvua (ompuyamenvna)
CAEBA O MOYKU T( U OMPUUATMEALHA (NOAONCUNEALHA) CNPABa OM Hee, Mo
dynruua f(x) umeem 6 moure xy A0KAALHOT MaKCUMYM (Munumym). Eciu

dynxuyua f'(x) umeem odun u mom gce 3nax, Mo IKCMPEMYMaA Hem.

Teopema 13 ( Bropoe gocrarounoe yciaosue skcrpemyma). [lycmo dymnryua
f(z) umeem 6 dannoti mouwke Ty 03MOACHO20 IKCMPEMYMA KOHEYHYIO BMOPYIO
npouseodnyro. Tozda dynruyua f(x) umeem 6 mouke Ty MaKCUMYM, €CAU NPO-
u3sodnas 6mopozo nopadka 6 smot mouxe ompuyamenvna, m. e. f’(xg) <0,
U UMEETM 68 MOYKe Ty MUHUMYM, ECAU NPOU3EOIHAA 6MOPO20 NOPAJKA 6 IMOT

mouke nososcumenvna, f"(zg) > 0.

ITpumep 1. OnpenennTh 3KCTPEMYMbI (PYHKIIAN

f(z) =2° — 32> — 4.
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Haiiziem mepByio nponsBosiayto (GyHKINKE U TIPUpaBHSEM eé K HYJIO:
f'(z) = 32* — 6;
3z(x —2)=0.

OmpesiesisieM cTanuoHapHble TOUYKH (TOYKH, B KOTOPBIX MPOU3BO/HAsT paBHA ():

Haxomum Bropyio mpousBojayto dbyHKIUN (IIPOU3BOHAS OT MEPBOii TTPOU3BOJI-
HOIA ):

f"(z) = 6z — 6.
Omnpejessiem 3HaK BTOPO# TTPOM3BOAHON B KarXKJI0H CTAIMOHAPHON TOYKE W Jie-
JIaeM BBIBOJIBI B COOTBETCTBHUU C T€OPEMOI:

f"(0) = -6 <0, x =0 — TouKa MaKCUMyMa,

f"(2) =6 >0, x =2 — T04Ka MUHUMYMA.

IIpumep 2. Bam B Hac/ie1CTBO JIOCTAJICS 3aBOAUK 10 TTPOU3BOJICTBY KOHCEP-
BOB OIPEJIEJIEHHOTO THUTA. BhI XOTHUTE yBEJNINTH JIOXO C TOrO TPEPUSITHSA.
OnpeeuTh: Mpyu KAaKOM COOTHOIIIEHUH PAJINyca T W BBICOTHI h KOHCepBHas OaH-
Ka MeeT HanOOJIBbIINiI 00beM, a CJIeI0BATeIbHO, OOJIBIINI BeC NPOJIYKTa U IeHy,
KOTOPAasi YBEJMIMBACT BAIlly PUOBLIb.

Pemenne. OupejienmM mioma b MOJHOR MTOBEPXHOCTH DAHKM:
Sl = 277 + 27nrh = S.

[1so1118,1b TTOJIHOM TTOBEPXHOCTH OCTAETCs MOCTOSIHHOM, BHIPA3UM BBICOTY OaHKU

N3 NaHHOI'O COOTHOIIICHUA!

S
h=——r.
27r
Boruncasiem o6beM 6aHKM, KOTOPBI Mbl XOTUM MaKCUMAaJbHO YBEJIUIUTh:
S
V(r) =nr’h = 5T 7,

CooTBercTBeHHO, HaM HeOOX0 MO HaiiTn MakcumyM dyukiwn V (r). s sroro

HalijieM IIPOU3BOJIHYIO OT JAHHON (DYHKIIMH:

V'(r) = g — 3nr? (r > 0).

Omnpejiesum cTalmoHapHble TOYKU, TTPUPABHUBAS TPOU3BOIHYIO K HYJIIO:

S

=~ —3mr? =0,
2
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S

r=4/—.
om
Herpyano ybeauThes, 9To TOUKa T = % SIBJIIETCA TOUYKON MakcumywMma. Te-

1Iepb BOCIIOJIB3YEeMCs JJAHHBIM BbIpaXKeHHEeM 1 [TOJICTABUM B YCJIOBHE TIOJTHOMN ILJI0-
a i OaHKu:

Sl = 2712 + 27nrh = S.
[TosenM jaHHOE BBIpAsKEHUE HA T2

h S
27T—|—27T— = —2
T Tr

2:

3 Toukn MakcuMyMa MmojydaeM, 9To r %. [TogcTaBuM B peabIayIee BbI-

pazxkeHue n 11oJIyduM CJICAYIOIee PaBCHCTBO!

h S-6m
2 2m— = ——;
T 7T7“ S
2m— = 6w — 27 = 4m.
r
[Tomygaem
h
—:2
r

CutetoBaTeIbHO, MAKCHMAJIbHOE 3HaUeHnEe 00 beMa OaHKN BBIXOIUT ITPW YCJIOBUH,

4TO BbIcOTA OAHKHU B JIBa pas3a 00JIbINE PaJInyca.

5.10. BpHIYKJIOCTH W BOTHYTOCTH (DYyHKIINT

Onpenenenus

Paccmorpum dynkiuio f(z) na nHekoropom unrepsasie (a,b). Ilycrs dynk-
nuust f(x) nuddepennupyema B 060t Touke nurepsaia (a,b). Torma cyie-
cTByer KacaresibHas K rpabuky dyukumu y = f(z), mpoxojsiias yepes Jrobyo
touky M (z, f(z)) sroro rpaduka (a < x < b).

Onpenenierne 7. [pagur fynkyuu y = f(x) umeem na unmepsane (a,b)
BBIILYKJIOCTb, HAIIPABJIEHHYI0 BHU3 (BBEPX), ecau zpaduk amot Gynkyun
6 Npedenar YKa3anno20 UWMEPEALa AEAHCUM He nudice (He euiue) 0601 ceoet
Kacameavnoti na daHHOM UHMEPGANE.

Teopema 14. Ecau gynwyus y = f(x) umeem na unmepsane (a,b) xoneunyro
BMOPYI0 NPOU3BOIHYIO U ECAU IMA NPOU3BOOHAA HEOMPULATNENLHA (HETLOAONHCU-
meavha) 6clody na smom unmepsane, mo epagur dynruyuu y = f(x) umeem

na unmepsane (a,b) 6unYKAOCMY, HANPAGACHNYIO 6HUS (66€DPT).
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Sameuanue 1. Eciau Beony Ha untepsasie (a,b) Bropas mpousBojgHas (yHK-
MM PaBHA HYJIO, TO 9TO JuHehHas (YHKIUs, IpaduKOM KOTOPON SIBJISIETCsI
npsiMasi. B 9ToM ciiydae HalpaBeHre BbITYKJIOCTH MOXKHO CUATATH TPOU3BOJIb-

HbIM.
Heobxoammoe m mocTaTo9HOE yCJIOBUS Ieperuda

Omnpenenenne 8. Toukoit meperuba zpadura fynkyuu y = f(x) naswvisa-
emea mowka M (g, f(x0)), pasdeastowsan npomescymru 6unyki0CmU U 602HY-

mocmu (Gfbmy%;/wcmu 66EPT U B8UNYKAOCITIU GHUS).

Teopema 15 (HeoGxonnmoe yenosue mepern6a). Ecau f(x) umeem nepezub 6

mouke M (xq, f(x0)), mo f"(xg) =0 wau ne cywecmeyem.

