MunucrepcTBO HayKH U BbIciiero obpaszopanus Poccuiickoit @emepanun

DelepaabHOE TOCYIAPCTBEHHOE OIO/IZKETHOE 00pa30BaTEIbHOE YIPeK IeHHe
BBICIIIETO 0OPA30BAHIUS
«HensgbuHckuit rocy1apCTBEHHbBIH YHUBEPCUTET »

A. ®. lllykauna, A. B. HarymanoBa
KPATKIN KYPC JIEKIIN
I10 MATEMATUNYECKOMY AHAJIN3Y
Yacts 11

Yvebroe nocobue

Yenabunck
NznarenberBo YeassOMHCKOTO rocyIapcTBEHHOIO YHUBEPCUTETA,
2023



VIK 517
BBK Bl6a7
111954

[Tegaraercs 0 perreHN0 peaKIMOHHO-U3/1ATETHCKOT0 COBETA
Ye1ssOMHCKOTO TOCYIapCTBEHHOIO YHUBEPCHTETA

Pemensemntsl: Kadeipa MaTeMaTHIECKOrO aHAJIM3a U METO/IMKHU IIPEIIO/IaBaAHUA
maremaruka PTAOY BO «FOVpI'Y (HUY)»;
M. /1. Jammep, TOKTOp MeJaroTHIecKuX HaYK

MTykauua, A. P.
[11954 Kparkuit Kypc Jjiekiuit 1o Mmaremarudeckomy anajuzy. Jacrs 11 : yued. noco-
6ue /A. ®. llyknuna, A. B. Harymanosa. — Yensibunck : Nz a-8o Yenst6. roc.
yH-Ta, 2023. — 110 c.
ISBN 978-5-7271-1895-5 (1.2)
ISBN 978-5-7271-1893-1

PacemoTpenbl ocHOBHBIE pa3jiesibl MAaTeMaTUIeCKOrO aHaJu3a, KOTopble,
KaK IIPaBUJIO, YHTAIOTCS BO BTOPOM ceMecTpe. JaHHble pasie/nbl HeOOXOIUMbBI
CTYJIEHTY JIJIsl OCBOCHUS JIMCIUILIMH MATEMATHIECKOT'O U €CTECTBEHHOHAY THOT'O
muk/a. Teoperndeckuit MaTepua/l CHAOXKEH MPUMePAMHI U YIPAKHEHUSIMA JIJT5
caMOKOHTPOJIsI. [IpuBeieHbl puMepsl KOHTPOJIBHBIX PA0OT U TUMOBBIX Pacte-
TOB.

[IpegnasnaderHo g CTYIAEHTOB JIHEBHOH (bopMBl 00yUeHmsI, 00ydaro-
nmxcess 0o HanpasiaeHusM 1noarotroBkn «DynpamenTtasibHas uHOOPMATHKA
n uHMOpPMAIMOHHbIE TEeXHOJOTHNY, «lIporpammuas wunzkenepuss, «buznec-
nndopMaTuKay u crenuaabHocTu « KoMmmbioTepHuas 6€30MacHOCTbY, HO MOYKET
OBITH IOJIE3HO CTYJAEHTAM 3a0YHON U JUCTAHIIMOHHON dpopM 0oOydeHus s ca-
MOCTOSITEJILHOTO M3YUEeHUS JTUCIHUILIAHDL.

M. 4. Bubawuorp.: 9 Hass.

VIK 517(075.8)
BBK B16a73-1

ISBN 978-5-7271-1895-5 (H1.2) © Iyksuna A. ©., Harymanosa A. B., 2023
ISBN 978-5-7271-1893-1 © Yeustbunckuii rocyapcrsennblii ynusepeurer, 2023



OrJjiaBJjieHue

[KomMmniaekcHbIe uncial

(1. lloparne KOMIIIEKCHOTO YHCaAl

(I.1. OnpemeneHne KOMILTIEKCHOTO YHCHA| . . .« « .« o o o v v v e e e e e e e e e

(1.2. /leficTBUs HaJ KOMILIEKCHBIMH YHCJAMHE|. . . « o v o v v v v v oo o e e

[1.3. l'eomeTpuueckas mHTepIpeTanus KOMILIEKCHBIX YHCEJ| . . . . . . . . . . . . . .

(2. Tpuronomerpmyeckas popmMa KOMOJIEKCHOTO YHNCJIA]
[2.1. Tpuronomerputueckast popMal . . . . . . ... Lo
[2.2. Dopmynbt MyaBpa u Ditepal. . . . . . . ..o
[3. 'eomeTpmueckoe MeCTO TOYEK|

[YTTparkKHEHUS I CAMOTPOBEDKHI| . .+« o o v v v v o e e e e e e e e e e e

[HucsaoBble U CTeNeHHbIE PAJIbl|

.1. SHAKOMOCTOAHHBIE PAIDBI . . « « v v v v v v v i e e e e e e e e e e e e e

[4.2. IlpH3HAKK CXOMMUMOCTH| . . + + © v v v v v v v e e e e e e e e e e e e e e

[4.3. SHAKOMEPEMEHHBIE PSIIIBI| . .« v v v v v v v e v o e e e e e e e e e

[4. HucaoBbie psaabll
(5. DyHKIMMOHAJIBbHBbIE PIbI|

[YOparkHeHUsT JUId CAMOIPOBEDKHU| . . .« v o v v v v v e e e e e e e e e e

(DYyHKIIMN MHOTUX MEPEMEHHBIX|

6.

JundbdepennmpoBanne MyHKIIMI MHOTUX ITE€PEMEHHBIX]

(6.1. EBKINIOBO MPOCTPAHCTBO| . . « « v o o v e e v i e e e e e e e e e e e

[6.2. HacTHBIE TPOM3BOTHBIE| . . . . . o o v v i v i v e e e e e e e e e e

[6.3. llomHbBI# AmpdeperETHAT] . . . . . . . . . .

6.4. IndbdpepeHnIHAT CTOKHOR DYHKITHHA| . . .« .« o o o v v v v v e e e e e e e

[6.5. YHacTHBIE TPOM3BOAHLIE BBICIIHX HOPSIAKOB| . . . « o o o o o o i e e oo o

[6.6. /Indbdepennmasibl BHICIIAX MOPSIIKOB| . . . . . . . . . . v v v e e e

[6.7. HeoOXoammpble YCIOBUS SKCTPEMYMA| + . « « v v v v v v v v e e e e e e e e

[6.8. JlocTaToUHBIE VCIOBHASA CTPOTOTO IKCTPEMYMA| . « + « v v v v v v o v e e o e

[6.9.  VCIOBHBIM JKCTPEMYM| .+ + « v v v v v e v e e e e e e e e e e e e e e e

[YOpakHeHUsT JJId CAMOIPOBEDKHU| . .+« v o v v v v v e e e e e e e e e

10

11
11
13

15
16

18

18
18
23
25

28
32

34



[7. KpaTHble mHTErpasbi|
[7.1. Mepa 2Kopmanal . . . . . . . . .. .
[7.2. Omnpemenennme KPpaTHOTO HHTerpata PuMamal . . . . . . . . . . . . . . .. ...

[7.3. CUBeneHme ABOHHOTO MHTETPAJJA MO TPAMOYTOIBHUKY| . « .« . . o o o o o o . . .

[7.4. JIBofiHOI WHTerpaJi Mo NpOM3BOJBHOM obJacT! F| . . . . . . . . . . . .. ...

[7.5. 'T'podiHON WHTETPAJ| . . . . . . . . . . . o

[7.6. Ilmomamb m o0beM| . . . . . . . L

[7.7. 3amMeHa KOODJMHAT B KPATHOM WHTEIPAJIE| . . . . « « o o v v oo v v e e o

[YTTparKHEHUS JIA CAMOTPOBEDKHI| . .+« o o v v v v o e e e e e e e e e e e e e

[ ndpdepentmaabubie ypaBHEHS|

(8. Tuddepennmanabubie ypaBHEeHU|

[8.1. Omupenenenne Iu(PQOEPEHITUATBHOTO YPABHEHU| . « « .« « .« v« « v v v v oo .

[8.2. Pemenme nudpdpepeHIMATEHOTO YPABHEHHS| « « .« « « v v v v v o v e o e

8.3. Samaua Komm| . . . . . . . . . .

[8.4. Dusumueckue 3aa4u, NPUBOJITE K UM DEePEHITNAIbHBIM YPABHEHUIM,

[8.5. MpaBHeHWS C pas3AeJAIOMMMUCT TEPEeMEeHHBIMA| . . . . . . . . . . . . . . . . ..

[8.6. OmHOpOTHBIE THMDEPEHITNATBHBIE VPABHEHHUS| . « « .« « « « « v v v v v o o o

[8.7. Heommoponnble mudppepeHInaIbHbIE VPDABHEHUS| « « . « .« o« o o o o v oo ..

[8.8. Vpasuenuwe bepuysaun|. . . . . .. .o

[8.9. VpaBHeHUH B MOJHBIX JTUMMEPEHIHATAX] . . . .« o v v v v v o o o e e e

[8.10. YpaBHeHWs, JOTYCKAIOMINE MOHWYKEHUE TTOPSIaKal . . . . . . . . . . . . . . . ..

[8.11. JImHeltHBIE OTHOPOAHBIE YPABHEHNAA 1 -TO HOPSIAKA| . . . » o o o« o o v o o oo .

[8.12. JImHelHbIe HEOTHOPOIHBIE YPABHEHUS BBHICOKOTO TMOPSAKA| . . . . . . . . . . . .

[YOparkHeHUsT JId CAMOIPOBEPKHU| . .+« v o v v v v v e e e e e e e e e

[Cnmcok pekoMeHayeMoll JuTepaTyphl|

57
o7
98
60
62
64
66
67
71

74

74
74
74
75
76
77
78
84
89
93
96
99
103
107

110



BBenenune

[Tocobue mocssmieno 0a30BbBIM pa3jeaaM MaTeMaTHIeCKOrO aHAJn3a, KOTO-
pble HeOOXO/IMMbI JIJIsI JIaJIbHERIIEr0 OCBOEHUs TPOIPAMMbI 110 MHOI'MM JIMCIIH-
IJIMHAM €CTEeCTBEHHO-HAyIHOro IuKJa. Lleb mocobusi — KpaTko ornucarh OCHOB-
HOIl TeopeTHIecKhii MaTepuaJs 1Mo pasjaenaM «KoMmmiekcHble dnciay, «duciio-
Bble U CTeleHHbIe PAjibly, «Inddepennupopanne HyHKIMA MHOIHX [I€pEMEH-
HBIX», «KpaTHbie naTerpansy n «InddepeHnuanbable ypaBHEHUT», TOSCHATH
HEKOTOPbIe OCOOEHHOCTH 1IPU PEIIEHUU TPUMEPOB 110 JIAHHBIM Pa3/e/iaM.

YuebHoe 110cobue COJEPXKUT TEOPETUUECKUi MaTepualsi, KOTOPbIN 1O XOAUT
Jutst qucnuiine « Maremarndeckuit anannsy, « Maremarndeckuit ananns. dud-
gepennmaibHble ¥ PAa3HOCTHBIE ypaBHeHH:A». laHHOe 1mocobue OyaeT IoJe3HO
CTyJIEHTaM IIePBOTO ¥ BTOPOI'O KYPCOB JIJIsl MOJIKPEILICHHUS JIEKITMOHHOI'O MaTepH-
aJia, a TakKe JiJisl I'PAMOTHOIO BbIIIOJIHEHUs] TUIIOBBIX PACYETOB B COOTBETCTBUN
¢ TpeDOBAHUSIMU TIPeojiaBaTesisi. Takyke mocoore MoXKeT paccMaTpuBaThCs Kak
JIOTIOJTHUTEJIBbHAS JINTepaTypa JJIsi CTYyJICHTOB TEXHUUECKUX HalPaBJICHUII.

[Tocobue cocTouT M3 MMATU Pa3JieJIoB: IEPBbIi MOCBANIEH OCHOBHBLIM OHSITH-
SIM KOMILJIEKCHOT'O YUCJIa, MPOCTEHIIINM OTIepaIusaM HaJT KOMIIJIEKCHBIMHU YHCJIa-
MU, BTOPO# — YUCJIOBBIM U CTEIEHHbIM PsijlaM, TpeTuit — juddepenipaibHoMy
UCUYUCJIEHNIO (DYHKIMA MHOI'UX TIEPEMEHHbIX, YeTBEPThI — KPATHBIM MHTEI'Da~
JIaM, TAThIi — Teopuu JuddepeHInajbHbIX YPABHEHUH, TTPOCTEHITTUM METOIaM
ux pemienus. ITocse kaxkaoro naparpada Jijis caMOIIPOBEPKHU YCBOCHUSI 3HAHU
CTYJICHTY IIPeJJIaraeTcs BBIIOJHUTD psijl yipaxkHenuit. IIpu moxroroske Teope-

TUYECKOIO MaTepuaJia aBToOPbl OIUPaJUCh Ha psij| pador [1 — 3.



KoMmiiekcHble 4ucJia

1. Ilondrme KOMIJIEKCHOTO YHCJIA

1.1. OmnpeaeneHne KOMILIEKCHOTO YHCJIA

Onpenenenne 1. KOMIIJIEKCHBIM 9HUCJIOM Ha3bl8ACMCA BIPANCEHUE 6UAA

z =a+ bi, (1.1.1)
ede a, b — deticmsumenvnoe wucaa (a € R, b € R), i — wucao, keadpam
KOMOpPo20 pasen munyc edunuue (2= —1).

Omnpenenenne 2. Yucaa a u b npu smom wmaswviearom coomeemcmeeHHo
JeCTBUTEJIBHOM 1 MHHMOM YaCTBIO KOMNACKCHO20 YUCAA U 0003HAYAI0M

a = Rez, b =Imz, 1 — MEUMag eauHAUIIA.

Omnpenenenune 3. Bupaocenue (1.1.1)) nasweaemcs anredbpandeckoii ¢pop-

MO 3anuUct KOMNAEKCHO20 YUCAA.

MuoxectBo (1ose) KOMIIEKCHBIX dncest obosnadaercs C.

IIpumep 1. 3anucarhb AEHCTBUTEIBHYIO ¥ MHUMYIO YACTH YHCEJT

21=3—21, 20=09, z3=-31, z=1+u1.

Pemenne.
Rez; =3, Imz = —2;
Rezy =5, Imzy =0;
Rezz3 =0, Imz3= —3;
Rezy =1, Imzy=1.
UcTopusa

BriepBbie KOMILIEKCHBIE YKCIa OBLIN BBEJEHBI B CBSI3W C BhIBeJIEHHEM (hop-

3 = px 4 q. Uranbanckuii

MYJIbl BBIYMC/ICHNS KOPHEHl KyOMYeCcKOro ypaBHEHUS
MaTeMaTUK TapTaJbs B mepBoii mojioBuHe X VI BeKa MOJIYIUI BhIpaKeHue JIJisd
KOPHSI TaKOI'O ypaBHEHUsi depe3 napamerpbl. Kak okazaJjoch, Takoe pelieHue He
JUIST BCeX KyOMYecKux ypaBHEHHI MMeJIO pelleHre B JAeHCTBUTENbHBIX YUCIaX.
D10 sBjaeHne odbsacHma BoMbesn B 1572 roay, 9To 10 cyTH u OBLIO BBEjIE-

HIEeM KOMILIeKCHBIX unces. U Toabko jummb B XIX Beke Kapa ['ayce obocroBad



9TH YUCJIA U BBEJ TEPMHUH «KOMILJIEKCHBIE Unciay. « MHUMBIMIY 9TH UUCJIA CTa-
Ju HasbiBaTh Ouarojaps Pene [ekapry (1637 r.).

CumBosT «i» BBes ofuH W3 KpynHeifimux maremarnkoB XVIII Beka Jleo-
HapJl Dijaep, NPeJIOKUB UCIOJIL30BATH TEPBYI0 OyKBY (paHIly3CKOro CJI0Ba
imaginaire — MHUMBIIA.

IIpumenenune

® SJIEKTPOTEXHUKA (CJAOKHBIE HHTEIPAJIBI PEIIAIOTCs Jierde 1 ObicTpee);

® CaMOJIETOCTPOCHUE;

® A3POMEXaHMKA;

® pacyeTr pPa3JnyHbIX KOHCTPYKIMHA HA IPOYHOCTD.

1.2. JleiicTBuga HaJ KOMIIJIEKCHBIMU YUCJIAMU
OrHomleHne mopsijika HEBO3MOXKHO, TOJILKO JIMIIIL PABEHCTBO.

Onpenenenue 4. Komniekcuoie 4ucaa na3v6aomcs PaAaBHBIMHU, €CAU Y HUL
COOMBEMCMBEHHO PABHDBL JeTCMEUMENOHVIE U MHUMBLE YACTU:

Rezl = R,eZQ,

21 = 29 <=

Imz; = Imzs.
Onpenenenue 5. Komnaexkcnvie wucia ma3vi8aomcsA COIPAXKEHHBIMHU, €C-
AU Y HUT Pa6HbL JetiCmBUMENbHIE YACMU, & MHUMDLE NPOMUBONONOHCHDL NO
anaxy. Hucao, conpascennoe wucay z = a + bi, obosnavaemes z = a — bi:

Rez = Rez, Imz = —Imz.

Onpegenenne 6. CyMmoil dsyr KomniekcHvlr wuces 21 = a1 + b1t u 29 =
as + bat maswvieaemea wucao z = a + bi, maxoe, wmo cnpasediuBsl PABEHCNEA

a=ai;+ay, b=">b+ by, m. e.
2221+22:(a1+a2)+’i(bl+b2).

IIpaBuio ciaoxkeHus. [Ipu cioxxennnm KOMIIEKCHBIX UHACENT CKJIaIbIBAIOTCS
JIeCTBUTEIbHBIE 1 MHAMBIE JaCTU COOTBETCTBEHHO.
IIpumep 2. Haiitu cymmy 9aucen 23 u 29, 29 U 23, TIe 21 = 3—21, 29 = 5+21,

Zgzl—i.



Pemenne.
21+ 20=3-21+5+2i=(3+5)+ (=2 + 2i) = 8;
o+ 23 =5+2i+1—i=(54+1)+ (2 —i)=6+1.

Onpenenenue 7. Pa3HOCTBIO 06YT KOMNAECKCHOIT wuces 21 = a1+b1t u 29 =
as + bt masvieaemcs wucro z = a + bi maxoe, wmo cnpasediusv. paseHcmsa

a=a; —ay, b=>by—by, m. e.
Z=Z1—22:(al—a2)+i(bl—bg).

IIpaBusio BbraumTaHud. [Ipn HaXOXKIEHNH PA3HOCTH KOMILIEKCHBIX THCETT
U3 JICUCTBUTEJILHON W MHAMOW YacTeil YMEHLITaeMOTr0 BBIYATAIOTCA COOTBET-
CTBEHHO JIefiCTBUTEJIbHAS U MHAUMAs 9aCTU BBIYATAEMOIO.

IIpumep 3. Haiitu pasHocrh ducen z4 U 2o, 29 U 23, Tje 21 = 3 — 21,
22:5+2i, z3=1—1.

21 —290=3—2i—(b+2i)=(3—5)+ (—2i — 2i) = —2 — 4i;
oz =542 — (1—d)=(5—1)+ (2 +14) =4+ 3i.

Onpenenenne 8. IIpousBeaeHUEM 06YT KOMNACKCHVIT Yucen 21 = aq + byt
u 29 = ao + bot mazweaemcsa wuciro z = a + bi, makxoe, ¥mo cnpacedsUEHl
pasencmea a = ajas — biba, b = a1by + ashy .

[omyanm dbopmyity st IpOU3BeIeHNUsI
2 =212y = (a1 + b1’i) . (ag + bgi) = aias + a1bat + asbyt + bleiQ,
2 .
YUUTBIBaETCs, 4TO 1° = —1:
a1a9 + a1bot + asbit — b1by = (a1a2 — 6162) + i(albz + agbl) =

Z = 21"RQ — (a1a2 — blbg) + i(albg + agbl).

IIpaBuio ymHoxkeHusi. KoMmimiekcHble 4nc/ia IepeMHOXKAIOTCA, KaK JIBY-
4JIeHbI, IPU STOM YUUTBIBAETCSA, 4TO 42 = —1.

ITpumep 4. Haiiru ipoussejiennie uncesi 21 u 2o, rjie 21 = 1—21, 29 = 3+44.
z1-29=(1-2i)-3+4i)=1-3+1-40—2i-3—2i-4i =
=3+4i—6i—8i>=3—-2i+8=11—2i.

8



ITpumep 5 (Teopernveckuii). Haiitu mpousse/ieHme COMpszKeHHBIX KOM-

IJIGKCHBIX YUCEJI 2 U Z.
z-Z=(a+bi)(a—bi) =a®+ abi — abi — b*i* = a* + b

Takum o6pa30M, MbI ITIOJIYy4IMJIX, 9TO IIPOUI3BCJACHNUEC COIIPA2KEHHDbBIX KOMIIJIEKCHbBIX

quceJ Beeria Oyaer JefiCTBUTEIbHBIM OJ0XKUTEJIbHBIM YUCIOM.

Onpenenenne 9. YacTHBIM om deacnua wucaa z1 = a1 +b1t na z9 = ag+ byt
(z2 # 0) naswsaemca wucao z = a + bi, maxoe, ¥mo cnpacediuco pasencmeo
229 = 2.

IIpaBuisio gesgenns. UroObl pas3jieurs 9ucjio 21 = a1-+b1t HA 29 = a9+ byt
(29 # 0), coepryer qucanTe b U 3HAMEHATEI b JIPOOK 2L yMHOXKUTD HA HUCIO 22,
COIPSI>KEHHOE 3HAMEHATEJTIO.

IIpumep 6. Haiitu yactHOE OT fejieHus dnciaa z; = 3+ 21 Ha 29 = 2 — 1.

Permienne.

3420 (3+2i)(2414) 6+ 41+ 30+ 2

2—i  (2—49)(2+1) 4 — 2
(6—2)+(4+3)i 447 4+7.
= = _= — —17.
4+1 5 5 5

Onpenenenne 10. Bo3BegeHne KOMIIJIEKCHOTO YMCJIa 2 B CTENEHb N —
HATOHCICHUE NPOUSBEIEHUA T COMHOHCUMENET, KaAHCObIT U3 KOMOPHIT PAGEH Z .

IIpaBujio Bo3BeJieHUd B cTelleHb. [Ipn BO3BeieHNN B CTENIEHb N UNCHIA 2
MCIIOJIb3YIOT [IPABKUJIO BO3BE/ICHUST B CTeleHb jiBydseHa (a+bi), B obiieM ciydae
npumMensiercs gpopmysia bunoma Heiorona:

n
(a+bi)" = Z Cra"k(ib)*, e OF =
k=0

n!

kl(n —k)V

IIpumep 7. a) Hajitu pasmuunblie crenenu uucia i: 10, 10, i, b) Haiitu
Im(1 —4)* Re(2 —1)3.

Pemienue.
a) PackiajipiBaem J100yIo crereHb yucia i TakuM 06pa3oM, 4ToObl BbIJIEIUT

2



,1:23 — (,1:2)11 . 7/ — (_1)11 . Z — _Z

b) g mavgana HaiijieM KaxkJoe U3 JBYX UHCEJ, MHAMYIO ¥ JICHiCTBATEIbHYIO

JaCcTh KOTOPBIX HAM TPeOYeTCs OMpPeIe/IUTh:
(1-—)t=1"-4-13-4+46-1*>-4>—4-1->+i' =
=1-4—-6+4+1=—4.
MHunMast 9aCTh MOJTYUIeHHOro Yncia Oyaer pasHa nymo, T. e. Im(1 —1)* = 0.
2—-i)P=2"-3-5i43-2-* —?=8—-121 — 641 =2 — 11i.

JleitcTBUTeIbHAS YACTD HOJYYeHHOIO Yucia pasha 2, T. e. Re(2 —1)3 = 2.

1.3. T'eomerpuuecKass MHTepHOpeTaIlud KOMIJEKCHBIX YHCeJI

Kaxx/joMy KOMILJIEKCHOMY YHCIY z = a + bi reoMeTpudecKu MOXKHO COIIO-
craBuTh TouKy M (a;b), abcrmecoit KoTopoit siByisiercst a = Rez, opaunaToit

b = Imz. Ocb abciuce — JIeiiCTBUTENbHAS OCh, OCh OPJUHAT — MHUMAasI OCh.

v ’\ MHHMAA OCE

|z

\
\
\
|
|
\
|
\
\
\
LP | AeHCTBHTeABHAA
| ocE
L i
a

X

Puc. 1. Inarpamma Aprana

Yrupaxkuenue 1.3.1. II300pa3uTh Ha KOMIIJIEKCHOW MJIOCKOCTH CJIEJIYIONINAE
qucsa:
z71=1431, 20=31, 23=-241, z24=—1,

25:—2—i, Z@Z—Qi, Z7:1—3i.
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2. Tpuronomerpuieckas (popMa KOMIJIEKCHOTO 9HUCJIA

2.1. Tpwuronomerpudeckas popma

[Tosiozkenne TOUKM Ha TJIOCKOCTH MOYKHO 3ahUKCHPOBATL MApOi UHCel
(|z|,¢), tme |z| — paccrosiiue or TOUKM 2z JIO Hadakda KOODJMHAT WJIM JJIUHA

pPaJInyCc-BEKTOPa, COOTBETCTBYIONIETO JJAHHOMY KOMILJIEKCHOMY YUCJTY.

|z| = vV a? 4 b% no reopeme Iudaropa.

Omnpenenenne 1. Aprymentrom (Arg z) xomnaekcruozo wucaa z = a+bi na-
3VBAEMCA Y20N O, HA KOMOPHIL HYHCHO NOBEPHYMD NPOMUB YaACOB80T CMPENKU
NOAOACUINENOHYIO BEULLCTNGEHHYIO NOAYOCH, YMOObL €€ HANPABAECHUE COBNAND €

BEKMOPOM Z HA KOMNACKCHOT NAOCKOCTIU.
Argz = o + 27k, k € Z.

Omnpenesienne 2. ImaBHBIM 3HaYEHNEM apryMeHTa (arg z) KoMniekcHo2o

yucaa z = a + bi nazweaemea yeor 0 < o <21 (—m < < 7).

B 3aBuCHMOCTH OT KOODJIMHATHON YETBEPTH, B KOTOPOH PacIOJI0XKEHO KOM-

I[JIEKCHOE 4YUCJIO, HaXOAUM yI'OJI @

( arctgg, ecin 2z € I
arctgg—l—ﬁ, ecim z € 11,111
arctg§+27r, ectu z € IV

©=194 0, eciu b=0,a > 0;
m, ecitu b= 0,a < 0;

T
2 ecim a = 0,b > 0;

3
—W, ecin a = 0,b < 0.
\ 2

OHpe,Z[eJIeHI/Ie 3. QOPMCZ 3aNuUCy KOMNAEKCHO20 HUCAQ, YHumbvbiearouad Mo-

QYAb U 2AG6HBLT apeyMmenm daHH020 YUCAE, HA3DIBAEMCA MPUZOHOMEMPUECKOT
Phopmoti KomMnaercHo20 YuUcAa:

z = |z|(cos ¢ + isinp). (2.1.1)
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IIpumep 1. [IpegcraBuTh YuCIa B TPUTOHOMETPUUIECKON (opMme:
21=10, 29=2i, z3=+3+i, z4=1—1.

Pemenne. Oupejienum jiisd KaxXK 000 9Ucjia apryMeHT U MOIYJIb.

2] = V102402 =10, ¢ =0=
z; = 10(cos 0 + 7sin 0);

2] =02 422 =2, =2 =

2
T .. T
22:2<cos§—|—zsm§);

NN 1
‘Z3|: \/§+12:27 <p3:arctgﬁ:%$

T .. T
23:2<cosg—|—zsmg);

1 s
24| = /124 (-1)2 = V2, <p4—arctg¥—l—27r—1
7 7
24 = V2 (Cos—ﬂ—kisin—W) .
4 4
JeiicTBust HAJ| KOMILUIEKCHBIMM YNCJIAMUA B TPUTOHOMETPUYIECKOIA
dopme
21 - 29 = |21] - [22](cos(i1 + p2) +isin(pr + ¥2));
z 21 ..
a_l ‘(008(901 p2) + isin(pr — p2)).
29 ‘ZQ‘
ITpumep 2. BLIMosHnuTL yMHOXKEHUE U JCJICHAE B TPUTOHOMETPUICCKOI (hop-

Me, ecJn
3 3 5) 5)
21 =295 (COS%—FZSID%) , 29 = \/6 (COS% —I—zsm%T) .
Pemienne.
3 5) 3 5)
2129 = 5V6 <cos <§7T + g) +2sin (g + g)) =

= 56 (cos T + isinm) = —5v/6;

225 (s (3_0T) 4 (32 5TY)
7 6 8 8 8 B



2.2. @Popmysasl MyaBpa n Jiijiepa

Onpenenenne 4. Qopmynra Myaspa 0rs 6036edeHUA KOMNACKCHOZ20 YUCAL 6
cmenens n:

2" = |z|" (cos(np) + isin(np)) ,n € Z.

OHpe,Z[eJ'IeHI/Ie 5. Hszereuenue KOPHA N CMENEHU U3 KOMNAEKCHO20 HYUCAAS

2 2
Vz = /)] (cos <M> +isin (M» k=0,1,...,(n—1).
n

n

|a

o V3

Ipumep 3. Haiitn 2% n /z qs 2z = 52 — B4,
Pemenwne. /[y Toro 4roObl IPUMEHUTD (bopMyJIy MyaBpa u gpopmyny u3-
BJICUCHUS] KOPHSI M3 KOMILJIEKCHOTO UHCJa, HEOOXOMMMO MpECTABUTL UHCJIO B

TPUI'OHOMETPUYECKOI popme.

2| = (§> +<B> _ /2 wzarctg(—1)+2w:%:>

2 2 2’

2:7—72: 5 cosz—{—zst

[Tpumenum popmysy Myaspa:

20
3 T 7T
20 __ e . . ) Q1 . —_ =
2 = ( 2) (008(20 4>—|—zsm(20 4))

310
210
V3Bneuem KBaJipaTHBI KOpeHb M3 3aJIaHHOrO ducia. /g sToro samuirem

V3 V3, 3( T ..77r>.

(cos(357) + isin(35m)) = (1,5)* - (=1) = —(1,5)Y.

dopmyny s KBagpaTHOTO KopHd. Jlasee mojcTaBuM 3HAUEHNUS MOJIYJISA U apry-
MEHTa ¥ BbIlKIIeM 00a 3HaYEHUsI, KOTOPBIE 1OJIyYalOTCs IPU U3BJICICHUM KBa/I-

paTHOrO KOpHst (ObL1 6bI KOPEHD IATO CTENEHN, Mbl ObI IOy YUIIN 5 3HAUEHWIA ).

21k 21k
vz =T <cossﬂ+_ﬂ+isinw++>, k=01,

2

\/__ \/\/’ 77r+27rk+z_sin +27Tk>,k:0,1;
2
npu k=0
.3 T .. Tr
cuo:\/;(cos?—i—zsm?);
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npu k=1
43 1570 . . 15«
w1 = 5 (cos? —|—zs1n7> .
Yupaxkuenune 2.2.1. [Ipu nomorru dpopmysnsl Myaspa u ¢popMyJibl U3BJIe-
qennst Kopust Haiith 120, /4. Ha KOMIJIEKCHOH TJIOCKOCTH M306pasuTh BCE TPH

3HAQUEHUS] KOPHS U3 YUCJIA .

Onpenenenne 6. Pasencmeo
Z(p o . .
e’ = Ccosp+ 18N

nasvisaemca popmynoit dittepa. Tozda sanucy 6uda z = |z|e'¥ nazweaemcea

MOKa3aTeJbHOI (POpMOIT 3anucu KOMNAEKCH020 YUCA.

Yropaxkuenune 2.2.2. 3anucarh 9ucia z; = —di, 29 = —3 + 41 B 10Ka3a-
TeJIbHOI (popme.

JeilicTBug HaJ KOMIJIEKCHBIMEA YMCJIAMH B IMOKa3aTeJIbHOM (popme
21 R = ‘Zl‘ei(‘ol . ‘Zﬂewz = ‘Zl| . |Z2‘ei(¢1+902);

za _lale  al o).
bl

zy9  |zoleir |z
2 = (2] = |2|F - *° k€ Z.
- 3
ITpumep 4. /s kKoMmiuiekcHOro uucia z = 4e's B nokasarejbHOi gopme
BBITIOJIHUTH BO3BejieHne B crenenb 100; mpejcTaBuTh MCXOHOE YKNCJIO0 B ajred-
pamueckoii (popme.

Pemenne. Bocnoab3yemcst ¢popMysioii BO3BeIeHUsT B CTEIEHDb JJIsl THCIIA,

IPEJICTABJIEHHOI'O B 110Ka3aTe/IbHON (hopme:

leO — (|Z‘6w)100 — ‘Z|100 . eilOOgo;
(461%)100 _ 4100 . e1'100% — 4100 . ez’%” — 4100 <C052§ +isin 2_7T) —

3
(1) g 5
2 2
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3. T'eomerpmyeckKkoe MeCcTO TO4YEK

Moaynb — paccTogHne MeXK/y AByMd TOYKaMU. Kcjin paccMaTpuBaTh
MOJ1yJTh KOMIIJIEKCHOT'O YHMCJIa KaK PACCTOSTHUE MEXK/JLy TOUKAMU Ha, KOMILJICKCHOM
IJIOCKOCTHU, TO TIOJIY9aeM 7 pa3jIudHbIX CJIydaeB reOMeTpUIecKOil MHTepIpeTa-

oYy MOIYJIA, COAEP2KaAIIECIO0 KOMIIJIEKCHBIC 9KHCJIa.

1. |z — 20| = a, (|2 — 20| > a, |z — 20| < a) — okpyx)HOCTE € HEHTPOM B
TOUKE 2y M pajuycoM R = a (BHEIIHss YacTh OKPYKHOCTH, BHYTPEHHOCTD

KpyTa).

2. a < |z — zg| < b — KOJIBIO € MEHTPOM B TOUKE Zj ¢ pajuycamu R} = a u
Ry =b.

3. arg(z — zg) = ¢ — JIyd C HAYAJIOM B TOYKE 2y M yIJIOM [OBOPOTA OTHOCH-

TeJibHO ocu (J, paBHBIM .

4. a < argz < B — BHYTPEHHOCTH HEOTPAHUIEHHOI'O OTKPHITOIO CEKTOPA C

BEpILIMHOI B TOUKE 2y U yIVIOM [ — (.

5. Rez = a (Rez > a, Rez < a) — npsamas ¢ = a, napaJuieibHas MHU-
MO#t ocH (T10JTy TIJI0CKOCTh, HAXOJISIIIASICS [IpaBee NPsiMOii T = a; TI0JIy 1J10C-

KOCTb, HAXOJIAIIASICS JIeBee MPsAMOil & = a, BKJIIOUAs CaMy MPIMYTo).

6. Imz = b (Imz > b, Imz < b) — npsimast y = b, napaJuiesbHas Jjieii-
CTBUTEJIbHOM OcH (MOJIYIJIOCKOCTb, HAXOMSIIAACS Bbille IpsMoii y = b;
IOJTYIJIOCKOCTD, HAXOIAIAACA HIKe NPsAMOil y = b, BKiIodas caMy IIpsi-

MYT0).

7. |z — 21| = |z — 29| — MHOXKecTBO TOUEK, PABHOYMATIEHHBIX OT TOUEK 2] U

Z9, TO €CTh CepEeJINHHBIN MMepPIeHUKYJISAP, MPOBEJEHHbIN K OTPE3KY 2129.
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YrpakHeHus JIJIg CaMOIIPOBEPKU

Yupaxkaeane 1. /JaHpl JBa KOMIIIEKCHBIX UHCIa 21 U Zo. Halitm 21 + 29,

<1
Rl = R2, A1 R2, — ¢
<2
.21 =142, 20 =1—-21. 0. 21 =34+ 21, 20 =2 — 3.
2. 2 =24, z9=—2—1. 6. 21 =4+2i, 20 = —5+1i.
3. z1=1441, 20 =2 — 31. 7. 21=—1, 20 = —1+41.
4. 21:—5,22:4i. 8. 21:6+Z,22:4+32

Yupaxkaenue 2. /s 3aJaHABIX KOMIIJIEKCHBIX YHCeN HAUTH WX MOJIYJIU U

apryMeHThI:

l.2=1+2 0. z=—1

2. z=—-1—1 6. 2 =231

3. 2=06—1. 7. z=4—21.
4. 2= -5+Ti. 8. z=1+4 2.

1 (V3-i)" 5. (2i)™.

2. (2—1)°. 6. (2cos & + 2isin )"
o \37

3. (smﬁ—l—zcosﬁ) . (ﬁ—l—ﬁi)‘r’
. 7.2 2

4. (—i)BL. (1— +/3i)3

Yupaxkuenue 4. Haiitu Bce 3HaUeHUs CJIeIYIONUX KOPHEH U M300pa3uTh

X Ha KOMIIJIEKCHOI MJIOCKOCTH:
1. v—i. 5. v/v/3 — 3i.
2. V24 2V/3i. 6. </—32 + 3%.
3. v/—16. 7. v/—1—1.
4. 9+ 9. 8. 4+ 3i.
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Yupaxkuenue 5. IlpencraBuThb B TPUTOHOMETPUUECKOH (pOpME KOMILIEKC-

Hbl€ HYUCJIa:
1. v—i. 5. v/v/3 — 3i.
2. V24 2V/3i. 6. v/—32 + 32i.
3. /—16. 7. v/—1—1.
4. /94 9. 8. v/4+ 3i.

Yupaxkuenue 6. [locrpouTb 00/1aCTH HA KOMILIEKCHOMN I1JIOCKOCTH:
L Q) = {Im(2(3+ 2i)) > 0; § < arg(z+ 37) < 5}
2. QQ = {Rez+j+2 S 1}

3. Q3 ={0 <Rez < §,1 < Imz < 2}.

4. Qp={f <argz < §}.

5. Q5 ={]z| > 2,-F <argz < 0}.

6. Qs ={-2mr <Rez<0,-1<Imz < 1}.
7. Q7 = {Rez < 0,Imz < 0}.

8. Qs ={|z| = 2}.

9. Q9 = {lz[ < 1}.

10. Q9 = {RGZ > 2,1 <Imz< 3}
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YuciyoBble 1 CTEICHHBIC PAAbl

4. YwucjioBbie pd/ibl

4.1. 3HaAKOIOCTOSHHbBIE PAAbI

Onpenenenue 1. I[Tycmov 3adana nocaedosamenrvinocms deticmeumesvbHuLT -
cen uy,, n=1,2,..., cocmasum nosyro nocacdosamesvrocms S,, n=1,2,...

S1 = uy;

Sy = uy + ug;

S,=ui+uy+ ...+ u,.

Cymma suda ur+us~+...+u,+... Ha3v6aemca IUCITOBBIM PAIOM ¢ 00UUM

iun, (4.1.1)
n=1

INEMENMBL Uy — HAENYL PAda, a nocaedosamervrocmsv {S,} — nocaedosamens-

YNAEHOM Uy U 0003HavaeMmcs

HOCMb YACTMUYHBLE CYMM PAda, S, — N-A YACTUNHAA CYMMA PAA.

Ompenesienne 2. Ecau nocaedosamenviocms wacmusunos cymm pada (4.1.1)
cTodUMCA, Mo 0O HA3LIGAEMCA CXONSAMAMCI PAAOM, G €CAU PACTOOUMNCH —

PaCXOaAIIIMCH.