Teopema 16 (/locrarounoe yciosue neperuba). Ecau:

1) nepsas npouseoduaa f'(x) nenpepwiena 6 oxpecmmocmu MoKy o ;

2) emopas npoussodnas f"(x) =0 wau ne cywecmeyem 6 mowke xg;

3) f"(z) npu nepexode wepes moury xy mensem ceoll 3nak, mozda 6 mouke
M (zo, f(zo)) Pynrxyua y = f(x) umeem nepezud.

IlorHOE MCccaemoBaHMe (pyHKITUN

st moctpoenwust rpaduka Gyuknun y = f(x) HyKHO

1) omnpejesuTh 06JIACTH CYIIECTBOBaHUS 9TOH (DYHKIMK U UCCIE0BATH TOBE-

JleHre (PYHKIUMU B I'PAHMYIHBIX TOUYKaX 9TON 00JIACTH;

2) ONpEeJENTh YeTHOCTh/HEYeTHOCTh (DYHKIMM, CUMMETPHIO rpaduka 1 Ie-

PUOANYIHOCTb;

3) HaWTH TOYKH pa3pbiBa (DYHKIUU, OMPEIEIUTh UX XapAKTEp U MOBEJICHUE

(pyHKIIMKU B OKPECTHOCTH ITUX TOYEK;
4) ompenenuTsb Hynu QyHKIUH;

5) HAlTH TOYKM IKCTPEMYMa U BBISCHUTH IPOMEXKYTKHM BO3DACTAHUS U YObI-

BaHUs (DYHKIINHN;

6) onpejeauTh TOYKHU Ieperuba 1 yCTaHOBUTH IPOMEXKYTKHM BOIHYTOCTH I'Da-

dbuka pyHkIMM;

7) HAWTH ACUMITOTHI B CJIydae CYIECTBOBAHUS MX:

HAKJIOHHASI aCUMIITOTa, HAXOIUTCs 110 ciieayomum dpopmysiam y = kx + b:
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f@)

e k= lim , €CJIM 1IPEJIEJT CYLIECTBYET U KOHEYeH, TO HAX0 UM KOI(]-
T—00
durpent b;
e b= lim (f(z) — kz).
T—00

YpakHeHus JJisi CAMOIIPOBEPKN

Yrupaxkuenue 1. BoraucanTb mpou3BOJHBIE CIEIYIONNX (DYHKITHIHA:

1. y:x4—%3—|—2,5x2—0,3x—|—0,1. 19. y = ctg V1 + 22.

2. y=0,8yz— &5+ 5. 20.y:\/1—|—tg(a:—1—%).
3.y = \/5(333 _ \/E_|_ 1) 21, y = arcsinz
arccos r
2% -3 ~1
4 y= % 22. y = arcsin’ .

5.y = (28 =3z +2)(zt +2°-1). 23 y = rsinz arctg x.

6. y = (1++/7)(1++v22)(1+V3z). 24, y = arccos 2f/—§1.

YT 25. yz%f/arcsin\/a;Q#—Qa:.

3@*=1) 26. y = 2°.
9'y:$1§—f51' 27. y = .
10- 9 = =iz 28, y = £
11. y = ;\Z/\/% 29. y=-¢€"cosz.
12y = {/ 1L 30. y =175
13. y = —2— 31. y = ze®(cosz + sinz).
14. y = B2, 32, y =57,
15, y = COSSIHTHSH 33. y = sine? t3-2
16. y:%, 34. y = arctg /7=,
17. y:cosm—%. 35. y:ln”\/mﬂ.
18. y:sin%. 36. y:%,
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_ l4zarctgz
Y=

_ ze®arctgx
8.y ="

40. y = (1—22%) cos we

3z—1

arccos® x

3.y = 383 —-o)V1-2z—22+ 41.y = czgarcsin’z — 2o +

-+l
2 arcsin R

2v/1 — z2 arcsin .

YopaxxHeuue 2. OnupenesinTh MPOMEXKYTKH MOHOTOHHOCTH W HANTH IKC-

TpeMyMbl (DYHKITHIL:

_ l—x+42?
L. Y= 15aa

2.y ==,
3. y=22>—Inz.
4. y=x? —Inx?.

D. y=1x 4 cosz.

6. y=In(z+ v1+ 2?).

_ 3x%+4z+4
y= I+z+2? -

8. y =22 — 622 — 18z + 7.

9. y:%.
10. y=£%.

11. y = —22Vz2 4 2.

Yopaxxneuue 3. OnpejiesiuTh XapakTep BBITYKJIOCTH (DYHKIWUE 1 HalTH

TOUKH Tepernda:
1. y=2%—52%+ 3z — 5.
2.y =z — 1223 + 4822 — 50.
3. y =3z’ — 5zt + 3z — 2.

4. y=(2+2)5 + 2z + 2.

5.y =In(1 + z?).
6. y=x'(12lnz — 7).

arctgx

7.y=e

Ynupaxkuenue 4. Vcnosb3ys npasuiio Jlonmurasist, BBIMUCUTE TTPEJIEIbL:

1. lim &=L,

z—0 sSinxy

r—arctgx

2. lim =——

z—0

3. lim 22
z—0 nsimx

- 1—cosz?
z—0

arcsin 2x—2 arcsin x
3 )

5. lim
x—0
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6. lim 8=z
’ 20 r—sinx *
- T
7. lm Ve i
22 VT2
7

T

8. lim zsin
T— 00

9. lim =z (ei — 1).

T—00

10. lim 832,
T3 &



ZE—)4

. lim
z—0

z—1

+ 2sin” —1°

14.

15.

16.
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NurerpupoBanue GyHKIINN

6. HeonpeaeaeHHblil nHTErpaJ

6.1. IlepBooOpa3Has M HEOIIpPeaeJEeHHBIII MHTErpPaJI

Onpenenenne 1. Oynryus F(z) nasveaemces nepBoodbpasuoii pyHKImei
dna pynkuyuu f(x) ma unmepsane (a,b), ecau Yx € (a,b) dynryua F(x)
dupepernyupyema u umeem npoussodnyto F'(x), pasuyro f(z):

F'(z) = f(x).

IIpumep 1. Herpynuo ybeaurnbest, 9To
(a) F(x) = sinz + 100 uepsoobpasnas juist f(z) = cosx;
T
b) F(xz) = V1 — z? nepsoobpazuas jist f(r) = ———.
< ) ( ) b p At f( ) m
Ecin F(z) — nepoobpasnas jias dbynknun f(z) na (a,b), To u dbynkims
F(z)+ C, rne C' — koucTanTa, SBIsETC TepBooOpasHoit mst f(z).

Teopema 1. Ecau Fi(z) u Fy(x) — aobve nepsoobpasnvie das dynruyuu f(x)
na (a,b), mo eciody na smom unmepsane Fi(x) — Fy(x) = C, 2de C — mnexo-

mopasA KOHCMaHma.

HokazarenbcTBo. Ob6oznaunm ®(z) = Fi(z) — Fy(x). Haiinem npoussos-

HYIO OT JIaHHO# (ByHKIMY:
®'(z) = (Fi(z) — Fa(x)) = Fi(2) — Fy(z) = f(2) — f(z) =0 =
P'(z) =0= o(z) =C.
Bepuemcst k 3amene Fi(z) — Fy(z) = C. O
CaencrtBue 5. Ecau F(z) — nepsoobpasuaa, mo ®(z) = F(x) + C.