Onpepesienne 3. Ecau (4.1.1) cxonutes, To lim S, = S HasbBaroT CyMMOi

n—oo
pda.

@) ©.¢)

Omnpenenenne 4. Cymmoit panoB Y a, u », b, nasweaemesa pad euda
n=1 n=1

.¢)

> (an+by), m. e. waenvt 106020 pada 06pa306aNHLL KAK CYMMBL COOMEEMCMEY-
n=1
WU 4AEH06 DaHHBLL PAJOE.

CBoiicTBa cXoadmuxcs PsaoB

o0 o0
1°. Ecom ) a, cxomnres, To psg >, C - a, cxoaures u

iC-an:C-ian.
n=1 n=1

18



0 0 O
2°. Ecmu > a, u Y by, cxongres, o Y (a, + by) cxomures u
= TL:1 n=

n=1 1
Z(an+bn) = Zan+ an
n=1 n=1 n=1

Hoxazameavcmeo. CsoiictBo 1°.
0

[To ycaosuto psig > a, cxogurcs. CocTaBUM N-10 YaCTUIHYIO CYMMY Dsijia,

n=1
A,=a;+ay+...+a,. Torna lim A, = A.

n—oo
0
CocraBum n-1o vactudnyto cymmy psja: », C - ay,
n=1

Sp=Ca;+Cay+...+Ca,=Cla; +az+ ... +a,) = CA,.

Torna
n—r00 n—00 n—00
00
HOJIy‘{I/IJII/I, qTO AJid pAaa Z C - Gy CYLIECTBYET KOHEYHBIN InpeaeJi 1ocJjen0-
n=1
00
BaTEeJIbHOCTHU €I'0 YaCTUYHLIX CYMM, CJieJJOBaTeJILHO, DAL Z C-an CXOJINUTCA. ]
n=1

oxazamenvcmeo. CsoiictBo 2°.

0 0
[To ycoBuio psijibl Y ap, u Y b, cxopsitest. CocraBuM Mn-€ 4aCTUUIHBIE CYM-

n=1 n=1
MBI psijioB A, = a1+as+...+a, u B, =b;+by+...+0b,. Torna lim A, = A
n—oo
u lim B, = B.
n—oQ
o0
CocraBuM n-10 9aCTHIHYIO CymMMy psga Y (a, + by):
n=1

Sy = (a1 +by)+ (az +ba) + ...+ (an +b,) =

=(a1+ay+...+a,)+ (b1 +bs+...+b,) = A, + B,.

Torna
lim S, = lim (A, + B,) = lim A, + lim B, = A+ B.

n—oo n—oo n—oo n—oo

0.9]

[Tostyuumsu, aro s psajga Y | (a, +b,) cylecTByer KOHEUHBI 1pejiest mocie-
n=1

JIOBATEJILHOCTH €0 YaCTUYHBIX CyMM, CJICJIOBATEIILHO, PsIJI CXOJMUTCSI. O
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o0 1
IIpumep 1. Haiitu cymmy psiia .
n;l n(n+1)
Pemenwne. [lnsg nHauaja BbIIUeM n-ii WieH psja © pas3odbeM JIpodb Ha,

npocreiiye (BOCHOIb3yeMCsi METOJIOM Heolpejie/ieHHbIX Koaddurmentos |? |):

1 A B A(n+1)+ Bn
aQp = ————— = — + = .
nn+1) n n+1 n(n+ 1)

BrimuckiBaeM Ko DUITUEHTHI B YUCIUTENE TTPU OJIMHAKOBBIX CTEMEHsIX CJIeBa 1
crpasa;
n: 0=A+B,
n’: 1=A.
Pemum cucremy ypapaennit n nosyuum A = 1, B = —1. Tenepb Mbl MOXKeM

3allcaTh n-it 4JaeH psijia B CJAEYIONEM BUJE:

1 1 1
an:—:—

nn+1) n n+1

BocnoJib3yeMcsi HOBBIM BHJIOM 1-I'0 WJIeHa Psijia U 3alumeM S, :

5_1_1+1_1+1_1++1_1 _1_1
"\ 2 2 3 3 4) 77 \mn n+1) T n+1

Haiinem cymmy psia:
: . 1
S:thn:hm<1— ):
n—00 n—00 n+1

6]
IIpumep 2. Haiitu cymmy pajga > (—1)"L,
n=1

Pemienne. ,Z[.HH Ha4daJla PaCCMOTPUM Pa3JIMYHbIC YaCTUYHBIE CYMMbI DsAJIA:
Sl = ay — 1, SQ = a1+a2 == 1+(—1) == 0, Sg == a1+a2+a3 == 1-|—(—1)+1 = 1,

Siy=a1+ay+az+a,=14+(-1)+14(-1)=0,
Ss=a1+a+ag+as+a;=1+(-1)+1+(-1)+1=1.

MbI nostyanin pacxosInyocs MOCIe0BATE/IbHOCTh, TaK KaK MPeJIes MOJII0CIe-
JIOBATEJIbHOCTHA C YETHBIMA HOMEPaMHU YaCTUYHBIX CYMM CTPEMHUTCS K HYJIO, T.
e. li_)m So, = 0. B 370 2Ke BpeMst Ipejiest MonocaeJ0BaTeILHOCTH ¢ HeIeTHBIMI
HO&GIO)OaMI/I JaCTUIHBIX CYMM CTPEMUTCS K €JIUHUIE, T. €. li_)m Sops1 = 1. Ta-
KM 00pa30M, y OJHOI II0CJIeIOBATEILHOCTU €CTh JIBE HO,ZI;H?)CJ?ZBAOB&TQJH)HOCTI/I,
KOTOPbIE CXOAATCA K Pa3/JMUHbIM IIpejiesiaM, COOTBETCTBEHHO, UCXOAHAS TTOCTIe-

JIOBaTEIbHOCTD pacxoautcs. CiegmoBaTe/bHO, W Psijl PACXOUTCS .
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3amedyanne 1. Cymma JBYX paCXOIANINXCA PSAJIOB MOXKET OBITb CXOJISNIAMCS
PSIIOM.
o0 o
IMpumep 3. Haiitu cymmy pajgos Y (—1)"  u S (—1)".
n=1

n=1
Pemenne. B nipumepe 2 mbl yOe/iujinch, 4To psiji, COCTABJIEHHbBIN U3 depe-

aytomuxcst 1 u —1, gaBisiercst pacxojisAinnumMces. B ycjioBun JJaHHON 3a/1au1 y HaC
JIBa pAJia, KOTOPbIE OTJIMYAIOTCA TEM, YTO y IE€PBOIO U3 HUX HEYETHbIE 4YJie-
HBI P18 TOJOXKHATENBbHDBI, a YeTHbIe — OTPHUIATeJbHbI. [l BTOporo psja Bce
HEYeTHBIE WICHDBI Psijia OTPUIIATE]bHBI, & YeTHbIe — HOJOXKUTeNbHb. Ho 06a aTn
pdJia pacxoiAaTCs.

Yoeaumcst B TOM, 9TO Psiji, COCTABJIEHHbBIN M3 CyMMbI JAaHHBIX JIBYX DPsIJIOB,

6y,B;eT CXOAAIIINMCHA. Brimuriem HeCKOIbBKO NMEPBBIX YJIEHOB HOBOT'O PsAlla:
a1+b1:1+(—1):0, a2+b2:—1+1:0, a3+63:1+(—1):0

Takum 0O6pa30M, BHOBD HOJIYIEHHBIA PsIJT — 3TO Psiji, COCTOAIINM u3 Hysei. Ero

cyMMa OyJjieT paBHa HYJI0. Psiji siBasieTcsi CXOIsIIIUMCS.

Teopema 1. Heo6xomumoe ycaoBue cxoaumoctu. Ecau pad (4.1.1) cxo-
dumes, mo €20 00wl YACH CMPEMUMCA K HYAI0:
lim w, = 0. (4.1.2)
n— o0

3ameuyanue 2. OOpaTHOe HEBEPHO, TO €CTh CYIIECTBYIOT PSAJIbI, JJIsI KOTOPBIX

lim u, = 0, HO psaJ pacXoauTCs.
n—oo

CraenctBue 1. Ecau npeden obwezo waena pada omauver om Hwysd Ul He

cyuiecmeyem, mo pad pacrooumcs.

IIpumep 4. IIpoBepuThb HEOOXOTUMOE YCIOBUE W HAUTU CYMMY DPsJia,
>
n=1 \/ﬁ

Pemenwne. I[Iposepum Heobxommoe ycjioBue:

lim u, = lim — = 0.
n—00 n—o0 A/ N

Heobxoanmoe ycsioBue BoimosiHsiercs. ajee Haiijgem cymmy psifa, JJisi 3TOTO

BBIIIKMIIEM YaCTHUYIHYIO CYMMY pPAIa:

Si=1+ —4 4 4]
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,HJIH TOrO YTOOBI MBI CMOIJIA ITOCUUTATH npejaeda rILaHHOI'/JI CYMMBbI, 3aM€HUM BCeE

CJlara€eMbl€, KpOMe€ I10CJIeJJHEr'0, HauMEHbIINUM 4YUCJIOM, T. €. \/Lﬁi

1+1_|_1+ 1
AT

OueBuiHO, UTO HCXOHAs CyMMa BOJIbIIE TOJLYYEHHOH, TO ecTh Sy, > 0, = /N,

= /n.

Op —

npu srom lim o, = lim \/n = 400. CuejoBaresbHo,
n—oo n—oo

lim S, = +o0,

n—oo
COOTBETCTBEHHO, PsiJi pacxoaurest (eM. Samevanue 2).
IIpumep 5. IlpoBepurh HEOOXOMMOE yCAOBUE JJIST CJIEAYIONINX PSIIOB:

2

) n
5.1 o —

—_

(5:2) ni::l (n :L- 1>n;
(5.3) gjl n32

Pemenwne. IIposepum reobxommoe ycsosue Jyist psija (5.1):

77,2

i =30

coorBercTBeHHO, psijl (5.1) pacxogurest (em. Coepcrsue 1).
[IpoBepum HEOOXOIMMOE yeiioBHE [T psja (5.2):

lim( ° ) = lim (1—|—(_1)> —limen;ﬁ:e_lzl#o,
e

n—oo \ n + 1 n—00

/\

coOTBETCTBEHHO, psijt (5.2) pacxomures (em. Crepcrrue 1).
[IpoBepum HEOOXOIMMOE yeI0BHE [T psja (5.3):

n 3\" 3\ n 3
]img—zlimﬁzlimw

= 400
n—oo N2AN n—oo N n—00 ’

coorBercTBeHHO, psijl (5.3) pacxogurest (em. Coepcrsue 1).
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4.2. IIpm3HaKN CXOAMMOCTH

IlycTts Ham jan ps
> un. (4.2.1)
n=1

Teopema 2. IlepsBroIit npu3Hak cpaBHeHUd. I[lycmv dan pad

o0

> b (4.2.2)

n=1
u u, < b,, Yn € N. Tozda

1) ecau pad (4.2.2)) cxodumea, mo pad (4.2.1) cxodumca;
2) ecau pad (4.2.1) paczodumes, mo pad (4.2.2)) pacxodumca.

Teopema 3. Bropoii npusHak cpaBHeHud. Fcau u, ~ b,, m. e.

. Up
lim — =k,
n—oo b,

mo (4.2.1)) v (4.2.2) cxodamea uau pacrodames odnospemeno.

A Tenepnb paccMOTpPUM Psifl, ¢ KOTOPHIM YJI00HO OyjieT cpaBHUBATH PACCMaT-

puBa€MbI€ HaMU PAJDI.

ll'apMoHmYyeckmii ps

i 1 a>1 = pang cxoaurcs, (4.2.3)

n=1 E a <1l = pam pacxoguTcs.

0
Teopema 4. IIpuszunak damambepa. Ilycmv dan pad Y u,. Tozda ecau

CYULECTNBYEM, YUCAO n=t
g = lim 22+ (4.2.4)
n—00 Uy
mo npu q > 1 pad ( pacrodumc,
mo npu q < 1 pad (4.2.1) cxodumea,
mo npu q =1 — 2 (6onpoc ocmaemea omrpvimuvim, daHHOIT NPUSHAK HEAD3A

NPUMENAND K UCCAEA0BANUIO MAK020 PAJIA,).

NB! Eciu obminii wien psia cojepKuT (pakTopua, To PEKOMEH IYeTC sl IPHU-

MEHSTD JIJIsi MCCAEJI0OBAHMS Psijla HA CXOJMMOCTb UMEHHO 1pusHak Jlasambepa.
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o0
Teopema 5. llpusnak Kommu (paaukanbubiit). [Tycmo dan pad > u,.

n=1
Toz0a ecau cyuecmeyem “4ucro

g = lim Vu,, (4.2.5)

n—oo

mo npu q > 1 pad (4.2.1) pacrodumes,
mo npu q < 1 pad (4.2.1) cxodumea,

mo npu q =1 — 2 (6onpoc ocmaemea omrpuimuvim, daHHOIT NPUSHAK HEAD3A

NPUMEHAND K UCCACIO8ANUI0 MaK020 PAda).

IIpumep 6. lccienoBarh Ha CXOMMMOCTH CJEJIYIONIAE Psijibl:

o0 16
0.1 :
(62) > —
' n:ln',
63) 3

n

Permenue. Uccnenyem psig (6.1) mo Bropomy mpusHaky cpaBHeHus. [ljis
9TOr0 MmojdepeM psifi, IKBUBAJIEHTHBIN UCXOIHOMY:

o0

16 =1 =
Z 5 NZ_Q’ Tak Kak lim —— = 16.
n:1n +1 nzln n—00 3
x 1
Psin Z — ABJIACTCA TADMOHUYCCKUM, U3 yCAOBU 4.2.3 a =2 > 1 creny-
n=1

eT, uTo psaj cxoauTcsd. COOTBETCTBEHHO, UCXOIHBIN Pl CXOJUTCA 110 MPU3HAKY
CPABHEHMA KAK SKBUBAJCHTHBIN CXOAANIEMYCA PSILY.
Uccnenyem psig (6.2) no npusnaky Hanambepa (ectb dakropuad). Onpeje-
JIMM 3HaYeHue
qg= lim;-n—!: limn—!: lim ! = 0.
nsoo (n4+ 1) 1 noc(n+4+1)-n! nocon41

[Homyunnu, utro ¢ = 0 < 1, caegoBaTebHO, B COOTBETCTBUM ¢ Ipu3HakoMm Jla-

JaMbepa HCXOHBIN DSl CXOTATCS.
Uccnemyem psn (6.3) mo npusnaxy Kommm (pagukansromy). Ompenesnnm 3Ha-

YEeHue
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: .1
g = lim {/— = lim — =0.
n—00 nn n—oo N
[Tonyaunu, aro ¢ = 0 < 1, cienoBarejbHO, B COOTBETCTBUU C PaJUKAJIbHBIM

npu3HakoM Kol MeXoIHBIN PsiJl CXOIUTCS.

4.3. 3HakKoIepeMeHHbIE PsIbI

Onpenenenne 5. 3HAKONEPEMEHHBIM PAJIOM HA3bl6aeMCA PAJ 6UIA

o0

a—aytaz— ...+ ()" a4+ ... =) (-1)"a,, (4.3.1)

n=1
ede a, >0, Vn € N.
0
Onpepesierne 6. Pad Y a, nasvisaemcs aDCOJTIOTHO CXOOAIIUMCS, €CAU

n=1
crodumca pad, cocmasaennoili U3 Modyset 4aenos pada

0.9]
> fanl. (4.3.2)
n=1
[0.9]
Onpenesienne 7. Crodawulics psd > U, HA3bI6AEMCA YCITOBHO CXOJIs-
n=1

IIUMCSL, €CAU OH CLOOUMCA, HO HE GOCONOMHO.
Teopema 6. Abcorromno crodawutica pad crodumcs.
AnroputrMm mccjegoBaHnsa 3HAKOMEPEMEHHOTO PdAIa

1. IIpoBepsiem HEOOXOMUMOE yCIOBUE (JJIsT STONO JOCTATOYHO YACTO MPUTO-
KJIAETCS KA POCTa (DYHKITHIL).

IMTkama pocra dyHKIMI

log,n << n" <<ad" <<nl<<n" (a>1,r>0)

2. Uccnenyem psisi Ha aOCOJIOTHYIO CXOJUMOCTD, T. €. UCCJIeIyeM 3HAKOIIOCTO-

(e.¢)
SIHHBIH Dsijt Y |ay,].
n=1

3. Ecam B 1. 2 nonyumin pacxopsiuiicss psiji, TO UCCIEJyeM Ha YCJIOBHYIO

CXOIUMOCTD.
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IIpumep 1. HccnenoBarh psii Ha CXOIMMOCTD:
i (_1)n+1
n=1 n?
1. IIpoBepum HEOOXOMMOE YCIOBHE:

_1\n+1
n—oo n

OHO BBIIIOJIHAETCA, SHAIUT HCCJIeyeM HdaJiee Ha a6COJHOTHyIO CXOJMMOCTD.

2. CocTraBUM psiJi, COCTOSIIUN U3 MOJIYJIe:

()

[Tosryausin 0OOOIIEHHBIN TADMOHUYECKUH Psiji, IPU (¢ = 2 OH CXOJIUTCS, CJIeJI0-
BaTEJIbHO, UCXOIHBIN PsiJi CXOJUTCS abDCOJIIOTHO.

IIpu3Haku ycJOBHOI CXOJAUMOCTH

Teopema 7. Ilpuznak Jleitouuma. Pad

o0

> (=1)" b, (4.3.3)

n=1

CcTOOUMCA YCA06HO, eCAl by MOHOMONHO CMPEMAMCA K HYAI0, M. €.

lim b, =0,
n—+00
bn Z bn+1-

Teopewma 8. IIpusnak Iupuxie. Pad
>ty - by (4.3.4)
n=1

CLOAUMCA YCAOBHO, ECAU
1) b, moromonno cmpemames x ny.aio;
H2) nocaedosamesvnocmsv YaACMUYHOT CYMM 02PAHUNENE 1O COBOKYNHOCTU,

m. e.

N
IM >0VN € N Zun < M.

n=1
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IIpumep 2. UlccnenoBaTh psiji Ha CXOIMMOCTD:

i (_1)n+1
n=1 n
1. ITpoBepum HEOOXOMMOE YCJIOBUE:

-1 n+1
i D

n—00 n

=0,

OHO BBITIOJIHAETCA, SHAYUT, NCCJIEAYEM JlaJle€ Ha a6COJIIOTHy10 CXOANMOCTbD.

2. CocraBUM psiJi, COCTOSIIUN U3 MOJLyJIe:

SRR IR
P e B s
[Tosryausim 0OOOIIEHHBIN rapMOHUYECKUH Psiji, TPU &« = 1 OH PaCXOJUTCH, CJie-
JIOBATEIHLHO, NCXOIHBIN Psiji OyIeM MpOBEPSITh HA YCJOBHYIO CXOAUMOCTD.
3. [IpoBepum ycsioBus npusnaka Jleitbnuna. Cxonumoctsb b, K HYJIO
1
lim — =0
n—oo n

BBINIOJIHSIETCSI, OCTAJIOCH YOEIUTHCSA, ITO TO MPOUCXOJUT MOHOTOHHO. JIOJIXKHO

BBITIOJIHATHCA HEPABEHCTBO

1
52n+1 = by > by
Oba ycioBusi npusnaka JIeiiOHUIA BBITOJTHSIIOTCS, 3SHAYUT, UCXOJIHBIA PAJI CXO-
JINTCS YCJIOBHO.

ITpumep 3. UccaenoBarh psij| Ha CXOIMMOCTD:

lnl

n(
; vn+1

1. IIpoBepum HEOOXOIMMOE YCIOBUE CPa3y JIJIs PsIjia, COCTaBJICHHOIO U3 MOIYJIei,
qT00bI YePe/IOBaHKE 3HAKOB BAC HE 11y TaJI0 IIPYU HAXOXKJICHUHU 1IPOCTOIO 1IPEJIeia;

) n
im —— = 0.

n—oo /n + 1
OHO He BBIIOJIHAETCS, 3HAUUT, PsIJ PACXOIUTCS.

2. IIpeacraBuM, 9TO BbI 3a0BLIN IPOBEPUTH HEOOXOUMOE YCJIOBHE U Cpal3y Ha-

JaJid UCCJIEJIOBATDH Psijl Ha CXOAMMOCTh. [IpoBepsiere abCOMIOTHYIO CXOJMMOCTb:

> |t - Zm
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[Tosyumnn OOBIYHBIA 3HAKOMOJOKUTEILHBIA Psijl, KOTOPBIA MOXKHO CpPaBHUTD
(o1 Th 2Ke, ec/iM U 3J1eCb HE BCHOMHUJIU PO HEOOXOJMMOE YCJIOBUE U HE OCTa-
HOBUJIM MCCJIEJIOBaHMsT) ¢ 0D0DIIEHHBIM rapMOHIYECKUM psijioM. [lpn oo = —1/2
OH PACXOJINTCH, CICJOBATEIBLHO, UCXOAHDIA P Oy1eM TPOBEpPATh Ha, YCJOBHYIO
CXOJIUMOCTb.
3. [IpoBepum ycsioBus npusHaka Jleitbnuia

lim —— — o0,

n—o0o v/n + 1

CXOJIUMOCTH b, K HYJIIO HE BBIIOJHIETCS, MOHOTOHHOCTH HPOBEPSTH yXKE HET
cmbicia. Ha aToM MomeHTe y»Ke TOYHO yOe IMJIUCh, YTO Mepeji HAMU Pacxojisi-

IUANCA PAJT.

5. @OYHKIUNOHAJIbHBbIE PsIbI

Onpenenenne 1. Pad, waienamu K0mopozo AGAAOMCA GYHKUUL 0OM NepemeH-
Hotl x, Hasvieaemcs PYHKITMOHAJIbHBIM PAIOM.

ur(z) + up(x) + us(@) + ..+ un (@) + .= Y un(2), (5.1.1)

ede a, >0, Vn € N.

IIpunaBas z onpegeneHHoe 3HaUE€HUE Ty, MBI TOJyINM YUCTOBON PsiT

uy(zo) + uz(xg) +ug(zg) + ... + up(zg) + ... = Zun(:to),

KOTOprfI MO2KET KaK CXOAUTLCHA, TaK U PaCXOAUTHCA.

Onpenenenune 2. Ecau noayuennvid wucio6ot pad cxodumca, mo mouka o
Ha3vl6aeMeA TOUKOM cxomumMocTu pada (5.1.1), ecau sice pacxodumes — TO4-
KOl pacXOoJrMOCTH.

Onpepnenenne 3. Co6okynnocms “UCAOBL 3HAYEHUT APLYMERMG T, NPU KO-
Mopulr PYHKUYUOHAALHOLG PAD CTOUMCA, HA3W6AEMEA ODIACTHBIO CXOAUMO-
ctu pada (5.1.1).

B obsactu cxoguMocTi (DyHKIIMOHAJILHOTO PsIJia €r0 CYMMa SBJISIETCST HEKO-

Topoit dyHkIumei or nepemennoit z: S = S(x).

S(z) = lim S,(x),

n—oo
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rie Sp(x) = ui(z) +ue(z) +us(x) +...+up(xr) — n-a gacTudHAS CyMMa DA,
IIpumep 1. Haiitu 06/1acTh CXOAUMOCTH Psijia;

o0
E z".
n=1

Pemenwne. [ljisi navajia cocraniisieM HEOOXO/MMOE YCJOBUE CXOJUMOCTH Psi-

aa:
lim z" =0, |z| < 1,
n—oo
lim z" #0, |z| > 1.
n—oo

CoOTBETCTBEHHO, HCCJIEIOBATh HA CXOAUMOCTDL Oyjiem B obmactu |z| < 1. Ilpu-
MEHUM PaJIMKaJIbHbIN HpusHak Komm:

qg= lim va" = z.

n—oo

[Ipu ycaosum, aro |x| < 1, nogayvaem, aro ¢ < 1, COOTBETCTBEHHO, B ITOIi
obsiacTu paj cxonures. [losyamnin, 94To 00/1acTh CXOAUMOCTH MCXOJHOIO psijia
lz] < 1.

Onpegenenne 4. CTeleHHBIM PAIOM HA3bIBAEMCA OYHKUUOHAALHBLT DA
guda

o0

Y Culw—x0)" =Co+ Ci(x —x0) + ...+ Colw —m9)" +...,  (5.1.2)
n=0

ede C, € R (C), € C) — xoappuyuernmuv, pada (5.1.2).

Kak gacrubiii cyqait psiga (5.1.2) paccMaTpuBaroT psiji Buja
ZCnx":CO+C'1x+...+C'nx”+.... (5.1.3)
n=0

Teopema 1. Teopema AGessi. Ecau cmenennot pad (5.1.3) cxodumes npu
= xo # 0, mo on abcomommno crodumces npu 6CeT 3HANEHUAT T, YIOBALTNEO-

parowur nepasencmey |x| < |zol.

CaencrBue 2. Ecau pad (5.1.3) pacrodumea npu & = x1, mo on pacrodumcs
U NPu 6Cex X, YO0BAEMBOPAIOUNUT HEPasencmsy |x| > |z1].

Omnpenenenne 5. Humepsan (—|xo|; |xo|) nasvieaemes naTepBagom cxoam-
MocTu, o wucio R = |rg| — pagmycom cxommmocTu.
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Bameuanne 3. 1. Eciu psaj cxoqurcst B OJHON TOYKE, TO PajUYC CXOIUMOCTH
pasen nyJjiio R = 0.

2. Ecim psaji cxogurest BO BCeX TOYKAX MHOXKECTBA JCHCTBUTEIBLHBIX YUCE
(KOMIIJIEKCHBIX ), TO PaJyc paBeH OeckoHedHocTH R = 00.

3. Ha xonrax muTepBajia CXOAMMOCTH IpU & = £ R CXOIUMOCTH psijia IIpo-

BEpPAETCA B KazKIOM CJIyda€ B OTAECJIbHOCTH.

Teopema 2. ®opmyna Komm — A gamapa.

%: lim /]Gy

n—oo
. Ch,
R = lim

IIpumep 2. HaiiTu paguyc cXoauMOCTH U 00JIACTHh CXOAUMOCTHU Psiia

X n

>

n=0

Pemenne. Haunem c¢ pajuyca cxonuMocTH, npuMmeHus dopmyny Komwn —

Aamapa. He 3a0biBaem, aTo Hac nHTEpecyioT nuMeHHO Ko dunuentsr C;, = %
: | . (n+1
R = lim q! :hmgzhm(n—l—l):oo.
n—oo ———  n—oo  nl n—00
(n+1)!

R = 00 = nCXOIHBIA P CXOAUTCS IPHU JOOLIX 3HAUYeHUsSIX T € R,
ITpumep 3. Haiitu pajuyc cxojuMmocTyt u 00J1aCTh CXOJAUMOCTHU Psijia
S
~.
— (n+1)2
Pemenme. Haunem ¢ pajuyca cxojumoctu, tipumenus gpopmyiy Ko —

Apamapa. Kosdpdurnuentor C), = ( L

n+1)2n>

1
B lim {/|C,| = lim

n—oo n—od

[Tonyuniu, aro paguyc R = 2. Tenepsb BbinuieMm o6JiacTh CXOAUMOCTH
lz — 3| < 2.

BbINOIHUB TPOCTBIE MTPEeoOPA3OBAHKS ¢ MOAY/IEM, MOJYIUM 00J1aCTh CXOTUMOCTI

1 < x < 5. To ecrb BHYyTpU JlaHHO# 0OJIaCTH Psiji ADCOJIFOTHO CXOJIUTCs, BHE

30



UHTEPBaJa — PaCXOJIUTCS, TPAHUIIBI KaxKJIblil pa3 IpoBepseM OTAE/IbLHO.

1. Ilpu z = 1 cocraBum 4KCIOBON Psiji;

— (1-3)" o (2t o~ (D"
nzzo(n+1)2n_nzz()(n+1)2n_nz:;(n+1)‘

[lomyunnm 3HaKomepeMeHHbIM psjg. duTaTenio mpejjiaraeM CaMOCTOSITEeTbHO
yOeINThCsI, UYTO JAHHBINA PsiJi CXOJUTCs YCJIOBHO 10 NpU3HAKY JIeiOuHIA.

2. [Ipm & = 5 cocTaBUM YHUCTIOBOI PSII;

S R
n n )

~(n+1)2" = (n+1)2" ‘= (n+1)

Heobxosmmoe ycsioBre BbiosiHseTCst (OY€BHJIHO), Psijl 9KBUBAJIEHTEH O0OIIEH-

HOMY TAPMOHMYECKOMY DsIJLy, KOTOPbIil pacxoaurcst. COOTBETCTBEHHO, B JIAHHOM

TOUKE PAJ| PACXOJUTCA.

OtBer: Pajguyc cxomumoctt R = 2, obsacts cxopumoctu [1;5).
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YrpakHeHus JIJIg CaMOIIPOBEPKU

Yupaxkaenue 1. Haiitu cymmy psia:

00 9 00 1
h 7;5_”' * n; (n+2)(n + 3)
= (-1 S
> nz=:1 3nt > n;l (3n —2)(3n 4+ 1)

3§°;<1 1). iy pa—

n=1 12512 +5n—6

Yupaxkuenue 2. [IpoBepuTh BBIIOJHEHHE HEOOXOUMOIO YCJIOBUS CXOJIH-

MOCTHU psJias:

00 2n2+3n+4 00 <2n—1>n
1. —1)" ) 4. )
nzzjl( ) 2n? +1 n;l

o0 3n+4 S

2. 5 n + 1) arctg ——
n; S n;( ) arctg ——
& X n+2

3 /0, 3. 6
2, 2+ 1)

© n+1 X arctgn
1. 6.
nzzjl n2 + 1 nzzjl 7’7,2 + 2
x©  cos’n x 5"
2 7> —
nz::l n(n+1) n=1"M

(V]
NE
S | 3
Co
NE
VN
3l\:)
+
ot
N——
3

n=1"M n=1 n? + 8
4 : 9
"zzzl n n;l (n+1)!
4
S " ©  (2n+1)!
5 c tn ' 10. 3 w
n=1 3" 4+ 1In®(n 4 1) a=1 (3n + 1)4n
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Yupaxkaenue 4. lccienoBars psiJi Ha CXOIUMOCTD:

L e

sin(2n + T) 1
. n=1 (n + 1)”

=
e
3
S
+
DO

(—=1)"*1In2n

503

a1 (2n)0 =1 3ln+ 1)

arctg(—n)"

3.3 =L

: 6. .
=1 (24+n)yn+1 n;l v2n5 —3n + 1

Ynpaxkuenue 5. Haiitu pajinyc u 06siacTh CXOJMMOCTH CTEIIEHHOI'O Psijla.;

o (2n—1\" S

2 5)" 5) 4" (n3 + 2)(z — 1)
n;l<3n+2> (z+3) n;l ( ) )
o (—1)"z" © (2n — 1N

3. } 0. 1)"

1. f(z) = e, 4. f(z) = !

2. f(x) = sin 3z2.
flz)=e 5. flz) = ——

1

V1 —x2
3. f(x): . 0. f(a:):\/l—{—lljs.

14 22
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OYyHKINMA MHOTUX IepeMeHHbIX

6. JunddepennmupoBanne (pyHKIUA MHOTUX IIepeMEeHHbIX

6.1. EBKJIMI0BO MpPOCTPAHCTBO

Onpenenenne 1. Toukoit = n-MepHOro IMPOCTPAHCTBA HA3bLGAEMCA YNOo-

padouennas cosokynmocmy n deficmeumenvnvir wuces euda (zb, ..., z") = .
Qucao x' masveaemes i-xoopdunamot mouwku x, 1 = 1,2,...,n.

_ 1 n _ 1 n

Paccrosinne Mexy aByms toukamu © = (z',...,z2") u y = (y',...,y")

3agaeTcsa (popMyIIoit

pla,y) = /& =y P+ .+ (@ — ). (6.1.1)

Omnpenesierane 2. Cosokynnocms mouer n-mephozo npocmparcmea R™, daa
Komopux onpedeaeno paccmoanue cozaacro (6.1.1), nasweaemes n-MepHBIM
€BKJIN/IOBBIM MPOCTPaHcTBOM R".

B ciyuyae n = 1 upocrpancrso R" coBunajiaer ¢ 1npsiMmoii, B ciydae n =
2 — ¢ IJOCKOCTHIO, & B cliydae m = 3 — C IPOCTPAHCTBOM, U3y4YaeMbIM B
9JeMEHTaPHOI 1 aHaIUTHIecKOil reomeTpun. B ciaydae npousBosbHOTO N > 3 He
cJIejlyeT UCKATh B OMPEJeIeHUH CKPBITOrO (hbU3MIECKOr0 WJIM TeOMETPUIECKOTrO
cMmbIcsia. Hama mesib — mocTpoenne MaTeMaTHIecKoro armapara, yI00HOTO 1
u3y4deHusi (PyHKIUU MHOIUX [T€PEMEHHDIX.

CsoiicTtBa p B R”

L. p(z,y) >0 Vz,y € R";
p(z,y) =0 < =y (oueBuaubiv 0bpasom caeayer u3 Gpopmysnt (6.1.1).
2. p(z,y) = p(y,x), Y,y € R" (oueBumubiM 06pa3om ciejpyer u3 hOpMyJIbl
6.1.1).

3. p(z,2) < p(z,y) + p(y, 2), Vz,y,z € R" (HepaBeHCTBo TPEYTOJIbHIKA,).

Onpenenenue 3. Muoowcecmeo mover = (z ”) N -MePHO20 e6KAU-
dosa npocmpancmesa R™, maxux, wmo ' = z? =27l =gl = " =0,
nasvieaemca -t xoopdunammnot ocvio (i = 1, 2, - ,n) 2M020 NPOCMPAHCMEA.
Toura O = (0,0,...,0) naswvieaemesa Ha¥aiom KoopIuHam.
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Omnpepenenue 4. [lycmo © € R" u e > 0. Cosokynnocms ecex mouex y npo-
cmpancemea R™, maxuzx, wmo p(x,y) < €, Ha3vi6aemcs n-MEPHBIM MIAPOM ¢

UEHMPOM 8 MOUKE T U PAOUYCOM € UAU E-OKPECTHOCTHIO TOUKU T 6 R”

Oz,e) ={y:y e R", p(z,y) <e}. (6.1.2)

B koopjunaTHoit samucu npu € > 0, Vz = (21, 22,...,2") € R"

n

O(z,e) =3y= (', ...,y") : z:(gﬂ—ar:i)2<52

1=1

B ciyuae ¢ npsmoit ipu n =1, z = z!, y = y' noayuaem

O(w;e) =4y : |y —=| <&},

TO €CTh MHTEPBAJ JUIMHBI 2 ¢ IEHTPOM B TOYKe & (OKPECTHOCTH TOYKH B MPH-
BBITHOM CMBICTIE).

B ciayuae mnockoctu ipu n = 2, z = (z1,2%), y = (y!, y?)
Ow;e) ={y= (" v"): (v —2' )P+ " -2’ <}, >0,

TO €CTh Kpyr pajyca € ¢ lenTpom B Touke x = (z1,2?),

B ciyuae npoctpancTBa 1pu n = 3 okpectHoCTh Touku x = (xl, 2% 23)

O(z;e) ={y = (yl, y2,y3) : (y1 — :cl)Q + (y2 — x2)2 + (y3 — x3)2 < 62}, e >0,

ABJIETCS IAPOM PAJInyca € C IEHTPOM B TOUKE T = (xl, 2, :1:3)

Omnpenenenne 5. [Tycmo x = (zb,22,...,2") € R", § >0,i=1,2,...,n.
Mmnootcecmeo

P(z;64,6%,...,6") ={y=('...,y") 12" =& <y ' <z'+6 i=1,...,n}
HA3DLEACTNCA T -MEPHBIM NAPAAACACTIUNECIOM, G MOYKA T — €20 UECHMPOM.

Onpegnenenne 6. Eciu 6' = 6> =...=6" =4, mo P(x,6,0,...,6) = P(z,0)

HasvleaemcAa 1 -mMepPpHHM ’Kiy60M C UEHMpPoOmM 6 MmoUYke T .

Ecim n = 1, 1o mHOo)ectBO P(%,0) siBJsiercss MHTEPBAJIOM C IEHTPOM B
Touke T JUmMHBL 20; ecim n = 2, To Muoxkecto P(x, 8, 6%) asnsercsa npsimo-
YTOJILHUKOM CO CTOPOHAMHE, MAPAJIICTBHBIMI OCAM KOODJMHAT (JIMHBI CTOPOH
26 u 26%); npu n = 3 muoxecrso P(z, 4,82, 8) npeacrasaser coboit mpsaMo-
YTOJIbHBII TTapaJjuiesienures; ¢ peOpaMu, mapaJIebHBIMU OCSIM KOODJUHAT (MX
amnb 261, 26% u 28%).
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Onpenenenue 7. Beaxudi n-mepnvid napaisesenuned P(z; 6,62, ..., 8") na-

3bl6AEMMCA npﬂmoyeo,/wnoﬁ OKPECITMHOCITBIO TMOYKU I .

Ecan IpsAMOYI'OJIbHaA OKPECTHOCTHb TOYKH ABJIACTCA 7T-MEPHBIM Ky6OM, TO

OHa Ha3bIBACTCA TAKZKC U1 %y61mec7c01'j OKRpECTMHOCMBIO 3TOM TOYKH.

Jlemma 1. Kaxosa 6w nu 6vina €-oxpecmuocms O(z,e) mouku x € R", cy-
wecmeyem ee npamoyzorvnaa okpecmuocmy P(xz; 6,62, ..., 8"), makas, wmo

P(x;6',6%,...,8") C O(z,¢),

u  maobopom, Kwaxkoea  Ov. WU OLLAG  NPAMOY20ALHAA  OKPECTHOCTI
P(z;6,6%,...,0") mouvu x € R™, cywecmeyem ee €-oxpecmmocmv O(x, ),
maxas, “4mo

O(z,e) C P(x;6%,6%,...,6").

[Ipu n = 2 jlemma o3HA4YAET, YTO BO BCAKUI MPIMOYTOJILHUK MOXKHO TTOMe-
CTUTh KPYT C IIEHTPOM B IIEHTPE NPAMOYTOJbHUKA, & BO BCAKUI KPYT MOXKHO
BIIUCATH IIPAMOYTOJILHUK C IIEHTPOM B IIEHTPE KPYTa.

IIpy n = 3 jgemma o3HavaeT, 9TO BO BCAKWI MPAMOYTOJBHDLIN TapaJsiiesre-
[UIIEJ] MOXKHO [IOMECTUTD 111ap C IEHTPOM B ILIEHTPE 3TOro lapaJulesenuiesia u
BO BCAKHUI 111ap MOXKHO BIIUCATH IPAMOYT'OJIBHBIN NapaJuleenuIe/] ¢ EHTPOM B

IEHTPE PACCMATPUBAEMOTO TTapa.

6.2. YacTHble NPOM3BOIHBIE

Qynknuu, KOTopble omnpejienenbl Ha R" 1 3HAUEHHAMN KOTOPBIX SIBJSIOTCS

JeACTBUTEIbHBIC qucCJia, Ha3bIBalOTCA (bYHKI_II/IﬂMI/I MHOI'mX II€peMEeHHbIX

f: R"—= R

Onpenenenne 8. [lycmv 6 nexomopot oxpecmuocmu mouxu (To, Yo, 20) 30-
dana pynkyus u = u(x,y, z). Qurcupys nepemennvie y u z2: Yy = Yo, 2 = 20,
noaywum Gynryuo 00nozo nepemennozo x: u = u(x, Yo, 20) . O0viunaa npous-
600HaAA IMOT PYHKUUL 6 TNOUKE T = T( HA3bIBAECMCA IACTHON TTPOU3BOTHOM

dbyukimn u(z,y, z) B TOUKe (Zg, Yo, 20) MO T U 0003HAUAETNCA

ou(zo, yo, 20)
ox

: (6.2.1)

AHaJIOrMYHO MOXKHO OlIpeneJInTb

Ou u Ou Ou  Ou
oy’ 0z ozl 0x2’ 7 Oxn’
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Onpenenenue 9. [lo ananrozuu ¢ Gynkyuetd 0dnotl nepemenrnot sunetinvle

0 0 0
pynryuu g5odr, —Zdy, 5,dz nasviearomes 9acTabivu auddepernmasamm
byukmun u(z,y, z).