Onpenenenue 2. Cosokynnocms 6cexr nepeoobpadnoir Gynkuyutl dra darnno
dynxyuu f(x) na (a,b) nasvieaemcs HeoNpeeIeHHBIM WHTETPAJIOM 01

dynruuu f(x) Ha smom unmepsane:

[ f@de = Fa)+ C. (6.0.1)
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IIpumep 2. Iloawb3sysich pesynbratamu [Ipumepa 1, mosydaem perenns aJjist

CJIe1YIOIInX MHTEI'PaJIOB:

(a)fmda::\/l—a:?—kC;

(b) [coszdr =sinz + C.

6.2. CBolicTBa HEONIPEAEJIEHHOIO MHTETPAJIA U TAOJINIA MHTETPAJIOB
CsoiicTBa HeoNmpeeJeHHOTO MHTEerpaJia
L ([ f(z)de) = f(z).
2. [dF(z) = F(z)+C.

3. [(f(z) £ g(z))dz = [ f(z)dzx £ [ g(z)dx;
(F(z) +G(z)) = F'(z) + G'(z) = f(z) + g(z). O

4. [A-f(z)de=A- [ f(z)dx;
(A-F(z))=A-F'(z)= A f(z) .0

Tabauma OCHOBHBIX MWHTETPAJIOB

(1) [ z"dz = “;:11 +C,(n# —1);
(2) [ idz =In|z| + C, (z # 0);

3) fa'dz == + C, (a > 0,a # 1);
(4) [ e*dz =" + C;

(5) [sinzdz = — cosz + C;

(6) [ coszdzx = sinz + C;

(7) [ sk =tge + C, (z # 5 + mn);

cos?2x

(8) [ 2 = —ctgz +C, (x # mn);

sin® z
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arcsinzx + C'
9 dr__ — —1l<z<1);
O] {—arccosa:—l—C’, ( ! )

(10) {arctg:l:—l—C

1“’2 | —arcctgz + C;

(11) [ /%5 = Wnfe + Va2 £ 1]+ C, (jz| > 1);

(12) [ 125 = JIn || + C, (o] # 1);
(13) [shzdz = chz + C;
(14) [ chadz = shz + C;

(15) [ & = thz + C;

(16)

fffx — —cthz +C.

HTerpajbl OT HEKOTOPBIX JEMEHTAPHBIX (PYHKIUN yKe He SBJSIOTCS dJIe-
MeHTapHbIMU (DYHKIUSAMU U YePe3 djieMeHTapHble (PYHKIMU HE BbIPAXKAIOTCs:

2
f e " dxr — unterpan Ilyaccona;
[ cos(z?)dz, [ sin(z?)dz — unrerpans Ppenens;

dr fcoixda:, fs'l%d;v

Inz>

6.3. OcHoOBHBIE METO/IHI MHTETPUPOBAHNUA

Metoa nmoacTaHOBKM U 3aHeceHue moa auddpepernmalt

[Tycrb t = (z) oupejesena u juddepeHiupyemMa Ha HEKOTOPOM MHOXKECTBE
X u nycrb T — MHOXKECTBO BCEX 3Haqu1/H71 9TOI71 (:byHKLLI/H/I. [Tycrs gust g(t)
cymecrsyer na T nepsoobpasuas G(t): [ g(t G(t) + C. Toraa

[ stela)) ¢ @)z = Ge(o) + €.

Jloka3aTeJjbCTBO.



:/WM®:G@+C:mﬂm+C.D
IIpumep 3. Ucuosib3yst Tab/inily HEOLPEIEJICHHBIX MHTEI'PAJIOB, BbIUUCIUTh

dt
cos(200x)dz = |200x = t, dt = 200dz| = [ cost—— =
200

1 1 1
= — [ costdt = — -sint + C = —sin 200z + C.
200 200 200

IIpumep 4. Vcnonn3ys Tabinity HEOMpPEIeTeHHBIX NHTETPAJIOB, BHITUCIUTD
/ecosx -sinzdx = —/ecosxd(cos r) = |t = cost| =

= —/etdt: —e! +C = —e™% 4 C.

IIpumep 5. HMcnonb3yst TabInIy HEOIpPeeIeHHbIX HHTEIPAJIOB, BEIYUCIUTD

/ (arctg x)loodx _

1+ 22
= /(arctg )% (arctg z) = |u = arctg x| =

+
101 101
IIpumep 6. Ncnosnb3ys TabJinily Heolpe e/ IeHHbIX HHTEI'PAJIOB, BEIYUCIUTD

z3dx B

/k%ﬁ+1_
1 dzt) 1 A2t -zt
_4/(24_$4)2+1_4_24/(24,m4)2+1—

1 dz 1 1
= :24- 4 = — —_—_— = — 24 4 .
E x| 64/22+ = arctg z + C ol arctg(2*z*) + C

NuTerpupoBanmue 1mo 9acTam

Teopema 2. [Iycmov kaorcdas uz dynryui u(z) v v(x) duddepenyupyema na
mmooicecmee X u, Kpome moz20, HA IMOM MHONCECMEE CYULLCMEYEM Nepeo-
obpasnas das Pynkyuu v(x) - u'(z). Tozda na mmoocecmse X cywecmeyem

nepeoobpasnas u daa Pynrkuuu u(x) - v'(z), npuuem cnpasedausa Bopmyaa

/u(a:) V' (z)dz = u(z)v(z) — /v(x) - (z)dx; (6.3.1)

/udv = uv — /vdu. (6.3.2)
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HokazarenbcTBo. Bosbmem dyuknuio (u-v) u Haiiyiem ee aud depennuat:
d(uv) = (uw)'dr = (u'v + v'u)dr = v'vdz + v'udz.

[IpounTerpupyem 1oJjiydeHHOE BbIPparKeHUE:

/d(uv) = /u’vda:—l—/'v'uda: =
uv = /u'vdm—}— /v'ud:v =

/’U'udx = uv — /u'vdx — nostydena, popmyiia (6.3.1)),

/ udv = uv — / vdu — nosydena Gopmyia (6.3.2).0
I'pynnsr maETETpasioB, Oepymiuxcd MO 4acTIM

o 'pymmma I. K »r1oit rpymnme orHOCSTCST WHTErpasibl, MOALIHTErPAIbHAS
(byHKITHS KOTOPBIX COJIEPKUT B KAUECTBE MHOXKUTEISI OJTHY U3 CJETYIONINX
byHKIM:

In , arcsin z, arccos z, arctg z, (arctg x)?, (arccos 2)?, In p(z), . . .

st BbIUKMC/IeHUS HHTErPaJia JIaHHOM IPYIIIIbI CJIeJlyeT IPUMEHUTH (POPMY-

ay (6.3.2), obosHadast 3a u yKasaHHbIe QyHKIWN.

ITpumep 7. Borauciaurs, npumensisi GopMyJly MHTEIPUPOBAHUS 110 YACTSM,
mpu n # —1:

u=Inz
I:/xnlnxda:: ZZizdm =
U:ffv”dx:fgll
e [ e L
. L "t 4 C.

— lnp — ——
ntl T (n+ 1)

IIpumep 8. Boruuciautb, npumensis (popMy/1y HHTEIPUPOBAHUS 110 IACTSIM:

u = arctgx

dv = zd
[:/xarctgxda:: Y a:d: =

du= =g

v:fxdx:%z
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z? z? 1 z? 1 1
:E-arctgx—/?-x2+1dx:?-arctgx—§/(1—x2+1)dx:

.5132

= t = + ! tgx +C
= 5 -arctgr — gx + Sarctgz + C.
e Ipymna Il. [(az+b)" cos(cz)dz, [(az+b)"sin(cz)dz, [(az+b)"e“dz,

a,b,c — koHcranrTel, n € 7.

s BblYMC/IeHMsT MHTErpaJa JaHHOH IPYIIbLl CJIejyeT IPUMEHUTL 71-
kpaTaHo Gopmyiay (6.3.1), mpuueM Kaxkjblii pa3d u obosHadath (ax + b)
B COOTBETCTBYIOIEH CTEIeHN.

IIpumep 9. Borauciautb, npumensiss (pOpMY/Iy HHTEIPUPOBAHUS 110 UACTSIM:

u= 2z +1)
dv = sin zdx
I = 2 1) sin zdx = =
/(:1:—|— ) sin zdx oy — 2da
v:fsin:vda::—cosx

=2z + 1)(—cosz) — /(— cosz)2dr = —(2z + 1) cosz + 2/COSCEdLU =

= —(2z+ 1) cosz + 2sinz + C.

ITpumep 10. BoraucanTsb, mpuMensist (pOpMyJIy HHTETPUPOBAHUS IO IACTSIM:

2

U=z
dv = d
]:/$2COS:Ed$: v = cosrar =
du = 2zdzx
v:fcosxd:v:sinx

U=z

9 . , dv = sinzdz

=z°sinx — [ sinz2xdr = =
du = dx

V= fsinxd:z: = —COSZT

= 2?(sinz) — 2(—z cosz + / cos zdx) = x*(sinx) + 2z cosxz — 2sinz + C.
e I'pynma III. KpyroBsie maTETpaIBI

/e‘”j cos bxdz, /e‘”” sin bxdz, /sin(ln:c)da:, /cos(lna:)dm,...

OboznataeM MHTErpaJi 3a HEU3BECTHYIO [, MPOU3BOAKUM JIBYKPATHOE MIPH-

Menenne GopMyiibl (*x ), cocrasisieM Jyist I ypaBHeHUE [EPBOIO MOPsiJIKA.
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IIpumep 11. Boruncauts, ecaun a, b — const:

u = e"”
7 /e‘m cos bide — dv = cos bxdx _

du = ae™dx

v = fcos brdxr = %sinbaz

u=e"

1
= geax sin bz — / %e‘” -sin(bz)dz = v=—Leosha | =

1 1
= ge‘m sin bx — % (—Ee‘m cosbr + % / e™ cos b:z:d:):) )

Pemaem ypaBHenue orHocurTesibHO 1 :

1 . a a?
[ = —e™ sinbx + —26“3’ cosbr — —1

b b b2

2

1
I+ 2—21 = Ee‘m sin bz + %e“w cos bz,

b? 2 ax
;a I = eb (sin br + %e‘m COS bx) ,
b ar M a ar
= aQ—-I—er (sm bx + Ee cos bx) )

NHaTerpupoBanne panmnoHAJBHBIX (QYyHKITHI

I

Onpegenenne 3. Oynukuyusa euda
P, (z) = apz" + ap_12" ' + ... 4+ a1z + ay, (6.3.3)

ede n € N, a; — nocmoannvie xKoaphuyuenmol, Ha3vl6aGEMCA MHO20UAEHOM UAU

Uenoti patuonarvroll gynkyuetd (n — cmenens MHO204AENA).

Omnpenenenue 4. Kopnem mnozounena (6.3.3)) nasveaemen snauenue xo, npu
KOMOPpoM MHo2owaeH obpawaemcs 6 nysv Pp(xg) = 0.

Teopema 3. Beakxutl mnozowaen P,(x) moorcno npedemasumo 6 sude
P.(z)=an(x — z1)(x — z2) - - - (x — x,), (6.3.4)

ede xT; — KOPHU MHO20YUAEHA, A, — Kodpduyuenm npu x".
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Onpepesierne 5. JIpobHO-panmoHagbHON dyHKIUEH (paruoHaIbHON

POOBI0) Hasvisaemces GyHKyuA, PacHas OMHOUENUIO JBYT MHOZOUACHOB

P, (x)
Qm(z)’

ede P,(x) — mmozouren cmenenu n, Qn(x) — cmenenu m.

flz) =

Onpenenenne 6. Payuonarvras dpodv nasveaemcs IPABUIILHOMN, el cme-

neHdv vucaumens MeHdbwe CmeneHuy sSHaMeHamenA.

Jlemmva 1. Beakyro mHenpasusvhyto pauuorasvryto dpobb mMoxicro nymem de-

ACHUA YUCAUMENA HA SHAMEHATIIEND npedcmaeum'b 6 eude CYMMbBL MHO20YNE-

B@) p
Qm(x) (1

na L(x) (ueran wacmov) u npasusvnot payuonasvrots dpodu

0CMamox):

Pu(z) . R(z)
Qm(z) =L@+ Qm(z)

IIpocreiimmne npaBuabHbIE PAMOHAJBHBIE JIPOOU

I. 2. (Aa€cR).

II. (xf‘@k (A,a € Rk > 2,k €N).

II1. M (M7N7p7q€R)p2_4q<0)

z2+pr+q

IV. ot (M,N,pq € R,p* —4q <0,k > 2,k €N).

NuTerpupoBanne mpocTelminX MPaBUJIbHBIX PalMOHAJLHBIX JIPO-
Oeil

I. fﬁdx:Af%:AlnM—aH—C.

k+1

II. f(an) dx—Af(:c—a)_kd(x—a):A%

+C.

Ir. [ Etde (p° - 4g < 0).
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B smamenaresie BblJie/IsIeM MOJHBIA KBaJIpaT:

2 2 2 2

2 2 p p p_( p) p
= 2.¢x. 245 N = _2.
r+pr+q=x"+2-x 2+4—|—q 1 3:—|—2 —|—<q 4>

CrenaeM moJICTaHOBKY: T + g =t, x=1— g, dx = dt, A? = q— %2

M(t-2L N
e Ny [MUD N,

2+ pr+q - 12 4+ A2

tdt Mp dt
S V) L A Y
/t2+A2+( 2>/t2+A2 1

Boinuinem or/ie/ibHO KaXK/ bl U3 HOJIyUYEeHHBIX MHTEerpaJioB. Jljsi mepBoro mH-
TerpaJia HeoOX0IMMO 3aHECTH IePEMEHHYIO U3 ducjmuTesis 1o Juddepennnal,
Jlajiee MHTErpaJl CBOJAUTCS K TAOJMIHOMY HHTErPaJly, KOTOPBIA PaBeH HATYPaJIb-

HOMY Jiorapudmy:

tdt M dt? dt?+A%) M
L =M | —_ = = = —Inl|t?+ A%+ .
! /t2+A2 2 /t2+A2 / gz g A

st Broporo uHTerpaJia 1epeobo3HaduM KOHCTAHTHI JIJist YIIPOIIEHUs 3alliMCh 1

CBeJIeM K Ta6ﬂHqH0My MHTErpaJy, KOTOPbIi paBeH apKTaHT'CHCY.

[Tycte N — =

D/ _/ d¢ D dt
e+ )Gy A2 (e

b [ al) b
el i

BOSBpaH_[aeMCH K UCXOJHOMY MHTET'PaAJIy W BbIIIOJIHAEM O6pa,THbIe 3aM€EHDbI:

t
arctg 1 + (.

M D t
I:]1—|—12:7ln|t2—i—A2\—I—Cl—|——arctgz—|—02:

A
M N - Y r+ 4
= Inl|z?® + pr + q| + ——% arctg 2_+C
2 P gL
1 1

Metoa HeonpeesieHHbIX KO3 (PUITMEHTOB
Jlist passioykenus paloHasibHO# apobu Ha npocreitie npumensitor (MHK)
METOJ HEOIPEJIEJICHHbIX KOI(DMUIMEHTOB, KOTOPLIA 3aKJII0YAeTCs B CJEYIO-

Plx
meM. IlycTh naHa npaBuibHas paldoOHAJIbHAS JIPOOH L
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1. PaCKﬂaﬂblBaeM 3HaMeHaTe b Ha JIMHEHHbBIe MHOXKUTEJIN:

Qz) = (z— ml)kl (x— $2)k2 .o (:z:2 +px+q)’t. .. (562 + P + G ).