IIpumep 1. Haiitu gacTabIe Npou3BoOAHbIE (DYHKIINN

2(z,y) = wyer.

Pemmenne. Haiinem mpomsBogHyo 1Mo mepBOil M3 JBYX IIEPEMEHHLIX, TO €CTh
npu auddepeHIupoBaHnu OyaeM CMOTPeTh Ha, IEPEMEHHYIO &, a IepeMeHHY0

Y 1P 3TOM OyJIeM BOCHPUHUMATH KaK KOHCTAHTY:

0z z 2 1 e

50 = Ve + zyev - ; = (z+y)ev.
HajizeM mpomsBoiHyo 1O BTOPOil M3 JBYX NEPEMEHHBLIX, TO €cTh npu audde-
PEHIIMPOBAHUA OyJIeM CMOTPETh Ha IEPEMEeHHYIO ¥, a IHEPEeMEeHHYIO T IPU 3TOM

6y,ZLeM BOCIIpDUHHUMATb KaK KOHCTAHTY:

6.3. Ilosmsbrit audpdepenimast

Paccmorpum cayuaii dbynkinum JByx nepemenubix. Ilycrs z = f(x,y)
ompejiesiera B HeKOTOpoit d-okpectaoctu O(My, §) touku My(zg,yp) 1 mycTh
M(z,y) € O(My,d). llycrs Ax =z — z¢, Ay =y — yo. Torna

p(M, My) = \/(Ba) + (By)? < &

[Iycte Az = f(zo+ Az, yo+ Ay) — f(z0, yo) — nosmoe npupariienue QyHK-
WU,

Onpepenienne 10. Qynryusa z = f(x,y) nasweaemcsa nuddepeHupye-

MOit 6 moure (Zo,Yo), ecau cywecmeyrom dea makue wucaa A u B, wmo
Az=A Az + B-Ay+ a(Az, Ay),
ede npu p # 0, a(Az, Ay) = e(Az, Ay)p, lir%s(Aa:, Ay) = 0.
p—

Onpepenierne 11. B cayuae dugepenyupyemocmu dynryuu f(z,y) 6 mouke
(zo, o) , Aunetinan gynryus A-Ax+B-Ay nepemennvir Az u Ay nasvieaemcs

nosiHbIM auddepentmanom gynkuuu f(z,y) 6 mouke (o, Yo):
dz=A-Ax+ B-Ay = Adx + Bdy.
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Teopema 1. Ecau gynvyua z = f(x,y) duddepenyupyema ¢ mouke (xo,yo),

mo oHa HENPEPLIGHA 6 2motl mouke.

Teopema 2. Ecau gynruyus z = f(z,y) duddepenyupyema 6 mouxe (o, yo)
u dz = Adx + Bdy — ee dugpepenyuan 6 amot mowke, mo ¢ mouke (xq,yo)
Y PYHKUUL CYULECTNEYIOM BCE YACTIHBLE NPOUSBOOHDLE

0f (zo,30) _ Al 0f (z0,%0) _ B
ox Jy
Taxum obpasom,
d: = Law 4 924 (6.3.1)
z = —dz + —dy. 3.
ox Oy Y
Teopema 3. O muddepennupyemoctu. [lycmv gynxuyus z = f(z,y) 6

HeKomopoti okpecmuocmu mouky (Lo, Yo) UMEEM YACMHYLE NPOU3BOOHVIE % u

0z o _
3, » KOMOpIE NENPEPLGHYL 6 Camoli moxe (z0, Y0), moeda pynruus z = f(x,y)

dugpdpepenyupyema 6 amot mouke.

Onpepesierne 12. Qyuryua, uMeOUAA 6 HEKOMOPOT MOYKE (UAU HA HEKOTMO-
DPOM MHOIICECTNGE) HENPEPLIGHVIE YACTIHBLE NPOU3EOONDBIE, NABDIBAECTNCA HENPE-
puieHo duddepenuupyemoti 6 amoti mouxe.

ITpumep 2. Haiitu gudpdepennman hyHkimm

2(z,y) = wyer.

Pemenue. Haiinem mpomsBOjHYIO 1O MEPBO# U3 JBYX MEPEMEHHBIX, TO €CTh
npu juddeperiupoBau OyjaeM CMOTPETh Ha, EPEMEHHYIO T, & IePeMEHHYIO

Yy TP 3TOM OyJIeM BOCHPUHUMATH KaK KOHCTAHTY:

— = Yyev ryey - — = (x ev.
Oz Yy Yy " Yy

Haiijilem 1mpousBojiHyIO IO BTOPOil M3 JABYX IEPEMEHHBIX, TO €CTh Hnpu Judde-
pPeHIMpOoBaHUN OyeM CMOTPETh Ha IepeMeHHYIO Y, a IePpeMEeHHYIO T IPU 5TOM

6YIL€M BOCIIpDUHUMATb KaK KOHCTAHTY:

Bocmosbzyemest hopmyinoit (6.3.1)):
z i
dz(z,y) = (z + y)evds +
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6.4. JInddepenumaia cjaoKHoii yHKITUN

Teopema 4. ITycmo gynryuu x(t) u y(t) nepemennotd t duddepenyupyemo: 6
mouke ty u nycmo o = x(ty), yo = y(to). Ecau dynryua z = f(x,y) dugpde-
penyupyema 6 mowke (Lo, yo), mo caoocnas gynkyus z = f(x(t),y(t)) umeem

6 mouke ty NPou3soonYI0 U IMA NPOU3BOIHAA BVINUCAAELMCA NO POPMYAE

dz 0z 3_3: 0z 0y

— =7+t ——= 6.4.1
dt  Oxr o0t Oyot ( )
ITpumep 3. Ilycrs z = cos(x + y), x = cost, y = sin 2t. Haiitu z; nBywms
CTIOCODAMU.
Pemenne. I cnoco6. Mbi Bujinm, uro yHKIims z(Z,y) 3aBUCUT OT JBYX
IIEPEMEHHBIX, KaXK1as U3 KOTOPLIX (PYHKIMS OT MEePEMEHHOM T, TOr/Ia COrIacHO

dbopwmyie (6.4.1]) naiigem nponsBoOIHYIO:

dz_ 0200 0z
dt 0xot Oyot

OT/1e/IbHO BBIKUITIEM Ka XK1yl U3 dacTeil jjaHHOi hOpMyJIbL:

0 0 0 0
8_; = —sin(z + y), 8—; = —sin(z + y), 8—':: = —sint, 8_i = 2 cos 2t.
[TosicraBum Bee B popmyity
dz

= sin(z +y) - (—sint) — sin(z 4+ y) - (2cos 2t) =

= —sin(z + y)(2cos 2t — sint).

Perenue. II cioco6. Mer Bujgnm, uro dbyHKIwms 2(x,y) 3aBUCAT OT JIBYX
[IEPEMEHHbIX, KaxKjlasi U3 KOTOPbIX (PYHKIMs OT HEPEMEHHON ., 10ojicTaBuM B

MCXOJHYIO (DYHKIIMK BBIDAXKEHUs! JUIst T U Y:
z(z(t),y(t)) = z(t) = cos(cost + sin 2t).

[lepen namu cinoxkuasi (GYHKIUSI, HO OFHON IIepeMEeHHOIi, II09TOMY HaiijgeMm ee

IPOMBBOJIHYIO [0 IPUBLIYHBIM YK€ [PABUJIAM:
z, = — sin(cos t+sin 2t)-(cos t+sin 2t) = — sin(cos t+sin 2¢)-(— sin t+2 cos 2t).

Ecnu B nIpeabplaymeM pelieHnr B KOHIEC pelleHud T W Y 3aMEHUTbh Ha (byHK—
o OoT HepeMeHHOﬁ t, TO Mbl YBUJUM, YTO OTBET IIOJIYYWUJIX OAWMH W TOT 2Ke,

HE3aBUCUMO OT CIIOCODa, PeIeHus.
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IIpumep 4. Ilycrs w = f(n,0,7), n(z,y,2) = =z, 0(z,y,2) = %,
7(z,y,2) = 2. Haiitu du m066iM c10co60M.

Pemenne. I cmoco6. Mbi Bujinm, aro dbyukius u(n, 0, 7) 3aBucut ot Tpex
nepeMeHHbIX, KaxKjiast 3 KOTOPbIX (byHKIUs OT Tpex nepeMeHHbix (z,y, z). Co-
craBuM (popMmysty Jijist 1mojiHoro audpdepeniuaia pyHKIUE TPeX IepeMeHHbIX,
a [IOTOM pACHUIIEM JJIsd KaXKJOH YaCTU CJIO0XKHOM (DYHKIMK, 9TO MOJYIUTCS C

IMPOUSBO/JHBIMU

du(n(w,y,2),0(w,y,2),7(2,9,2)) = 5 odo + 5 ody + - dz.

Kaxoe ciaraemoe jarnoii (popmysibl Mbl Haiijiem 1o dopwmyite (6.4.1)):

Ou _0f Oy 0f 08 Of or

or  On O0r 80 Oz Ot O

1 Y
!/ / ! /
Ux—]n'1+10‘§+]r';-
Bropoe ciiaraemoe jlaHHOR (POPMYJIbI

Ou_0f on  0f 9  0Of or

dy on Oy 80 Oy  or oy’

I gl ;) X ;T , T , T
uy_fn°0+f0.?+f7'.;__fa.E_FfT.;
Tperbe ciaaraemoe JanHO# (POPMYJIbI

Ou_0f 9y, 0f 06, 0f or

9z oy 0z 00 0z or 92

— XY LY
Ulz:fé'0+fé'0+f;'7=—f;';-
OTBer:
1
du = <f,;-1+f5-—+f;-9>dx+(—fg-%+f;-f>dy+(—f;-%)dz.
y z y z z

6.5. YacTHBIE TPOM3BOAHBIE BHICIINX MOPATKOB

[Tycrs sajana dynkius jaByx nepementbix f(z,y). Torga kaxjas us ee
YACTHBIX TPOU3BOIHBIX fy, f, cHOBa siBisieTcs QyHKIEH HE3aBUCHMBIX Tepe-

MEHHbBIX T W Y N MOXKET TaK>K€ MMETh YaCTHbIEC TPON3BOJHDbIE!

NG el 0 af _an
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I\/ " 8 8f 82f
== 55 () = o

Teopema 5. Ilycmv dynruua deyx nepemennwx f(x,y) onpedesena smecme

/ 1! I
yr Jays Jyx
HENPEPLIBHDL 6 IMOT Mmovke Mmo2da

CO CEOUMU UACTHBMU NPOU3EOOHVMU 1, 6 nexomopot O(zg,yo),

2 2

npusem fpo s fya

foy(@o,90) = frm(T0, Y0)-

NB! VYcioBue HenpepblBHOCTH YaCTHBIX MPOU3BOIHBIX SIBJISIETCS CYIIECTBEH-
HBIM.

IIpumep 5. HaiiTu gyacTHble TPOU3BOIHBIE BTOPOTO TMOPSIKA, JIJIs1 (DYHKIUN
z = z3y? — 3zy® —xy + 1.

Pemntenune. Haiijlem 1gacTHbIEe TPOU3BOJIHBIE IEPBOIO U BTOPOI'O IOPAJIKOB IO

nepeMeHHon .

0z 0%z
% = 3:132?}2 — 3y2 — Y, @ = 633:(/2

Haiiiem gacTHble TPOM3BOHDbIE TIEPBOIO M BTOPOI'O MOPSJIKOB IO IepeMeHHOi

Y.

0z 0%z

= =22% — 9y —x; = =2z — 18xy.

9y y Y % y
Haiijiem cMmelaHHbIe IPOU3BOJHBIE BTOPOIO MOPsAJiKa U yOeIuMcs B UX paBeH-
CTBeE: o2 o2

z z

=62y —9y° — 1= = 62%y — 9y — 1.
0xOy vy Oyox vy

AHaJIOrMYHO MOXKHO OIIPEJIeJIUTh YaCTHbIE IIPOU3BOJIHbIC TPETLEro HOPsIKa:
Bf  03f Bf  03f
0x3’ 0z20y’ 0xdy?’ Oy?

Teopema 6. Pesyavmam nosmoprnozo duddepenyuposarua Gynrkyuy 06yx

HE3ABUCUMDBIT NEPEMEHHDIL HE 3A6UCUIT, 01 nop.ﬂ(?%a 0u¢¢epenuup06anu;l npu

ycaosuu, €CAU 4acmHosvlie npoumo&mne — HENPEPDLIGHDLE ¢ym{:uuu
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[IponnmiocTpupyeM CMBICT T€OPEMbI Ha IPUMEPE CJIEIYIONIETO BhIPaXKeHUSI:

03z B 03z
0x0y?:  OydzOy’

03z _2 0%z _g 0%z B 03z
0xOy? Oy \0z0y) Oy \Oydx) Oydzdy

6.6. JInddepennuaabl BHICIINX MTOPHAJIKOB

Onpenenenne 13. IToaubim guddepenmmaaom II nopaaka rasveaemes
noauniti duddepenyuan om noanozo duddepenvuana I nopadka dz npu ycro-

euu, 4mMmo dr u dy cyumarmcAa nocmoAHHBIMU.

4z =d (azda: n %dy>

ox oy
0 [0z 0z 0 [0z 0z
de + —dy | de + — de + —dy | dy =
oz <8az "1 oy y) "t 5y <8x "t 5y y) y
0%z 0%z 0%z 0%z
<8x2d ayaxd‘y> dx + <8x8ydx + a—dy) dy =
0%z 0%z 0%z
= — 2 6.1
&EQda: + axaydxdy—l— Iy 2dy (6.6.1)
(m)
d"z = 0 —dz + 2dy f(z,y). (6.6.2)
oz y
[Tpu m =3

a3 83d +3 83d2d+3 83dd2+ad f(z,y). (6.6.3)
7z = =—=dz® x x z,y). (6.6.
913 820y YT Para2 Y T By v') ey
IIpumep 6. JJana Gynkuus z(z,y) = e + cos(2z — y). Haiitu d?z.
Pemenne. 3anuiiem GopMmymny jiist HaxoxaeHus anddepeniimalia BTOporo
HopsijiKa Juist (PYHKIUU JBYX HePEMEHHbIX:
0%z 0%z 0%z

2 _ 2 2
d z = 876[:1: + 28 ayda:aly + 8—dy = 2 dx” + 2z;'ydxdy + z;'ydy :

Haitjilem KazkJiyto 4acTHYIO POU3BOJHYIO BTOPOI'O HOPsiJIKA OTJIEJIbHO:

Zh = ye™ — 2sin(2z —y), 2L, = y’e™ —4cos(2x — y),
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2y = xe™ +sin(2z —y), 2z, =z’e™ — cos(2z — y),

2y, = € + zye™ + 2cos(2r — y).

[Topcrasum B dopmyay (6.6.1)):
d*z = (y’e™ — 4 cos(2z — y)) dz* + 2 (e + zye™ + 2 cos(2z — y)) dzdy+

+ (z°e™ — cos(2z — y)) dy*.

6.7. HeobxomuMmbie yCJIOBAS 3KCTPEMYMA

Onpenenenue 14. ITycmo gynwyua f(z) = f(zl, 2%, ..., 2") onpedesena na

mnooicecmee B C R™. Touxa zo = (2, 23,...,20) € E nasvisaemca TOIKOi
CTPOTOT0 MAaKCUMyMa (MUHUMYMA), €CAU CYUWECMEYEm MaKas OKpPecmn-
nocmuv O(xg) mouku o, wmo Yr € O(xg) N E, x # xy swunosnaemca nepa-

6EHCIME0

flz) < flxo) (f(z) > f(x0))-

Takum o0OpaszoM, TOUKa CTPOIONO MAaKCUMyMa XapaKTepUsyercs TeM, UTO
Af = f(z) — f(zy) < 0, a crpororo munumyma Af = f(z) — f(zg) > 0,
Vo € O(zg) NE, x # x.

Onpepnenenne 15. [Tycmy dynwuyua f(x) = f(xl 2%, ..., 2") onpedesena na

mnooicecmee E C R™. Touxa xo = (x§,23,...,708) € Enaszvieaemcs TOIKOIA
MakcuMyMa (MHHHUMYMA), ecau cywecmsyem makaa oxpecmmocmo O(xg)

mouku xqo, wmo Vr € O(zg) N E, x # Ty 66N0ANACNCA HEPABEHCTNEO

fz) < fwo)  (f(z) = f(x0)).

Onpepesierne 16. Touru (cmpoz020) makcumyma u MUHUMYMAE GYHKGUL Ha-

auieatomea moykamu (CTPOTOTO) IKCTPEMyMA.

Teopema 7. Heobxogumebie ycaoBus s3kcTpemyma. [lycmo gynruyua f(x),

r = (zl,2% ..., 2") onpedesena 6 nexomopoti oxpecmmocmu O(xg); ecau ona

Asasemes moukol sxempemyma ynkyun f(r) u ecau 6 med cywecmeyem
KaKGA-AUOO U3 HACMHOIT NPOU3EOOHBLT % (j moorcem npunumams 00no u3

anavenut 1,2,...,m), mo ona pagua nyso:

Of (z0)

= 0.
8a:j
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Caenctue 3. Ecau ¢pynxuyua f(x) duddepenyupyema 6 moure sxcmpemyma

Ty, mo ee duddepenyuan paser vy 6 IMOT movke:

df(afo) = 0.

Hoka3zarenbcTBo (Teopembr u ciaenctsusi). [lycrs j = 1. Ecin zg =

(zd,x3,...,28) — Touka sxcrpemyMa ans dbyuxmun f(zl 2% 23, ... 2"), TO

xfl) — TOYKAa dKCTpeMyMa, JJist (PYHKIUN f(zl, QL’g, x%, ..., Z{) OJHOII IepeMeHHOi
" 0
w1 TTosroMmy ecsii B 9TOil TOUYKE CYILECTBYET 1POU3BOJLHAS 8_9{17 TO 110 Teopeme

00 sKcTpeMyMe (PYyHKIMU OJIHOM 1epeMEeHHON OHa PaBHA HYJIIO, TO €CTh

)
af(xO)_df(x7an"-:x8) —0
1 1 -
ox dx -
AHaJIOrMYHO HOJyYuM Jiist J11000it epemennoii o/, j = 2,3, ..., n. Eciu dynk-

nust f(z) muddepennupyema B TOUKe SKCTpEMyMa Ty, TO B 9TOH TOUKE Cylie-
of

CTBYIOT BCE YaCTHBIE MPOM3BOJHBIE 77, j = 1,2,3,...,n u BCe OHM DaBHbI

HYJIIO, OTKY/Ia CJEIYET, U4TO
n
of (zo) , ;
df (zo) Z i dx’ = 0.
7=1
IIpumep 7. UccnenoBarh Ha SKCTpeMyM (DYHKITHAIO
2=+ y2.
Pemenue. Haiiem cranmonapubie TOUKH, Jij1st 3TOro cocrapum juddepenmma
IIEPBOTO HOPSIJIKA ¥ OIPEJCJNM 3HAYCHU, IIPU KOTOPLIX OH paBeH Hy/o: dz =
2zdx + 2ydy = ((0;0) — cranumonapuas Touka. [Ipu mojcTanoBKe KOOpANHAT
TOUKK B QYHKIMIO TOJyTIaeM, 9TO OHa pasHa Hymio z(zg) = 2(0;0) = 0. Bo
BCex ocrasbHbiX Toukax V(x,y) # (0;0) dynkius nosoxurensha z(z,y) > 0,

CcJIeJIOBATeNIbHO, HallJIeHHast TOYKa — CTPOruit MUHUMYM Jijisi pyHKImY 2(z,y).