2.
— + b
Qr) (z—mz1) (v—z1)? (2 —z1)h
By B Bk,
(x —z9) (x— o) (x — z9)k
Cixz + Dy Cox + Do CSIQL’-{—DSl
5 5 5+ 5 . + ...+
(22 +piz+aq1) (22 +pz+q1) (22 + prz + q1)®

Mix + Ny Msx + Ny Msm.CC-|—NSm

+...+ . (6.3.5
($2 + pmT + Qm) (372 + pmT + Qm)2 (372 + pmT + Qm)sm ( )

3. IlpuBonum npasyio dactb ((6.3.9)) K 00IIEMy 3HAMEHATEJIIO:
P(z) _ S(x)
Qz) Qz)

e S(z) — MHOrOWIEeH ¢ HeolpeieJeHHbIMEI KO hUImeHTamu.

4. Taxk kak P(z) = S(x), npupaBauBaeM KO3DGMUIMEHTDI TPU OJINHAKOBBIX
CTENeHsX CJIeBA W CIpaBa, MoJydaeM CUCTeMY JIMHEHHDLIX ypaBHeHUi, u3

KOTOPO# HAXO/[UM Heollpe/jieieHHble KOIPPUIUEHTbI.

ITpumep 12. Pazsioxkurh Ha npocreitiue japobu npu nomoinm MHK:

3z —4 -
r(z —2)(z+ 1)
Jr — 4 A B C
zc(a:—2)(:l:—|—1)zg+:l:—2+x—|—1;
3z —4 _A(e® — 2 —2)+ B(a* 4+ z) + C(2* — 22)
r(r—2)(z+1) z(r —2)(z + 1) '

BommucsiBaem KOS(i)CbI/IIlI/IeHTbI B qucJauTeJie 1pn OANHAKOBBIX CTEIIECHAX CJI€EBa U

cripaBa

?: 0=A+B+C,

r: 3=—A+ B —2C;

. —4 = -2A.

Permraem cucremy ypashennit u naxonum A, B, C'

) C:_za

A=2 B=
3

W =
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I0/ICTABUM HaiijleHHbIe KOA(MDMUIIMEHTHI B pa3JjioXKeHne JIPoOK Ha, IPOCTeHIIe:

=<+

3z —4 2 3
r(r—2)(z+1) =z x-—

NuaTerpupoBanne pannoHAJBHBIX Jpodeii

[y

1. Eciim n > m, T0 jie/iuM d4ucanuTe b Ha 3HAMEHATEJIb U IIPEJICTaB/IsieM JIPoOb

Anroputm puis

B BUJIE

R(z)
Qum(z) .
R(z)

2. PacknaybpiBaem JipoOb Do) 1@ IPOCTEHime npu oMo MHK.

= L(z) +

3. Nnrerpupyem L(z) u nosydenubie npocreiinme jpodu.

IIpumep 13.

/:1:5—|—2$3+4:1:—|—4
x.

zd + 223 + 222
1. ITonpiaTerpajibHast J1podb HElpaBUAbHASL, ITOITOMY JICJUM CTOJOMKOM YHCJIN-
TeJb Ha 3HAMEHATeJIb:
0 +2x% +4x 44 ‘:1:4 + 223 + 222
2 254 4243 ‘x —2
—2z% +4x +4
Yy v )
473 +427 +4z +4)

Lz)=z—2, R(z)=4(z*+2*+z+1).

2. PackmaipiBaem 3HAMEHATETb HA MHOKATEIH:
ot 4 227 4 227 = 2% (2 + 22 + 2).

[Tpumensem MHK myst npobu

A +a*+z+1) A B+ Cx+D
2(x24+22+2) =z 22 2242042
4(z* +2*+ 2 +1) Az’ +2A2* 4+ 24z + Ba? + 2Bz + 2B + Ca® + Da?
(22 4+ 2z +2) (2% 4 2z + 2) '
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[IpupaBauBaeM KO3pDUIIMEHTHI IIPU OJUHAKOBBIX CTEIEHIX B UUCIUTEJE:

T

T
x
X

3

3. 4=A+C;

2: 4=2A+ B+ D;
1. 4=2A4+2B;
0. 4=2B.

13 cucremsr naxogum A, B, C, D:
A=0, B=2 C=4, D=2

. Marerpupyem L(z) u mpocreiimue gpobu:

0+ 223 +4x + 4 2 dx + 2
der = —2)d —d — dr =
/ x4 223 + 222 v /(:v Jdz + x?2 $+/a:2+2x—|—2$

:%2—2:1:+2<x—_1>—|—/4(x+1)_2d(x—|—1):

—1 (z+1)2+1

2
z 1 tdt dt
Y oryo(2) 14 9 _
5 T <x>+ /ﬁ+1 !/ﬂ+1

1:2

2
:p5—2x——+ZMH%+H—2Mﬂgﬁ+C:
X

$2

2
:5—2:1:——+21n|x2+2x—|—2\—2arctg(x+1)+0.
T

NuTerpupoBanne TPUTOHOMeTPUYeCKUX (pYyHKIHIIA
Uurerpansr [ sin™ z - cos” zdzx

B zaBucmMOCTH OT cTeneHeil BO3MOXKHBI CJICYIONINAE CIYIau:
e N — TOJOXKUTEJLHOE HeueTHoe, TOT/Ia 3aMeHa sinx = t;
® M — TOJOXKUATEJbHOE HeYeTHOe, TOrJa 3aMeHa, COS T = t;

® m, N — IeJible HEOTPUIATEJILHbIE YETHBIE YUCITa, TOTJa MpUMeHsaeM (op-
MYJTbI TIOHVZKEHUS CTEICHN U YIBOCHHOTO apTyMeHTa:
cos?z = (1 + cos 2z);

2

sin®z = 1(1 — cos 2z);

sinz cosx = %sinQ:):;
® M + n — YeTHOe OTPUIATEJILHOE 1IeJI0e YMUCJI0, TO 3aMeHa tgxr = t.

ITpumep 14.
/ sin® z cos? zdz = /(sin x cos )% sin’ zdr =
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1 1 1
=3 / sin? 2z(1 — cos 2z)dx = 3 / sin? 2zdr — 3 / sin? 2z cos 2zdr =

1 1
= — [ (1 —cosdz)dr — — [ sin®2zd(sin 2z) =
16 16
1 1 1 1 sin®2 1 1 1
= —a:——-—/cos4:cd4az——-sm - g — —sindx — — sin® 22 + C.
16 16 4 16 3 16 64 48
ITpumep 15.
/sin4  cos® zdr = /sin4 z cos® zd(sinz) =
= 1 —sin®2z)?sin zd(sinz) = |sinz = t| = 1 — t2)%t4dt =
(
1o i sinz  2sin’z  sin’z
= [t =2+t =— —2—+—+C = — C.
/( +t) 5 7 + 9 + 5 7 + 9 +

Tpuronomerpuyeckne npeodpa3oBaHU

uaTerpanbl Bua
/sin ax - cos brdzx, /sin ax - sin bxdz, /cos ax - cos brdx

BO3MOXKHO PEIIUTh, IIPUMEHUB CJICJIYIONIKNE TPUIOHOMETPHUYECKHUE IIPeodpa3oBa-

Hued:

sina - sin 8 = % (cos(a — B) — cos(a+ B));

cosa - cos B = % (cos(aw — ) 4+ cos(a + B)) ;

sina - cos f = % (sin(a — B) +sin(a + ).
ITpumep 16.

1 1 1
/sin 8z cos 2zdr = 5 /(sin 10z + sin 6z)dz = —5g 08 10z — 5 €0 6z + C.

YHuBepcaJbHasg TPUTOHOMETPUYECKas IOACTAHOBKA
[Iycts R(sinz;cosz) — yHKIW ¢ IEPEeMEHHBIMA Sin T U COS &, HAJ| KOTO-
PBIMHU BBITOJTHSIIOTCST PATIHOHAJIBHBIE JICHCTBHST (CJIOXKEHNe, BbITUTAHTE, YMHO-

2KEeHue u rZLeJIeHI/Ie). Boraucaenne MHTEI'PpaJioOB THUIlA

/ R(sin z; cos z)dz

CBOJIUTCA K BbIYUCJICHUIO NHTET'PaJIOB OT paHI/IOHaHBHOﬁ (bYHKHI/II/I IIpu IIOMOIIHN

YHUBEPCAJbHON TPUTOHOMETPUYIECCKON I10/[CTAHOBKU.
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IloncranoBka.

to L = ¢
g5 =1t
_ 2tg 3 2t
s1n33:1 t2x:1 t2;
—l—g§ +
1—tg?f 1-—#
COS.QZ':l t2$:1 t2;
+g§ +
2dt
= 2arctgt = dor = ——;
x arctg x 112

, 20 1—t*\  2dt
/R(81nx;cosx)da::/R<1+t2; 1—i—t2> Epwr :/Rl(t)dt.

Yacrusiit cayqaii I. Ecan R(sin ;cos z) HeuéTHA OTHOCHTEILHO Sina:

R(—sinz;cosx) = —R(sin z;cos ), TO UCIOJIB3YIOT MOJCTAHOBKY:

IIoncranoBka.
cosx = t;
dt
V1—¢

Yacrasiit cay4qait II. Eciaun R(sinz; cos ) HeuéTHA OTHOCHTEIBHO: COS X

r = arccost = dx = —

R(sinz; — cosx) = —R(sin ;cos ), TO UCIOJB3YIOT MOJCTAHOBKY

IloncranoBka.
sinz = t;
dt
ieE

Yacrusiit cayqaii III. Ecin R(sin z;cos ) 4érHa OTHOCHTENIBHO COS T,

r = arcsint = dr =

sinz: R(—sinz; —cosz) = R(sinx; cos ), T0O UCHONB3YIOT MOJCTAHOBKY:

IIoncranoBka.
tgr =t;
tgt = d dt
xr = arc r=-—>s;
.9 tg*x _ t2 '
sin“x = = ;
1+tg2z 14 ¢2
5 1 1
cos“xr =

1+tele  1+¢
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IIpumep 17.

d
I = / —5’32
14 sin“z
YHactusbriit cay4qain I11.

I:/(1+t2)c(ii+l+t2):/2t2+1 f/

= % arctg(v/2t) + C = % arctg(v2tgx) + C.

IIpumep 18.

[_/ dx
| 3+sinz+cosz’

yHI/IBepcaJIbHa,H TPpUroHoMerpm4iecCkasd rnmoACTaHOBKa

i / 2dt B / 2dt B / 2dt
) Q) B+ ) ) 3432+ 12 ) 2242044

1+¢2

da dt B dit+1/2) o
/t2+t+2_/(t+1/2)2+7/4_/(t+1/2)2+7/4_‘t+1/2_z|_

/ dz 4 dz 4 \/_/ dzz 2 ;

_ e = —2 arc

2y 1) = VTV \f
7

2 2(t +1/2) 2 2t+1 2 2tg L +1
= —arctge ————2 +(C = —arct +(C = —arctg —=——+0C
V. N AR N ARV

VT

NHaTerpupoBanne nppannoHaJbHBIX (DYHKITHIA
KBaapaTudnble nppalnuoHaJbHOCTHU

Paccmorpum nHTErpaJibl, KOTOPhIE COJEPKAT KBaJIPATHbBI KOPEHb OT MHOI'O-
4JIeHA BTOPOW CTEeleHu:

T mx +n
, ar? + bx + cdz, dz.
/\/ax2+bx—|—c /\/ Vax? +bx + ¢

OO01muit aaropuTMm:

1. Ilox kKopHeMm HeOOXOUMO BBIJAEINTD IIOJHBIH KBaJIpar:

5 5 b c b v ¢ b
ar+br+c=alz"+-2x+-)=a :1:+2x——|———|———— =
a

a 2a  4a? a 4a?

B +b 2+4a26—b2
— 4\ T o, 4a? '
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2. Cuenarh MOJACTAHOBKY X + % = t. IIpu sTOM 1EpBbIE JIBA MHTErpaJia, CBO-

HATCA K Ta6JII/I‘{HbIM, a TpeTI/Iﬁ K CyMM€ IBYX TaOJIMIHBIX NHTEIr'paJioB.

Tpuronomerpudyeckas mMoICTAHOBKA
72 2
Ecinu nojbinrerpajibHas (DYHKIWST COJEPXKUT pajuKaJbl Bujga Vx° + a,

Vz? —a?, va? — 22, To 9acTo GbIBACT IOJE3HO CIeJaThb OJIHY U3 CJCTYIONINX
3aMeH.
IloncranoBka.
a? — 22 = |x = asint, dr = acostdt| = acost,;
a? — 22 = |x = acost, dr = —asintdt| = asint,
5 5 a sint
2—ad?=|lr=——, dr=a 2dt|—atgt
cost cos
2 —a? = |r =acht, dr=ashtdt|= asht;
a a

Vil ta? =z =atgt, do=——dt|=—0:;
vHat=lr=ate T ot | cost’
Va2 +a®?=|r =asht, dxr=achtdt|=acht.

IIpumep 19.

VA 2
/—2md:1: = |z = 2sint, dx = 2costdt| =
T
4 —4 2cost-2cost
/ vV sin? 9 cos tdt :/ CcoS cost ., _

4sin®t 4sin®t
1 — t dt
:/#dt:/ = —/dt:—ctgt—t—|—C:
sin“t sin“t

=C — arcsing — ctg(arcsin g) =

ctgt = 1'—sin2t _ V1—(z/2)? _ V4 — x?
sin ¢ z/2 T

x V4 —x?

= (C — arcsin — —
2 T
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YrpakHeHus JIJIg CaMOIIPOBEPKU

Yupaxkuenue 1. Vcrnosb3ys Tab/uIly HeoIpeeJeHHbIX HHTEerPaJioB, Bbl-

YUCJIUTDB:

d
1. [

DO

. [a®evds.
3. f2dT
[(Vz+1)(z—a+1)da
[ gy
(5 da.

i

W

ot

D

=~

T x
8. [ gy

Cos 21
9. f cos? x-sin® xdx

10. [ U gy

1+cos? x
11. f1+c052xda7

12. [ A

14222
13. aﬂg)d:c

14. [tg?zdz.

Yrpaxkuenue 2. [Ipu nomoiy MeTojia HHTEIPUPOBAHUS 110 YACTAM BbIUKC-

JINTbH:

1. [2sin2zdz.
2. [ze "dx.

3. f x3*dzx.

W

[ zarctg zdz.

[

i f arccos xdzx.

[ arctg \/zdz.
7. fx2e_“’daj

S

8. [ «%sinwda.

9. [In®zdz.

10. [ 2y,

11. [In(z+ V1+2?)dx
12. [zlndg.