IIpumep 8. MccieoBarsb Ha SKCTpeMyM (DYHKITHIO
z =z — >

Pemenne. Haiinem cranmonapubie TOYKH, JJIs 9TOTO cocTaBuM Juddepen-
IMaJl 1IepBOro 1OPsJIKa U OlpeIe/ MM 3HaueHnsl, 1P KOTOPLIX OH paBeH HYJIIO:
dz = 2zdx — 2ydy = x0(0;0) — crarmonapuasi Touka. [Ipu nojgcraHoBke Koop-
JMHAT TOYKU B (QYHKIIUIO MOJIyIaeM, 9T0O OHa paBHa HyJt0 z(z) = 2(0;0) = 0,
wo z(xz,y) > 0, V(z,0) # (0;0) u z(z,y) < 0, V(0,y) # (0;0) = x0(0;0) —
HE TOUKA SKCTPEMYMA, & CJIeJOBATEIbHO, v (DYHKINE 2(x,y) HET TOYEK IKCTpe-

MyMa.
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6.8. JloctaTo4yHble YCJOBHS CTPOrOro 3KCTPEMyMa

Onpenenenne 17. Keadpamuunas dopma
n
A(z) = Az, ... x,) = Z ai;TiTi, aij = aji, 4,7 =1,2,...,n
ij=1
Ha3bI6aEMCA TIOJOXKUTEJIHLHO (OTPUIATEIBHO) OIPE/IeJIEHHOW,  ecau
A(z) >0 (A(z) < 0) Vz € R*,  # 0.

Onpenenenne 18. Ksadpamuunas Gopma, npuHuMaouw,as Kax nos0HCUMeNb-

HblE, MakK U OoMpPuUyamesbrHvle 3SHAYEHUA, HA3bIBAETIICA HeOHpe,Z[eJIeHHOﬁ.

Onpepenenne 19. I[lycmo gynkyua f(z) duddepenyupyema 6 mouke xy €
R™. Ecau df (xg) = 0, mo xy nasvweaemcs CTAIMOHAPHON TOYUKOM (hyHKIUN

f(z).

Teopema 8. /locTtaTodHble YCJOBHS CTPOroro skcrpemyma. [lycmo
dynruua f(x) onpedenena u umeem HenpepvieHbLE NPOU3EOOHVLE BMOPO2O NO-
padka 6 nexomopot okpecmmocmu O(xg). Ilycmv x¢ asasemes cmayuonapnot
moukot gynryuu f(x), moada ecau xeadpamuunasn popma

A(dzy,dzy, . .. dx,) = Z 88;;: dz;dz;,
iOTj

i,j=1

mo ecmv 6mopotl dudepenyuan GynKEUUL 6 MOYKe Ty, NOAOAHCUMEALHO (0M-
PULAMEADHO) ONPEdeseta, Mo Ty — CMPOUT, MUHUMYM (CMPO2UL MAKCUMYM).

Ecau neonpedenena, mo 6 mouke xo Hem IKCMpemyma.

Teopema 9. Kpurepnii CuabBectpa. 1. /a4 mozo umobvr keadpamuyumas
popma
n
A(CB) = A(:L‘l, <y ZEn) = E Qi T;iTy,
i,j=1
y Komopotl a;; = aj,%,7 = 1,2,...,n, bviaa nososicumenvro onpedeaennod,
Heobxrodumo u docmamouro, 4mobol

a a ailr a2 ais al ... Qin
11 12
a11>0, >0, a1 Q92 Q93 >0,..., A B O
a1 a2
asy as2 ass Apl ... Qpp
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2. Jlasa mozo wmobv, keadpamuyurad Popma ObLAG OMPUUAMENOHO ONPEIENEH-

Hoti, Heobxrodumo u docmamouHo, ¥moov.

a a aip a12 a3 aiy ... Qip
11 a2 n
a;; <0, > 0, a1 age asg | < 0,..., (—1)
@21 a2 a a a a a
31 W32 33 nl --- Unn

Teopema 10. JJocrarounbie ycjaoBug g (PYHKIMHA JBYX IePeMeH-
ubix. [lyemv Py(zo,y0) — cmayuonapnas movwka gynxyuu f(z,y), mo ecmo

% -0 u % = 0. Obosnavum
T Y
e 82f(P0)’ 5 52f(p0), O 82f(P0)‘
Ox2 Oxdy dy?

Ecau B2 —AC <0, A<0,C <0, mo Py — mouka makcumyma Gynryu,
ecau B2 —AC <0, A>0, C >0, mo Py — mouka mMuHuMyma Gynxyu,
ecau B2 — AC > 0, mo Py ne asaaemca moukoti sxcmpemyma Gynxuyu,

ecau B — AC = 0, mo nuwezo 0 naruwuu sxcmpemyma 6 0annoti movke

Cra3ambv HEAb3A, mpe5yem0ﬂ donoanumenvroe uccaedosanue.

n
Hoxazameavcmeo. 1. Eciu fI. # 0 B Touke Fy(zo, yo), TO

A(dz, dy) = fr.da® + 2f7 dedy + f, dy’

:%(fggdxz—l—Qf feydady + f.f,,d )

T

1
= 2 (f!ﬁal:l:2 + 25, frdedy + frgdy® — frdy® + fr.fp,dy’) =

rr

. o (U + fdy)” + (7217 — £12) dy?) (*)

2 //2 norn "oen "2
1.1. Torna, eciiu B*— AC = vayy < 0, TO ecTh (f2, i ) > 0, To

B (%) BbIpaxkeHHe B CKOOKax 6y;[eT MOJIOKUTEJILHBIM U KBapaTuIHast GopMa
OyJleT MOJIOXKUTEJILHO olpejieieHa, ecan fi > 0 1 OTPHUIATESILHO OIPeJielIeHa,
ecam fr. < 0.

CunenoBaresibHo, 110 KpuTepuio CujibBecTpa B TeOpeMe O JOCTaTOYHbIX YCJI0-

2

BHSIX CTPOTOro 3KkcTpemyma mpu fr. > 0 — crporuii Murumywm, npu fo. < 0 —

CTPOTMil MAKCUMYM.

1.2. Torna, eciu B2 — AC = ”2 " ” > 0, TO eCThb ( Z é/y_ //2) <0,

o iprt dy = 0, dz # 0 3HaK KBa/:LpaTMqHOH dbopwmbl 3aBucuT OT 3HaKa fo
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1
Ty

v = A(dz,dy) — HeonpejesieHa = 9KCTpEMyMa HET.

1

p 3HAK KBaJIPATHIHON (DOPMBI Oy/IeT MPOTHBOTIONO-

a npu dr = dy = —
JKEH 3HaKy

"o __ " "norn 2 -
2. BEcwm f, =0, fi, #0u fi,.f/ — fr, # 0 — ucciejosanue npoBojsaT ana-

JIOTUIHBIM 00Pa30M.

3. Ecm fI! = fI' =0, no fI f/ m#0=> fl, #0 = B°—AC>0un

TT yy zxJyy ~ Jay

A(dz,dy) = 2f;, dzdy — neonpesienena, a 3HAYAT, SKCTPEMyMa HeET.

4. B f], = f7 = fi, =0 = B*> — AC = 0 — jjonycKaercs Kak CyIIecTBO-

BaHMe, TaK U OTCYTCTBUE dKCTpeMyMa. HeoOXoaumo JIOnoTHUTEbHOE UCCIIE]10-

BaHUe. [l
IIpumep 9. UccienoBars Ha SKCTpeMyM (DYHKITHIO
z(z,y) = 22° + xy* + 5z* + o7

Pemenwne. 1. Haitnem nuddepeniual mepBoro mopsiaka 1 COCTaABUM CUCTEMY

yPaBHEHU, YT00bI ONPEJIEUTH CTAIMOHAPHBIE TOUKH:
dz(z,y) = (62° + y* + 10z)dz + (2zy + 2y)dy,

622 + y?> + 10z =0 N 622+ y> + 10z =0
2zy 4+ 2y =0 2y(z+1)=0
i { 622 + 10z = 0

=0
{ g L = M0(0.0), My(-5/3.0), Mi(-1.2), My(-1,-2).
y — =

r=-—1

2. Jlasiee jutsi KaxK10# TOUKM OyjieM onpeiessTh 3HaK Bbipaxkennss B2 — AC, a

JUIst 3TOr0 HaMm Heobxonmumo Haitn A, B, C.
A=z, =1204+10, B=2z, =2y, C=z,=2r+2,
B? — AC = (2y)? — (12z + 10)(2z + 2) = 4y* — 242® — 20z — 24z — 20 =
= 4y? — 242? — 44z — 20.
2.1. Pacemorpum nepsyto Touky Mi(0,0):
(B* — AC)(M;) = —20 < 0, A(M;) =10 >0, C(M;) =2 > 0,

ciesioparesibio, B Touke Mq(0,0) — crporuii MUHUMYM.

2.2. Pacemorpum Bropyio Touky My(—5/3,0):

4
(B* — AC)(M,) = —40 < 0, A(Ms) = =10 < 0, C(M,) = -3 <0,
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craesoBaTenbio, B Touke Ma(—5/3,0) — cTporuii MAaKCHMYM.

2.3. Pacemorpum rperbio touky Mz(—1,2):
(B* — AC)(M3) = 16 > 0.

DKCTpEMyMa, HeT.

2.4. Pacemorpum verBepryio rouky My(—1,—2):
(B* — AC)(M,) = 16 > 0.

DKCTpEMyMa, HeT.

6.9. VYcioBHBI 3KCTPEMYM
[Tycts HA oTKpBITOM MHOXKecTBe (2 C R" 3a/manbl pyHKIINN

yJ:(p](x)a j:1727"'7ma

rie ¢ = (z1,22%,...,2") € Q. Oboznaunm 4yepes E muoxkecTBo ToueK = € (2, B

KOTOpbIX Bee byukuun ¢;(x), j =1,2,...,m obpamaorcs B HyJIb:
E={x:¢j(x)=0,7=12,... mz e Q}

Ompenestenne 20. Ypasnenus @j(z) = 0, 7 = 1,2,...,m wnaswearomca

YPaBHEHUSMU CBA3U.

Onpepesierne 21. [Tycmov na Q0 3adana pynxyus y = f(z). Tourka xy € E
Ha3vl6a€MCA TOIKOM yCJIOBHOTO 3KCTpeMyMa gynkuuu f(x) ommuocumens-
MO YPaAGHENUT] CEA3U, ECAU OHA ACAACTNCA MOUKOT 00VUH020 IKCPEMYMA IMOT

byHKUUL, PACCMAMPUBAEMOT TMOALKO Ha MHoKHcecmee .

Metona Jlarpanxka aasa pyHKOUN n-mepPeMEHHBIX

Tycrs pana dynxuus z = f(xl z%,... 2") nu m ypasnenuii ceszu (n > m)

or(zh 2% 2") =0, () =0, ..., pu(z) =0.
Cocrasum dyukImo Jlarpanxka:
L(z', 2% . 2" A, ) = f(2) + Mo(2) + .o 4 Anom(z),  (6.9.1)

rae Aj, 7=1,2,...,m — muoxunresn Jlarpanxa.
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Teopema 11. Heobxoaumebie ycjioBus 3kcrpemMyma pyHKOun JlarpaH-

xa. Ilyemov L(z, M), z= (21, 2%,...,2"), A= (A1, Xa, ..., \m) onpedenena 6

nexomopot O(z) ; ecau ona asasemca moukot sxcmpemyma Gynxyun Jdazpan-

2HCA U €CAU 8 METll CYULLCMBYIOM YACTHBLE NPOU3BOIHDVLE ngi ci=1,...,n, %,
J
g =1,...,m, mo onu pasrv, HYAI0:
( OL
p =0,2=1,...,n,
{
oL
—=0,7=1,...,m.
\ O\

HpI/IHI/IMaH BO BHUMaHHE, 9YTO KazxKJdasd YaCTHad IIPOU3BOAHAA II0 MHOXKHUTEJITO

Jlarpam:ka maeT ypaBHEHHE CBSI3U, YCIOBU TEOPEMbl TPUHUMAIOT BHU/T

oL

—— =0.1
8522- !

1

RPN (8

i(r) =0, j=1,...,m.

Teopema 12. JloctaTounbie ycjoBus JJjisg pyukiuu Jlarpanxka. Cocma-
sum eeccuan pynryuu Jazpanoica:

0*L 0*L 0*L
ox? 0x10x9 0x10x,
" 0*L 0*L 0*L
| 9901y 83:% 0x20x,
PL L oL
0z, 0r1 01,0T z2

B xaocdoti cmavuonaprot mouke naxrodum 3navenue 2eccuana Jlazpanoica:

1. Ecau 3uaxu yenoevir munopos Hop i1, Hopio,

.., Hopyy cosnadarom co

anaxom (—1)™, mouka Yycaro61020 MUHUMYMA.

2. Ecau snaru yenosvir munopos Hopy1, Hopmya,

o, Hopyn uepedyromen,

npuvem 3nax Hopyi1 cosnadaem co anarom (—1)’”“, MouKa YCA06H020 MAK-

CUMYMQ.

Metona Jlarpanxka ajasg (byHKOUN ABYX IIepeMeHHBIX

IIycrb Ha orkpbirom MHOXkKectse  C R? zajana Gyukims

y = ¢(z),
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rie ¢ = (r!, 2%) € Q. Obosnaunm yepes E MHOKecTBO ToueK o € ), B KOTOPBIX

byukiust () obpalaeTcs B HyJlb:
E={z:p(z)=0,z € Q}.

Onpenenenne 22. Vpasuenue o(x) = 0 nasveaemcs ypaBHEHUEM CBA3U.

[lycrs nama dbyukmusa z = f(zb,2?) u ypasnenue cpasu o(z!,z?) = 0.

CocraBum dyHKIMoO Jlarpanxa:
L(z1,22,A) = f(z) + Ap(2),
rie A — MHOXKHTeNb Jlarpamxka.

Teopema 13. Heobxoaumble ycjioBus 3kcTpeMyma pyHKOun JlarpaH-
xa B R2. Ilyemv Lz, \), x = (x1,2%) onpedenena 6 nexomopoti O(xg); ecau
OHA ABAACTNCA MOUKOT dKCmpemyma Pynkyuu Jazpanoca u ecau 6 net cyuye-

CMBYIOM YaACMHBLE NPOU3BOOHDLE gfi ,1=1,2, g—i, Mo OHU PaABHbBL HYNH0:

oL
——Z=0,i=1,2
axl ’2 )=
p(z) = 0.

Teopema 14. JloctaTodnble ycaosus aias dysakmuu Jlarpamxka B R2.

Ilo snaxy dugpdepernvyuara 6mopozo nopadka
L = L}, d2* + 2L dzdy + L, dy’

6 Kaoncdot cmayuoHapHot, mouke onpedessem HAIUYUE IKCNPEMYMG:
1) ecau d’L >0 — mouxa ycro6n020 MUHUMYMA;

2) ecau d*L < 0 — mouxa ycao61m020 MaxcuMyma.

s onpenenienns 3HakKa JguddepeHnmalia BTOPOro MOPAJKa HCIOJb3YIOT
ypaBHenune cBa3u. Haxomum mudpdepeniman ypaBHEHUS CBI3U U MOJIYIaeM 3a-

BUCUMOCTH Mexly dr u dy:

ppdr + o dy =0 =
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1-i1 crtoco6. Ilosyuennoe BoIpaXkeHue mojicTapisgeM B auddepeniimal BTOporo

nopsijka pyHkuun Jlarpanxka Jist Kaxkioi CraldOHaAPHONR TOUKM:
dz?
(¥,)

2-ii crroco6. Haxomaum reccran B KarKJI0il CTAI[MOHAPHON TOYKE:

'L = ——=5 (= (&))" L, + 2,0, L, — (0,)°Ly,)

0 ¢, &
H=|v, Ly L,
d Lty 1,
Ecim H > 0 — Touka ycjaoBHOro MakcuMmyma, ecjii H < 0 — To4Ka yCJIOBHOI'O
MUHAMYMA.
IIpumepsl ucciienoBannga (pyHKINN ABYX U TPeX MepeMeHHBbIX
IIpumep 10.
UccinejioBarb GyHKIUIO 2 = & + 3y Ha yCJOBHBIH 9KCTPEMYM OTHOCUTEbHO
yciosus casu 2 4+ y? = 10.
Pemenne. 1o Cocrasum dyukimio Jlarpamxa:

L(z,y,\) = z + 3y + A(z* + 4 — 10).

2. CocrapiisieM HEOOXOIMMbBIE YCIOBHS IKCTPEMYMa, JIJIsT 9TOTO HAXOINM JacT-
HbIe [IPOU3BOJHbBIE 110 [IEPEMEHHBIM T U Y U JIOIOJIHAEM CUCTEMY yCJIOBUEM CBl-
3U:

142 z =0,
342 \y =0,
2+ 4?2 —10=0.

Pemmaem cucremy

( 1
T=79 (z =41
<y——%- = y=+3
19 R
etpecl0 2
[Tonyuuau nBe craruoHApHbIE TOUKH: HPU A| = % touka Mp(—1;—3), npu

Ay = —1 rouka Ms(1;3).
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3. [IpoBepsieM tocTaTOUHbBIE YCIOBUA B KaXK/10i cTalimoHapHoii Touke. JIj1s1 aT0oro

Haitjiem juddepenia Broporo nopsijika jaJjsi pyukuuu Jlarpamxka.
d*L = 2\dz?® 4 2\dy? = 2\ (dz? + dy?).
1-i1 cnoco6. Oupejessiem 3uak d>L B Kaxkj10il CTAIMOHAPHON TOUKE:
1
d*L(M;) =2 - i(dar2 +dy*) >0 =
M7 — TOYKa yCJIOBHOIO MHHUMYMaA.
2 1 2 2
d“L(Ms) =2 - (—5)(d:z: +dy*) < 0=

Ms — TOUKa yCJIOBHOIO MaKCUMYMa.

2-i1 crtoco6. HaxojuMm onpejiesinresib B KaXK10il cTal[mOHAPHON TOYKE:

0 ¢, o, 0 2z 2y
H=\|¢, L7, Lgy =|2x 2\ 0
¢, Ly, Ly, 2y 0 2\
Hnsa Troukn My
0 —2 —6
H=|-2 1 0 |=-40<0=>
—6 0 1

M, — ToYKa yCJIOBHOTO MUHUMYMA.

Hnsa Troukn My

0 2 6
H=|2 -1 0 |=40>0=
6 0 —1

Ms — TOUYKa yCJIOBHOTO MaKCUMYyMa.

IIpumep 11.

HccenemoBaTh (DYHKINIO @ = TY2z Ha YCJIOBHBIN SKCTPEMYM TPU yPABHEHUSIX
cBsBu x +y—2=3,x—y—2z=_8.

Pemenune. 1. Cocrapisiem dynknnio Jlarpanxa:

L(ZU,y,Z,)\l,)\Q):Zvyz+)\1($+y—z—3)—|-)\2(93—y—z—8)
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2. HeobxoiuMble YCJIOBHST SKCTPEMYMA:

(yz+ X+ X =0

Aj — Ay =
<m+/\1 /\2_8 YNAINERY
TY — A1 — Ay = 1 4a 2a4 .
r+y—z2=3

T —y—2=2§,
3. Haxomuwm jndpdepennmat BToporo mopsijika:
d*L = 2zdxdy + 2ydzdz + 2zdydz.
3 ypaBHeHuil CBA3M 1OJIYUYUM 3aBUCUMOCTH
{daz—l—dydzo {dxdz
der —dy —dz =0 dy = 0.