13. [ /zln®zdz.

14. [ e3(sin 2z — cos 2z)dz.

Yupaxkaenaue 3. Vcrnonbp3ysa pa3indable 3aMeHbl, BBITUCINTD:

1. f 437-}-3 d.f

2w

VT
3. fﬁ_%dx
4, fsin?’:z:-cos:cdx.

81

0. I#dﬂf.
6. [ -Esdx.

7. [ oegy,

8. fmgf”—ilda:



9. fx2 N3+ 2dx. 14. f \/f—jwda:

COS fU\/W 15. fcosm\/m

11. [tgzdz.

- 16. arctg? dex
12. fvscos?’ f e
13. [cosz - es™*dx. 17. [ 21,+4d.r

Yrupaxkuenne 4. BoraucanTh UHTErpaJsbl OT PAIMOHAJILHBIX (DYHKITHIHA:

L [ sgmde. 8. f @ +1

2. [t 9. [ 7%

3. [ 185 10. [ 29 dz.
4. f (295—1)(42%36 67515 4% - 11. [ F*=dz.

5. [ S de. 12. [ i,

6. [ ey 13. [ Zadz.

7. [ Ede. 1. [ it

7. OmpenejgeHHbII THTErPAaJI

7.1. Omnpenenennniii mHTErpa. OCHOBHBIE MOHATUSA

[Tycts dyuknus y = f(z) ompenenena ua orpeske [a;b]. Pazobbem orpesok
[a; b] Ha n uacreit Toukamu a = xg < 1 < To < ... < Ty 1 < T, = b u Oyjem
rOBOPUTD, YTO MIPOU3BEJIEHO pasbuenue orpeska [a;b] Ha orpesku [z;; xi41], ¢ =
0,1,...,n — 1. dnuny orpeska [x;; T;i1], PABHYIO ;11 — T;, 0O03HATUM Uepe3

Azx;, a HAHOOJIBIIYIO U3 ITUX JJIUH 0DO3HATUM
d = maz {Axy, Az, ..., Az, _1}.

Ha kaxom orpeske [z;; ;1 1] BeIOEpEM MPOU3BONBHYIO TOUKY &, TaK 9TO T; <

& < ;41 ¥ COCTABUM CYMMY

—

n—

(xla 'gz) = f(éz) - Az;.

@
I
o



Dra cyMMa Ha3bIBAeTCs MHTErpaJbHoil cymMmoii Pumana pyHkimnm vy =
f(z) ma orpeske [a;b], orseuaroiieil BbiOpanHOMy pasbuenuto orpeska [a; bl
Ha oTpesku [x;;Tiy1], ¢ = 0,1,...,n — 1, u BoibpanHomy HaboOpy TOUeK &,
1=0,1,...,n—1.

Onpegenenue 1. Yucao I naszvieaemces npedesom unmezpasvHule cymm Pu-
MAHA NPU CIMPEMACHUY K HYA0 Haubosbuwetd us daun ompeskos d, ecau 0
a10bozo wucaa € > 0 cywecmeyem wucao 0 > 0, makoe, wmo npu Yciosuu

d < § cnpasedauso nepasencmeo |o(x;, &) — 1| < e.

Onpepenenne 2. Qyuxyua y = f(x) naswsaemeca unmezpupyemot no Puma-
ny na ompeske [a;b], ecau das smoti Pynruuu cyuecmsyem Kornewnvil npedea
I ee unmezparvruvir cymm Pumara npu cmpemaenuu % vyt naubosvuiet us
oaun ompesxos d. Tozda smom npeden I wnasvieaemcesa onpedeseHmviLm wHme-

epasom om gynkyuu y = f(x) na ompeske [a;b] u obosnavwaemea cumeorom

/b f(z)dz.

Bnech dbyuknus f(z) Ha3bBaeTCs MOABIHTErPATBLHON DYHKIMEH, THCITO
a4 — HUXKHUM IPEAEJIOM MHTErPUPOBAHUSL, YnCjI0 b — BEPXHUM IIpeje-
JIOM MHTErPUPOBAHMNS.

Teopema 1. (Heobxodumoe ycrosue unmezpupyemocmu no Pumany.) Ecau
dynxyua y = f(x) unmeepupyema no Pumany wa ompeske [a;b], mo omna
ozpanuena na ompesxe [a;b|.

Tenepnb chopMyIupyeM HECKOJIBKO T€OPEM, IOBOPSIIUX O JIOCTATOTHBIX YCJIO0-

BUAX MHTEI'PUPYEMOCTH 110 PI/IMaHy

Teopema 2. Ecau gynrvyua y = f(x) nenpepuena na ompesxe [a;b], mo ona

unmezpupyema no Pumany na ompesxe [a; b].

Teopema 3. Ecau ¢ynruyua y = f(x) onpedeaena u monomonna na ompeske

[a; b], mo ona unmeepupyema no Pumany na ompesxe [a;b].

Onpenenenne 3. Qyuxyus y = f() nasveaemes Kycouno nenpepuenot na
ompeske [a;b], ecau oma HENPEPLIBHA 60 GCET GHYMPEHHUT MOUKAT OMPE3KA
[a; b] 3a uckmouenuem, Ovims MOHCEM, KOHEUHOLO YUCAA MOYEK, 6 KadcIOT u3
KOTOPBIT 0HaA UMEET, KOHEUHOE 3HAYEHUE, KOHEUWHbLE NPAGHLT U Ae6bT Npedenl,
u maksce cyuecmeyem Koneunod npasul npedes gynkyuu y = f(x) 6 mouke

a u Koneunwil aecuil npedes 6 moure b.
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Teopema 4. Ecau gynryua y = f(x) xycouno nenpepuena na ompesxe [a;b],

mo ona unmezpupyema no Pumany na ompesxe [a;b].

7.2. CBoiicTBa onpeae/;IeHHOTO MHTErpaJa

CsoiictBo 1. (Addumusnocmo.) ycms mowka ¢ € [a;b]. Tozda unmezpupy-
ema no Pumany na ompesxe [a;b] mozda u moavko moezda, xo2da ona unme-

epupyema no Pumany na ompesxax [a;c] u [c;b], npuuem

/bf(ff)diE/cf(x)dx—F/bf(a:)da:

Csoiictso 2. [ f(z)dz = 0.

CsoiicTBo 3. ;f(x)dx = —ff(:z:)dx.
a b

CsoiictBo 4. (Jlunetinocms.) Hyems gynryuu y = f(z) u y = g(x) unme-
epupyemv, no Pumany na ompeske [a;b], mozda das aobwx deticmsumenvvix
vucesr a v B pynwuua y = af (x) + Bg(x) maroce unmezpupyema no Pumany
na ompesxe [a;b], npuvem 6epro pasencmeo
b b b

[ @@+ sg@)ds =a [ @)z +5 [ go)is

a a a
CsoiicTBo 5. (Unmezpupyemocms npousdsedenus u wacmnoezo.) Ilycmo dynk-
yuu y = f(z) uy = g(x) unmeepupyemvi no Pumany na ompesxe [a;b], moeda
dynruyuu y = f(z) - g(z) vy = % maxoice unmezpupyemor no Pumany na

ompeske [a;b].

CsoiictBo 6. I[Tycmov gynkyus y = f(x) unmezpupyema no Pumany na om-

peske [a;b] u npu ecex x € [a;b] sepno mepasencmso f(x) > 0, mozda
b
[ f(z)dz <0.