Onpegnensiem 3nak auddeperimaa BTOPoro mopsijaka B TOUKe
5
d*L(M;) =2 - (—5) dz? = —5dz* < 0 =

M7 — TOYKa yCJIOBHOIO MaKCHMYMA.

IIpumep 12.

Uccnenosars dynkiuo z = 3y> + 422 — £y Ha yCIIOBHBIH 9KCTPEMYM OTHO-
CUTEJIbHO yCj10Bus cBsa3u = + y = 0.

Pemenune. 1. Cocrapum dyukmuio Jlarpamxa:

L(z,y,A\) = 3y° + 42? — zy + Az + 7).

2. CocrapisieM HEOOXOMUMbIE YCJIOBHS IKCTpeMyMa. JJist 9Toro HaxoauM JacT-

HbIC IIPOM3BOJHLIC 110 IICDEMEHHBIM T W Y KW AOIIOJIHAEM CUCTEMY YCJIOBUEM CB-

3U:
8t —y+ =0,
9% —z+ =0,
z+y=0.
Pemaem cucremy
( 8z +z+A=0 (A= 9z (A= —10 (A =0
{ 922 —24+42=0 =< 922 —2—92 =0 = ! :1;:% niq =0
| y=—2 | y=—2 ly=-% ly=0
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[Tonyuunu jBe cramuonapHble TOUkU: npu A\; = —10 Touka My (%; —m); Ipu

9
Ay = 0 rouka My (0;0).
3. Ilposepsiem jiocTaTouHble yCI0BUs B KaxKJI0i cralnoHapHoi Touke. st 5Toro

Halijem guddepenimar Broporo nopsijika jist pyHkimu Jlarpanxa.
d*L = 8dx* + 2(—1)dzdy + 18ydy>.

1-i1 crroco6. Onpejensiem 3uak d2L B KaxK 101 cTaloHapHOil Touke. Jljist 3T0ro
13 YpaBHEHUA CBA3U HaIEM 3aBUCUMOCTD IPUPAIEHUNA 110 KaXK 0 13 IepeMeHn-
HbBIX:

de +dy = 0= dy = —dz = d*°L = (10 + 18y)dz>.

10 10

M; — ToYKa yCJIOBHOTO MaKCUMyMa.

d*L(M5(0;0)) = 10dz* > 0 =

My — TOYKa yCJIOBHOI'O MUHHMYMA.

2-ii crroco6. HaxomuMm onpeiennresib B KaxXK/10il CTAI[MOHAPHON TOUKE:

0 ¢, v, 0o 1 1
H=\|¢, Ly, Ly |=|1 8 -1
vy, Lz, Ly, 1 —1 18y
st roukn My
0 1 1
H=|1 8 -1 |=10>0=
1 -1 —-20

M, — TouKa yCJIOBHOTO MaKCUMYyMa.

st touku My

0 1 1
H=|1 8 —-1|=-10<0=
1 -1 0

Ms — ToUKa yCJIOBHOTO MUHUMYMA.
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YrpakHeHus JIJIg CaMOIIPOBEPKU

Yupaxkuenune 1. Haiitu jguddepennuan mnepBoro mnopsjaka QGyHKIUN
z(z,y):

Ynpaxunenue 2. Haiftu vacTibie 1pOU3BOJHBIC Z;, 2, HEABHO 3ajIaHHOM

byusxmn z(x,y):
1. 22° +vy32 — 23 = 0.
2. 22+ zx+ 22 +y=0.
3. zyz — x> +y* + 22 =0.
4. zyz — 2+ 4>+ 22 =0.

Yrupaxkuenaue 3. [losib3ysich tpasusiom JiuddepeHiupoBanmst CJA0XKHON
dz .

bynkium, nafitn o

1. z(z,y) = e**Y, tnex = sin 2t, y = 3.

2(e,y)

2. z(z,y) = arcsin(z + y), rnex = 3t%, y = 1.
3. z(x,y) =sin(x +y), riex = Int, y = 3.
4. z(z,y) =In(z +y), rnexr =7, y = cos 2t.

Yupaxkuenue 4. HaiitTu sxcTrpeMmyMbl PYHKITHH:

1. 2(z,y) = 2* + 2y + 9> — 122 — 3y.

)
2. 2(z,y) =3+2r—y—a2*+ay—vy
3. z(x,y) = 3z + 6y — 22 — 1y + 1
4. z(z,y) = 2* + vy +y* — 3z — 3y — 2.
5. u(z,y,2) =2 +2x +y? + 4y + 2% — 62.
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6. u(z,y,2) =2+ 122y + y? + 22 + 2z.

7. u(z,y,2) = 2y*2*(1 — o — 2y — 32),z > 0,y > 0,2 > 0.
8. z(w,y) = ¥ (8x% — 6zy + 3y?).

Yopaxxnenue 5. HaiiTu ycjaoBHBIN SKCTpeMyM (DYHKITHH:
1. z(z,y) =xy, ecmuz +y = 1.

2. z(x,y) = y* + 22, ecoin 2z + 3y = 6.

0
£

(
(z,y,2) =1 — 2y + 2z, ecoma® + y> + 22 = 1.
(

4. u(w,y,2) = zyz, ecrmz +y+ 2z = 1,22 + 9> + 22 = 1.
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7. KpaTHble UHTErpaJbl

7.1. Mepa 2KopaaHa

Omnpenenenue 1. Mnoowcecmsa A u B naswearomces HellepeceKaronnMUCH,
ecau ANB = @. Muooiceecmesa Ay, Ag, ..., A, Ha3v6aomcs IIONAPHO HEIe-
pecekarorumucs, ecau daa Vi, j € {1,2,...,n}, i # j, AiNA; =0. Cu-

cmema muooicecme {Ay, Ag, ..., Ap} nasweaemes pa3bueHneM MHOXKECTBA

n

A, ecou A= |J Aj, u Ay, Ay, ... A, nonapro ne nepecexatomes. Q6o3narmamo
i=1

00BeIUHEHUE NONAPHO HENEPECEKAOULUTCA MHONACECTNE OYIeM CACAYOUUM 00-

pasom A = || A;.

1=1
Onpegenenune 2. JlekapToBbIM HNpou3BeaeHNeM MmHodcecms Ay, As, ...,

ATL HasvleaemcA MHOHCECTIIEO
Al X Ay X ... XAn:{(a:l,:cQ,...,:cn) DT GAZ', 1= 1,2,...,7?,}.

Onpenenenne 3. IIpomexkxytkamu ¢ R 6ydem nasvieams ompesku, nosy-

UHTMEPBAABL, UHTEPBQAADL.

Onpenenenune 4. Kinerkamu ¢ R naswearomesa npomescymxu, movwku, ny-
cmoe mmoocecmeo. Ecau waemra I — npomesicymor, mo ee mepoit m([) na-
3bLBAEMCA BEAUUNG, PasHaA daune npomescymxra 1. Ecau xaemxa I — mouka

uAu nycmoe muoscecmeo, mo ee Mmepa m(l) = 0.

Onpenenenne 5. IIycmo Iy, 1o, ..., I, xaemxu ¢ R. Muoocecmeo 11 = I X
Iy x...x1I, naszweaemca KjaeTkoi ¢ R". Mepoii kaerku I = [; xIsx... X1,

HA3BLBACTNCA GEAUNUNHG
n
m(IT) = [ [ m(Ix).
k=1
Onpegenenune 6. Muoowcecmso A C R" naswveaemcs KII€TOIHBIM MHOXKeE-

p
| | II;. Mepa knerounoro muoxkectBa m(A) = > m(Il;).
i=1 =1

CTBOM, ecau cywecmsyrom xiemxu II;, ¢ = 1,2,...,p, maxue, wmo A =
P

Jlemma 1. Mepa kaemounozo muoscecmea me 3a6ucum om cnocoba pasbueru.s,

MHOAHCECTNBA HA KAEMKU.

Onpenenenue 7. Mnoowcecmso €2 C R" wnasweaemcs M3MepuUMBbIM T10
2Kopnany, ecau daa Ve > 0 wnatidymea makxue kiemounvie muosicecmea A
u B, maxue, wmo A C Q2 C B um(B) —m(A) <e.
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Onpenenenne 8. Ecau 2 — usmepumo no 2Kopdany, mo mepa 2KopaaHa
m(Q) — wucao, das a0bvx Kaemounvir muoscecme A u B, maxuzx, wmo A C

Q2 C B, ydosaemeoparowee nepasencmsy m(A) < m(Q2) < m(B).

Jlemma 2. Jlas a106020 usmepumozo no 2opdany mmoocecmea 0 mepa m(S2)
cyuwecmeyem u onpedeasemcsa eQUHCTEEHHBILM 00DA30M:

m(§) = sup m(4) = inf m(B),

2de moynas 6EPTHAA U TMOYHAA HUHCHAA 2PAHU 6epym0ﬂ no KAemo1yHviM MHO-

orcecmeam A u B coomeemcemeenno.

Teopema 1. Muoowcecmso 2 C R™ uzmepumo no 2Kopdany mozda v moavko

mozda, Kozda 0 — oepanuneno u m(02) = 0.

7.2. OmpenesieHne KpaTHoro mHrerpaJjia Pumana

Onpenenenne 9. Ilycmv muoocecmsa 2, Qq, Qo, ..., Qn — usamepumovie
N

no XKopdany ¢ R", Q = || ;. Tozda cosoxynnocmv mmoocecme r = {Q; :
i=1

i = 1,2,..., N} nasweaemca pazbuenunem muoxkectBa ). [Iuamerpom
MHOXKeCTBa §2; nazweaemcea seauvuna d($2;) = sup ||z—yl/,, ¢ Tmamerpom
x,y€;
pa3buenusd r — seaununa A, = max  d(€);).
i=12,...,N
Ornomenne r < 1’ pasouenwit v u r', ne v = {Q; : i = 1,2,...,N'},

ozuadaer, 4ro Vi 3k Q C .

Onpenenenne 10. I[fycmo 3adana dynxuyus f : Q@ — R, Q@ C R*, r —
pasbuenue 2. Buwbepem mouxu & € €, Vi =1,2,..., N. Tozda swpasicenue

Sy = S.(f,€) = Z F(&)m($y)

Ha3vieaemcs MHTETrpaJIbHON cymmoit Pumana f : 0 — R na mnoorcecmee
2, coomsememeyrowet pasbuenuro T u nabopy mouek & = (&1,&, ..., EN).

Onpegenenne 11. Ecau gynxuus f : Q@ — R oepanuvena na 2, mo das

106020 pasbuenus T onpedesenv. wucAa M; = in£ f(z), M; = sup f(z).
A=Y .'L'EQ,’

Buipasicenun
N N
i=1 i=1

Ha3viearomces BepxHeil m HUXKHel cymmoii Jlap0Oy.
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Onpenenenue 12. Koneunnii npeden I = Alim0 Sr(f,€), ecau on cyuecmeyem
r—r

U He 3asucum om 6uvbopa pazbuenuts r u mouex &, HA3b6aEMCA KPATHBIM
nHTerpasgom Pumana om gynxuuu f no muoocecmey €2 u obosnavwaemea

nwmyx

—_——

I:/f(:c)da:://.../f(:vl,a:Q,...,:z:”)d:vldxz...d:z:”. (72.1)
Q Q Q

Q0

Hpyrumu cioBaMu, KpaTHBIM HHTErpaJ CyIIeCTBYET, eC/in
(Ve > 0)(36 > 0)(Vr)(VE) (A < 8 = |T — S,(F, €)| < ¢).

ITpu n = 2 kparusiit uarerpan [[ f(z,y)dzdy HaseiBaercs JBORHBIM HHTErDa-
Q0

JIOM, P N = 3 WHTerpaJl BUJA fff f(z,y, z)dxdydz nHazbiBaETCA TPOHHBIM
Q

MHTErPaJIOM.

CsoiicTBa KpaTHOTO MHTETPAJIa

1. Ecim Q — usmepnmoe no 2Kopuany muoxecrso, to [ 1dz = m(SQ).
Q

2. Ecu f munrerpupyema na uamepumonm o 2Koppany muoxkecrse €2, f(z) >
0 nust Beex z € Q, ro [ f(z)dz > 0.
Q

3. Ajgmrusnocts. [Tyers Q = Q'UQ", Q' NQ” = (. Torna f(x) uarerpupy-
ema Ha () Torya M TOJBKO TOrya, Korga f(x) unrerpupyema ua ' u Q)

/f(:v)d:v: /f(x)d:c—{—/f(x)da;.
Q Q!

QII

IIPU 3TOM

4. Jluueitnocts. [lyers fi(z) u fo(x) mHTErpHpYyeMBbl Ha H3MEPUMOM MHOKE-
cree ) dynkiuu, Tora jis J0bix A, Ao € R dyukius Ay fi(x)+ A2 fa(x)

uHTEerpupyeMa Ha ) u

/Odﬁﬂ+hb@»®zd{/ﬁwﬂwh&/ﬁwﬂm
Q Q

Q

5. Ecim f(x) u g(z) wnrerpupyembl Ha uaMepumoM MHOxkecrBe 2 u Jiist

Va € Q somounsiercs f(z) < g(x), roraa

[ f@de < [ glaie
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6. Ecm m(Q) = 0, to qwbas dyukius f : @ — R unrerpupyema na €2,

Q/ f(@)dz = 0.

7. Ecim f wenpepblBHA Ha U3MEPUMOM CBSI3HOM KoMIakTe (), TO Haiijgercs

1IPU 3TOM

¢ € Q, rakoe, 4TO

/ F(z)dz = F(€)m(Q).

8. Eciim f umnrerpupyema Ha uamepumom 1o KopjaHy MHOXKecTBe 2, TO

‘f($)| uHTerpupyeMa Ha {2 u

/f(x)dar < /\f(x)\dx.

7.3. CBemeHune ABONHOTO MHTETPAJIA MO NPAMOYTOJBHUKY

Pacemorpum dbyHKIHMIO JIBYX epeMeHHbX 2 = f(z,y), 3aJaHHy0 Ha IPSMO-
yrosibiuke P = Iy X Iy = [aq, b1] X [ag, bo]. Tlycrs f(z,y) > 0, V(z,y) € P. Ilo
AHAJIOTMK C MHTEIPAJOM B OJHOMEDHOM CJydae I10JIy4aeM HPOCTPAHCTBEHHYIO
burypy H, sakiodennyio mexy nosepxHoctbio f(z,y) n miokocrbio z = 0
npu (z,y) € P. Takum obpazom, durypa coctout u3 Bcex To4eK (z,y, z), JJis
KOTOPBIX

H={(z,y,2): €, y€l, 0<z< f(z,y)}.

Onpenenenne 13. Queypy H b6ydem nasvieams MATUHAPUIECKON KPHUBO-

JmHeitHoM burypoii, noposicdennot noseprrocmoio f(x,y).

Pazobbem mpsMOyrojbHUK P Ha MeHbLIHE HPIMOYIOJbHUKU C IIOMOIIbIO
IPSIMBIX, HapaJsieabHbiX ocsiM Ox n Oy U HPOXOJANINX Yepe3 TOUKH pa3du-

ennd r, Ha ocu Ox:
g =x0< T <x9<...<Ty, = by,
1 TOUYKN pazouenus r, Ha ocu Oy:

az=yo <Y1 <y2<...<Yp= by
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Onpenenenne 14. IIpamoyzoronur Py C P, mouku xomopoeo ydosaemeo-

pAwOm YcaoeuAm

xr € ACBk = [lek-l,xk}a Yy € Ayl = [yl—layl]a

ede Az ecmw k-1 ompesox pasbuenua r., a Ay, ecmov -G ompesok pasbuenus
Ty, Oydem nasvicamov JIeMEHTOM pa3bueHus r npamoyzorvruka P c un-
dexcom (k,l), a muooicecmeo ecex anemenmos Py, k=1,...,m,l=1,...,n
— pa3bueHueM r npamMoy20ivHUKe P .

B kaxgom mpamoyrogbHuke Py Bo3bMeM TOUKY Ap; ¢ KOOpIMHATAMH
(&k1, Ora)-

Onpepenenne 15. Muoowcecmeo npamoyzoavrukos P u movex Ay 6ydem
Ha3vi6amy pa3sMedeHHbIM pa3bueHueM muooicecmea P, xomopoe 0bosna-

yum V.

Mepa ssementa P — IJI0IIaJb IPAMOYTOJbHUKA!
m(Pry) = Axy, - Ay = (2, — 23-1) (Y1 — Yi-1)-

Onpenenenune 16. Cymma

SV) =Y > f(&ri, Ora) AzpAy,

k=1 =1
nasvieaemca MHTErpadbHoit cymmoit Pumana gynxyuu f(x,y), coomeem-
cmeyrouLet pazbuenuro V.

Ounpegenenne 17. Jauny duazonanu / Az + Ay? npamoyeorvrnura Py 0y-
dem naszvieams JUAMETPOM Aj ;.

Onpegenenne 18. /Imamerpom pasouenus P 6ydem nasvisamo
)‘V = max{)\k,l}.

Onpenenenne 19. Yucaro I nasvieaemces MBOMHBIM MHTErpajiom Puma-
HA om ozpanuvennol dynkyuu f(z,y) no npamoyeorvrury P, ecau Ve > 0
6(e) > 0: VYV ¢ yeaosuem Ay < & cnpasedauso nepasencmeo |[S(V) — I < e.
B omom cayuae bydem 20eopumon, wmo f(x,y) Asasemces unmezpupyemot no

Pumany na npamoyzorvrnure P.

[Tonyuaem dpopmysty st ABORHOIO MHTErpaJia 1Mo NPsiMOyroJabHUKY P:
b1 b

// f(x,y)dwdyz//f(év,y)dwdy-

ay az
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7.4. JIBoifHOI MHTerpaJI 110 MPOU3BOJILHOI obJjacTtu F

[Iycts Ha orpeske [a,b] 3amanbr HempepbiBHbie byHkmun ¢(z) u Y(x):

o(x) < (x), Vo € [a,b).
E={(z,y):a<z<b o)<y <)}

[Tycrs dyuknus f(z,y) onpenenena na E. Eciu Vo € [a,b] dyuxus f(z,y),
Kak (DYHKIMsT OT IepeMeHHoil y uHTerpupyema Ha orpeske [p(z), ¥ (x)], 1o ectb
Vz € [a,b] cymecTryer

P(x)
/ f(z,y)dy,
p(x)
Y(x)
n byukunst F(z) = [ f(z,y)dy warerpupyema na [a,b], To
p(x)

//f(x,y)d:vdy= /bda: 7x)f(:v,y)dy
E a e(z)

HA3bIBACTCS TTOBTOPHBIM MWHTETPAJIOM IO NMPOU3BOJBHON 00JIACTH.
AHasioruaabiM 00Pa30M MOXKHO paccMaTpUBaTh 00JIACTH B JAPYTOM HalpaB-

sernu. [lycrh Ha orpeske [c, d] 3amanbl HenpepbiBHble GyHKIWN ©1(y) 1 ¥1(y):
o1(y) < i(y), Yy € [c,d].

E={(z,y):c<y<d, pi(y) <z < ¢1(y)}.

[Tycrs dyuknus f(z,y) onpenenena na E. Eciu Yy € [¢, d] dyuxmus f(z,y),
Kak (DYHKIMsI OT MEepeMeHHoli x mHTerpupyema Ha otpeske [p1(y),¥1(y)], To
ectb Yy € [c,d] cymecrByer

¥1(y)
| fes,
e1(y)
1 (y)
u dyuknnst F(y) = [ f(z,y)dz unrerpupyema na [c,d], 10
e1(y)

d V1(y)

//f(m,y)da:dy:/dy / f(z,y)dz

1(y)
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HA3bIBAETCs TTOBTOPHBIM MHTEI'PAJIOM IO IIPOU3BOJILHOM 00J1acTH.
IIpumep 1. Paccrasurh 1pejieibl MHTEIPUPOBAHUS B JIBYX HalPABJICHUSX

pist marerpana [ [ f(z,y)dzdy, ecin obnacts E: x =1, y = 2%, y = 0.
E

Pemtenne. Ilocrpoum obsacTh, KoTopasi HAM 3aJiaHa.