CsoiictBo 7. Ilyemov dynkyuu y = f(z) vy = g(z) unmezpupyemo, no
Pumany na ompeske [a;b] u npu ecex x € [a;b] sepro nepasencmeo f(z) >

/f@mx<fg@wx

a

g(x), moeda
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CsoiictBo 8. (Teopema o cpednem.) Ilycmo dynryua y = f(x) unmeepupye-
ma no Pumany na ompesxe [a;b], wepes M obosnavum nauborvuwee 3narenue
dynxyuu y = f(x) na ompesxe [a;b], a uepes m — naumenvwee snavenue
dynxyuu y = f(x) na amom oce ompesxe. Tozda cywecmsyem vy, ydosiemeo-

pauee nepasencmey m < v < M, maroe, wmo

/f 16— a).

CsoiictBo 9. ITycmo dynkyua y = f(z) nenpepwsna na ompesxe [a;b]. Tozda

cywecmeyem ¢ € [a;b], maxoe, wmo

/f F()(b - a).

CsoiictBo 10. I[Iyemv gynrxyua y = f(x) unmeepupyema no Pumany na om-

pesxe [a;b], moeda dynryua y = |f(x)| maroce unmeepupyema no Pumany
b

ff(:f:)dx‘ < f‘|f(a:)\da;.

na ompesxe [a;b] u cnpasedauso nepasencmeo
a

7.3. HWHTerpan Kak (PyHKIMS BEPXHErO IIpeJiesia

B srom naparpade paccMaTpum onpejiesieHHbI HHTerPaJi, y KOTOPOIro BepX-
HUIl I[Ipejiesl HHTeIPUPOBAaHUS SIBJIACTCA IIepeMeHHO# BejnuuHoOl x. [losromy

apryMeHT IOJbIHTerpajabHoil (pyHKIuu u guddeperiuaa obo3naduM OyKBOit

— / f(t)dt

Taxoit mHTErpaJI Ha3BIBAIOT MHTETPAJIOM C MEPEMEeHHBIM BEPXHUM IIpe-

t. T. e. paccMoTpuM QYHKITHIO

JIEJIOM.
TeopeMa 5. Ec./Lu dynxyua y = f(z) nenpepvisna na ompesxke [a; b], mo gynx-

yus F(z ff t)dt asasemea nepsoobpasnoti gymxyuu y = f(x) na smom

ompeske.

Tenepn copmyaupyeM TeopeMy, KOTopast IO3BOJISeT s J000i WHTerpu-
pyemoii mo Pumany na orpeske [a;b] dbyuknun y = f(z), umeromeii nepso-

00pa3HyI0 Ha 9TOM OTPE3KE, CBECTU BbIUUCJIEHUE OIPEJIEJICHHOIO MHTEIPaJia, K
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BBIUKCJICHUIO PA3HOCTU 3HAUCHUI IepBOOOPA3HOi 3To# (DyHKIINK B TOUKAX b u

a.

Teopema 6. (Qopmyaa Hvoromona — Jetbonuya.) Hycmo dynruua y = f(x)
unmezpupyema no Pumany na ompesxe [a;b] u cywecmeyem nepsoobpasnas

O(x) pynruyuu y = f(x) na ompesxe [a;b], mozda cnpasedausa dopmyra

/f(x)dx — () — B(a).

Qopwmyiia Heiorona — Jleitbnuna 1o3BossieT BbIUYUCIATH OlPejie/IeHHbIe MH-
TerpaJibl OT MIHUPOKOIo KJjacca (PYHKIU, JIJisT KOTOPbIX U3BECTHBI METO/Ibl BhI-
YUCJIeHUs 11epBoodbpa3Hbix. Kpome Toro, sra ¢popMysia 03BoJIsAeT IIEPEHECTH Ha
CJIy4dail ONpenesIeHHOrO MHTerpaJja MeTOJI 3aMEHbI TIePEMEHHBIX U METOJI, NHTe-

IrpupoOBaHHsA IO YaCTAM.

Teopema 7. (Bamena nepemennvix 6 onpedeaenrom unmezpane.) Ilyemo dyn-
yua y = f(x) nenpepwsna na ompesxe |a;b], ompesox [a;b] asasemea mmo-
otcecmeom anavenuti gynrkuyuu r = (t), onpedeaennots na ompesxe [a; B,

npuuem a = () u b= (). Toeda cnpasedauso paserncmeo

b B
[ f@do = [ set) o)t

Teopema 8. (Dopmyaa unmezpuposanus no 4acmam 04 onpedesentozo un-
meepana.) Hycmo gynkyuu y = f(x) vy = g(z) umerom nenpepvisnve npo-

ussoduvie na ompesxke [a;b]. Tozda cnpasedauso paserncmeo

b b b
/f@%M@M:f@yﬂ@ _/j@yywuﬂ

1

ITpumep 1. Boruuciurs unrerpal f dx
0

V1—z2"

; 1
/ dx , T 0 7
——— =arcsinz| =—-—0=—.
0
5
IIpumep 2. BoruncanTs unTerpad f tgxdr.
G



Cuenaem ameny t = cosx, Torja dt = —sinzdr u tgzdr = 2 2dr. Yurewm,

qTOHpHx:%t:\ég,aana:—”t

/tgxd /(—: In

3
2

2 , TIOJIY9UM

ln2+1n£ ln\/_—

=N

us

2
IIpumep 3. BorunciauTsh unrerpad f x cos rdx.
0

[Ipumenum dopmysy uHTerpupoBanus 1o dacrsm, nycrs f(x) =z, ¢'(z) =
cosz, roryia f'(z) =1, g(z) = sinz, nosyvaem

/xcosxd:p:x-sinx —/sina:d:z:—
0 0 9
T 3 s

= ——0—(— =—4+0—-1=—-—-1
5 ( cosa:)0 + 5

YrpaxkHeHusd JIJid CaMOIIPOBEPKU

Yrapaxkueuaue 1. BorawcanTh onpejeaeHHble NHTErpaJibl HEIOCPEICTBEH-
HBIM IIpuMeHeHueM (opmysibl HeioTona-/leiibHuna:

2 ™
1. f(l — z)dz. 7. f sin zdzx.
0 0
f‘d
2. |55 z
! 8. ‘Ofcos2x+s1n z’
1
3. fledx
0
1 9. f1+ac2'
4. [(e” —1)%*%dz
0
0,5 2
f_de 10. [&
) L!\/m ‘1[\5/5
6. !thxdx. 11. fsinx-cosxdx.
& 0
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YrupaxkHeHue 2. BolUucIuTb onpejeeHHble WHTeIPaJIbl, IPUMEHAT pas-

JINYHbIE 3aMEHDbI:

1 2
1. [V1+zdz. 7 fﬁSin%dx.
0 1

3
~13 8. f (mzzn_cﬁ)z
1 2
3. [(e" —1)"e"dx
0 f2 1
. 9. ew2z
z—1 T
4. 1f\/5+1dx 1
9 . dx
. f%d% 10. ‘[x 1-In? 2
4
5 e
5 : dx
6. bfcos z sin 2zdzx . 11. {xm

Yrupaxkuenue 3. Boruucaurh onpejiesieHHble HHTeI'PaJibl, UCIOJb3ysl (hop-

MYJIy UHTEI'pUPOBaHUA 110 YaCTAM:

e—1 V3
1. [ In(z+ 1)dx. 7. [ zarctgzde.
0 0
1
2. [ze"dz ™
0 g. fa:3sinxdx.
; 0
3. f 9 — x2dx
0 2
x 9 {xlongdm.
4. fsfn%mx
I

1 z3dz
5. [arccoszdz. 10. ‘Of\/1+w2'
0
6. [e* coszdz. 11. f1n3a:d:z:.
0 1
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