[TocMoTpuM B mepBOM HalpaBJeHUW — CHU3Y BBEpPX. 10 €CTh OmpejiessaeM,
B KaKOM IIPOMEXKYTKE 10 T HAXOJUTCs BCs 0DJIACTb, U KaKas KPpUBas SIBJISIET-
Ce HUXKHEHU I'paHulleil, a KakKas BepxXHei (1/1 HE «CJIOMAaJIMCh» JIM I'PAHUILbL IJie-

HUOY/Ib).

Puc. 2. Odnacts E

Jasiee paccTaHOBKY HPOM3BOJMM B HOPsIJIKE: CHaYasa 110 T (910 00532 TesIbHO
KOHCTaHTHI!), oTOM 110 Yy (eciau 06JacTh HE NPAMOYIOJBHUK, TO TO BCEr/a,

bYHKIUKE OT TIepeMeHHON ).

1 x?

// f(z,y)dzdy = /dm/f(way)dy-

0

Ecau HeoOXoIuMO paccTaBUTDh MPEJIEbl MHTETPUPOBAHUS B JIDYTOM HAIIPaB-
JIEHUH, TO Ha 00JaCTh CMOTPUM CJieBa HampaBo. g Hac mepeMeHHas 3TO Y,
orpejiesisieM JiJisi HavaJja, B KaKOM [IPOMEXKYTKE 110 Y HAXOJAUTCs BCs 00J1acTh,
JlaJiee CMOTPHM, KaKasi PDaHUIa JeBas (HUXKHss), a Kakas npaBas (BepXHsist).
He 3abbiBaem Bbipasuth Gyukimn ¢ = x(y). B qanHoM npumepe JieBast rpau-
14 9TO Y = x>, COOTBETCTBEHHO HY’KHO BBIPA3UTh T UEPe3 y: T = +./y (nam
HY>KHas TpaBasi BeTOUKa MapadoJIbl, CJIeIOBATEIbHO BHIOMPAEM BBIpaXKeHue co
snakom + ). [IpaBasi rpanuna — upsimast ¢ = 1. JJasee paccranoBky npous-

BOJMM B IOPsijIKe: CHadYasia 10 Y (910 00si3aTe/bHO KOHCTAHTHI!), TOTOM 110
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x=1

Puc. 3. Odstacty F

(ecsm 06s1aCTH HE NPSAMOYIOJBHUK, TO 9TO Beerja MyHKIUU OT ePeMEeHHOH ¥ ).

/ f(z,y)dzdy = /ldy/lf(ﬂf,y)dﬂf

VY

Taxum obpaszom, 1ojydaem

.’E2

1 1 1
é f(ﬂf,y)dxdy—O/de/f z,y)d —O/dy/f(iv,y)dw

VY

7.5. 'TpoiiHoit nHTEerpaJ

Jl1st paccTaHOBKM TpPEJIeJIOB MHTEIPUPOBaHMsI HEOOXOIMMO TTOCTPOUTH 00-
Jactb G.

1. Ecaiu BBIOpaTh MOPSIJIOK MHTETPUPOBAHUA < T, Y, 2 >, TO JJId HadaJa pac-
CMaTPHUBAIOT MPOEKINIO 0bsiacTu Ha 1tockocTh Oxy. PaccranoBKy 1npejie/ion 1mo
MPOEKINN Ha MJI0CKOCTh QXY MPOBOJST KaK B ABOWHOM nHTErpaJse. Bo3aMoKkHbBI

BapuaHThl < T,y > 1 < Y, T >.

2. Jlanee Ui mepeMeHHOM 2 pacCTaHOBKa IPEJIEJIOB HHTEIPUPOBAHUS ITPOUC-
xoauT BJoJib ocu Oz CHU3Y BBepX (BJOJIb MOJOXKHUTEIHHOTO HAITPABJICHUST OCH ).

ITpumep 2. Boruuciiurs unrerpal

dxdyd
/// S 3 G={r+y+z=12=0y=0, 2=0}.
G

(1+2z+y+2)

Pemienne. I[locrponm obacts G u ee npoekiuio Ha miockocrb Oxy.
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y=0
x=0
z=0

= +y+z=
I Rt aka

1 v

IIpoexnua #a maockocts Oxy

Puc. 4. O6pacts G

BbilloJIHUM paccTaHOBKY B HOPsijiKe < T,y >: BCs ITPOEKIUS HAXOJUTCS B
npomexyrke [0; 1] no nepemennoii x. [losromy rpanHuiibl epBOrO MHTErpaJsa
or 0 o 1. Jdajiee Bjiosib ocu Oy, HIKHsS I'panuiia — upamad y = 0, BepXHssd
rpanuria — npaMag y = 1 — .

ajiee Bo3BpalaeMcs K UCXOJHOMY H300parkeHuio, 1 BIOab ocu Oz HUXKHSSA
I'paHulla — IJI0CKOCTh 2 = (), a BepxHss rpaHulla — IJIOCKOCTb £ +y + 2 = 1,

T.e. 2z =1—x — y. Tenepn, paccTaBuB PeJebl UHTEIPUPOBAHUS, BHIYUCIUM

UHTErpaJl
1 1-z l—x—y 1 1-z —:L'—y )
/dm/dy/ /dm/d / dzt(1+z+y) _
Z+(1+x+y (z+(1+2z+y))’

0 0 0 0 0

1 1—x 1—z—y

/d:c/(z+ (1+z+y)> (-0.5) dy =

0
0 0

65



7.6. Ilmomanp m odobeM

Mepa so6oit obsactu B R2 — ee miomaan. CoOTBETCTBEHHO JIBOHHON MH-
TerpaJi mo IToil 0bJacTu ¢ nojbiHTerpaabHoil dbyukimed f(z,y) = 1 u ecthb

. 2
IJ101a,/ (b JanHoi obsacru. Ilycrs G C R?, Torma

=Sq = //d:cdy.
G

Mepa. s1060it obactu B R? — ee 06bem. CooTBercTBeHHO TPOIHO# HHTErPaJl
1o 9Toit obsiacTu ¢ nojbIHTerpaabHoil dyHkuueil f(x,y,z) = 1 u ectb 0Obem

namnoit obsacru. Ilyers G C R3, Torma

=Vg = /// dxdydz.
q

IIpumep 3. Haiitu miomaps obinacty G = {y = 11 — 2%y = —10z}.

Pemmenne. YToObI BRIIOTHUTH pACCTAHOBKY MPEEI0B HHTEIPUPOBAHNS, HAM
HEOOXO/IMMO OIPEJIeINTh, B KAKOM MPOMEXKYTKe 10 ocu Ox HaXOMUTCS BCs 00-
JnacTh. st 3T70r0 HalijieM TOYKY repecedennst JBYX KPUBBIX, KOTOPbIE 00pa3yoT
00J1aCTh.

Jlns sToro penmM ypasaenue 11 — 22 = —10z:
2 — 10z — 11 = 0;

D =100 — 4(—11) = 144;
r1=-—1, xo=11.

BbINOIHUM PacCTaHOBKY IIPEJIe/IOB MHTEIPUPOBAHUS CHAYAJa 110 X: BCsA 00-
JIACTb HAXOJUTCs B IpoMexkyTKe oT —1 710 11 mo ocu Ox. CMoTpuM Ha 00J1aCTh

CHM3Y BBEpX: HIKHeA rpanuna y = — 10z, Bepxuas rpanumna — y = 11 — z2.

11—2?

SG_/dx / dy_/

—10z

—10x
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11

3
= /(11 — 2+ 10z)dz = <11m — % + 5x2>

11

= 288 kB. €.
-1

IMpumep 4. Haiitu o6bem obmactn G = {2z =0,z =1—-2%y =0,y =
3—z}.

Pemenne. Yuraresio npejaracM caMOCTOSITE/IHLHO ITOCTPOUTH JAaHHYIO 00-
JIACTb U yOEJIUTHCs, UTO 9TO IepeceueHre mapadboJInIecKoro NUJINHIPa U TPex
1JIOCKOCTE. BbllIoJIHMM pacCcTaHOBKY I1IPEJIC/IOB MHTEI'PUPOBAHUS CHAYaJ I 110
Z: BCsl 00J1aCTh HaXOAUTCsI B IpoMexkyTke oT -1 ;10 1 o ocu Ox. Cmorpum Ha
MPOEKIINIO CHNU3Y BREPX: HWKHAA Tpanniia y = 0, BepXHsada rpannia §y = 3 — .

Tenepn jBuraemcs Bjojib ocu (Oz: HUXKHSSA IPpaHUIA — ILJIOCKOCTL z = 0,
BepxXHeil rpaHulieil sapjsgercd MUJINHAP 2 = 1 — z? lrak, oObeM MOCTpPOEHHOI

00JIACTU BBIUKCJISEM MIPH IIOMOIIU TPOHKHONO MHTErpaJia

1 3—z 1—z2 1 3=z 4 o

VG—///dxdyd :/da:/dy / dz = /da:/ dy =

G -1 0 -1 0

13-z 1 .-
:/d:c/l—dey:/(l—x2)y dr =
-1 0 -1 0

; 2 24\ |1

:/(3—50 3$2+$3)d$=<3$—?—$3—|—z> = 4 ky0. ej
-1

7.7. 3ameHa KOOpAWHAT B KPATHOM WHTErpaJie

Teopema 2. [Iycmwv 3adarno omobpasicenue

r = z(u,v)

F =
y = y(u,v)

omEpbimozo usmepumozo muooicecmea G C RZ na omxpeimoe usmepumoe
mroorcecmso G* C Riy

R2 5G=G*CR?

Y

npULem

1) F — 63aumno odnosnaywno omobpascaem G na G*;
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2) F — uenpepwvieno duddepenvupyemo na G;
3)

‘#0;

:\ﬁ\
SN~

x
Y

<

nycmo

4) f(z,y) nenpepwena u oepanuuena na G*;

5) npou3eedenue F(F)(u,v)J(u,v) oepanuveno na G, 2de f(F)(u,v) =
f(z(u, ,v)). Toeda

//f 2, y)dudy = //f u,v), (1, v))J (u, v)dudo. (771)

CaencrBue 4.
m(G*) = // dzdy = // J(u, v)dudv.
ek €]

Sameuanne 4 (Pusnveckuii cmbici fkobuana). fxobuan mpeobpazosa-
HUsI eCTh KO DunuenT jgedopMaiui 3JieMeHTapHON JI0MAa U IPU IIPeodpas3o-

BaHWK KOOP/JHWHAT.

IlongpHasa 3aMeHa KOOPJAUHAT

Yy = rsinp.

{ T =T COS P, (7.7.2)

[Tocunraem fkobuan s MOJSIPHONM 3aMEHbI KOODIMHAT:

cos —rsing

J(r,p) = = rcos’ g +rsin’p =r.

siny rcosp

[Toygaem dpopmyity mepexojia K IOJIAPHBIM KOOpJIMHATAM B JIBOMHOM MHTEI'Da-

/ / f (@, y)dady / / F(rcos o, 7 sin )rdgdr. (7.7.3)
G* G

ITpumep 5. IlepeiiTn K TOJISAPHBIM KOOPJIMHATAM U BBHIUUCJIUTH

/ V14224 y2dedy, G = {z*+y* < 4}.
G*

JIe:

Pemenne. O61acTh sBjsgeTCs KPpyroMm ¢ IEHTPOM B Hadaje KOOPJAUHAT U

pajuycom 2. Iosromy npu nepexojie K IOJSIPHOR cucTeme KOOpAuHAT, 4TOObI
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oboiiTu 0bJyiacTb, HaM mnoHasobuTcs yroa 0 < ¢ < 27, Ipu 3TOM PaJIyC HAXO-

jgutes B npomexxyrke 0 < r < 2. IlojgcraBum janibie B (hopmysty :
or 2 2
/dgp/ (m) rdr = %/dc,p/(l—!—?ﬁ)%d(r2 +1) =
0 0 0 0

o o

1 [2(1+7r2): | 1 [, s 1, s T og
—-/Q dgpz—/('{)z S )de = (5% — Do | = T(5v5—1).
2 3 . 3 3 . 3
0 0

IHuauuapuyeckas 3aMeHa KOOPIUHAT
T = T COS ,
y = rsin g, (7.7.4)
Z = Z.

[Tocunraem fxkobuan i NUIMHIPUIECCKON 3aMEHBI KOOPIUHAT:

cosp —rsing 0
J(r,p,z) = | sing rcosg 0|=rcos’p+rsin’p=r.
0 0 1

[Tonygaem dopmynny mnepexoja K HUJIMHJIPUUECKUM KOOPJUHATAM B TPOHHOM

HHTEerpaJie:

/G// f(z,y, z)dzdydz = /G// f(rcos,rsing,z))rdpdrdz. (7.7.5)

ITpumep 6. [lepeiiTn K UIMHIPUIECKIM KOOPAMHATAM

///f(x,y,z)dxdydz, G'={2"4+9*°<1,2=0, z4+z+y =2}
G*

Pemeame. O0sacThio  gBJISETCA  [MUJIMHJPUYECKAsT MOBEPXHOCTH, IEHTP
OKPYKHOCTHU-CEUeHNsT HaXOAUTCA B HavdaJje KOOPJNHAT, paJuyc paBeH eJuHuIe.
[InmvaApUYIecKyIO MTOBEPXHOCTDL OTPAHUYWBAET CHU3Y TIOCKOCTh 2 = (), cBep-
Xy — HaKJOHHas IJIOCKOCTh 2 = 2 — x — y. [lo npoeknun na miockocts Ozy
paccraBJisieM 1peJiesibl MHTEIPUPOBaHUS KaK JIJIsi TOJIAPHON CUCTEMbl KOOP M-

HaT, a BAOJb ocr Oz CHU3Y BBEPX, 3aMEHsIST TP 9TOM TTePEMEHHbIE T U ¥:

27 2—rcos p—rsinp

1
/// f(z,y, z)dzdydz = /dgo/dr / f(rcose,rsing, z)rdz.
G 0 0

0
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Cdepuueckag 3aMeHa KOOPJAUHAT

X = T Cospsinb,
y = rsinpsin 6, (7.7.6)
z =rcos#.

[Tocuntaem Axobuan Juist 1anHoil 3aMeHbI KOOPAUHAT:

cossinf —rsingsinf rcosycosf
|J(r,,0)| = | sinpsinf rcospsinf rsingpcosf | =
cos 6 0 —rsinf
= |—r? cos® psin® §—r? sin? @ cos? § sin §—12 cos® p sin O cos® H—r? sin? sin® | =
= | — r(sin® B(cos®  + sin’ @) + sin f cos? §(cos® p + sin’ @))| =
= 72(sin f(cos § + sin? §)) = r*sin .

[Toywgaem dpopmysty mnepexojia K chepuieckumM KOOPJIMHATAM B TPOHHOM WHTE-

/// f(z,y, z)dzdydz =
&

= /// f(rcos psin @, rsin @ sin 6, r cos §))r? sin Odpdrds. (7.7.7)
G

rpaJie:

ITpumep 7. Ilepeiitn kK chepruueckum KoopnuHaTAM

///f(x,y,z)dxdydz, G* ={a* < 2* +9* + 2* < 4d?, 2z > 0}.
G*

Pemenme. O6acTh 3aK/0UeHa MEXKJIy JAByMs cepaMu ¢ HEHTPOM B HadaJie
KOODJIMHAT U PaJUycaMu @ ¥ 2a COOTBETCTBEHHO, HAXOJUTCS B BEpXHEi IMOJIY-

iockoctu Hag Oxy.

2a s

/ah,o/dr/f(rcosgpsinQ,7“sin<,psin€,7“(:030))1“2 sin Ad6.
0 a 0

70



YrpakHeHus JIJIg CaMOIIPOBEPKU

Yupaxkaeaue 1. I3MeHUTb TOPSI0K NHTEIPUPOBAHUS:

5 . 1 (]
1. [dz [ f(z,y)dy. 6. [dy [ f(z,y)da.
0 -z 0 0
A 4 1 1—22
2. [dy [ f(z,y)dz Tde | fl@y)dy
5 Y -1 —V1—22
3. [do | £(z,0)dy fa VT
1 2—y
1 x?
Inz
4.0fdij3‘f(x,y)dy- 9. fda:ffxy
2 2—zx sin x
5. _fﬁdxwzflf(x,y)dy- 10. fda: f f(z,y)d
YupaxxkHeHane 2. BolaucjmTh JIBOMHONR HHTETrpaJI:
1 T : r
L [dz | 1,2¢/xdy. o [ [(z 4 y)dy
0 Yz 0 ’
1 x
- 0 z2
2m 2
3. fd:c f Vady. 7. [de[a*sinydy.
0 —¥z o0
1 x
n fdx I 12wy 8. do | #ydy.
3 -1 -3

Yrupaxkueaue 3. BoaucjiuTh JIBOWHON UHTErPaJl B OJISPHBIX KOOPUHATAX:

ca2 2 _ (g — _
1. lf)fdxdy, D:y 20+ x° =0y = \[,x 0.
2. ffd:vdy, D:y?—8x+22=0;y=+3z:2=0.
D

3. [[ dzdy, D:y? —4y+4+22=0y=x;2=0.
D
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4, lf)fdxdy, D:y?—6r+22=0y=x;2=0.

5. [[ /22 +y?*dzdy, D :y*+2*=4.
D

6. [[ dzdy, D:y? —4y+4 22— 2z =0.
D

YrupaxkHenue 4. BeraucanTbh TPOHOI MHTErpaJ:

1. fffx6223dxdydz, Viz=xy,y=z,x=1,2z=0.
1%

2. fff lfﬁlﬁi drdydz, V:z+y+2=12=0,y=0,z2=0.

3. [[[ zyzdxdydz, Vil +y*+22=1,2=0,y=0,2=0.
1%

4. fvff\/:z:Q—i—y?da:dydz, Vie?4+9y?—22=0,2=1.

Yrupaxkuenaue 5. BoraucjnTh TPOWHON WHTErpaJ B IUJIMHIPUIECKUX KOOP-

JuHaTax:

1. fvff:z:dxdydz, Vil 4y =222 +9y*=25,2=0.

2. [[[ zdzdydz, V :z*>+y*>=16,2>+y*—2*=0,2>0.
\%4

3. [[[ydzdydz, V :z*+y*=z2*+y*=16,2=0.
1%

4. fvffz2dxdydz, Vig?4+y?=2522+9y>—22=0,2>0.

Yrupaxkuenue 6. Haiitu 00beMbl Tes1, OrpaHnYeHHBIX CJIEIYOMIMEI ITOBePX-

HOCTSIMU:
1 2?2+ 942 = 2,202+ 2> = 2,y = z,y = z°.
2. z=x+y,z=zy,zr+y=1,2=0,y =0.
3. z:6—:c2—y2,z:\/m.
4. x =5y -9, 0= —4,z=a+4r —y* — 4,z =2+ 4z — y® + 2.
5. y=5+2,y="T2=—T2>+3y* — 2,2 = —T2> + 3> — 5.
6. 2 =322+ y*r+y,z =10 — 22 — o2
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7. 2=—-16(z*+y*) + 1,2 = —32z — 1.

8. z=32((x — 1>+ %) + 3,2 = 67 — 64x.
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JIndpdepennuaabHble YypaBHEeHNIS

8. Jnddepennuanbubie ypaBHEHUA

8.1. Omnpenenenne quddepeHNTNATBLHOTO YPABHEHNS

Huddepenimaibubie ypaBHEHUsT — OCHOBA MaTeMaTUYeCKUX Mojiesieil ¢pu-
3UYECKUX U JPYIUX siBJeHUil u mpoieccoB. OcHOBHas 1eJ1b Teopun Jauddepen-
IIUAJIbHBIX ypaBHEHUII — pa3paboTKa METOO0B IOKCKa pelneHuil Jauddepeniim-

AJIbHBIX YPAaBHEHUI U MCCJICOBAHUE UX CBOMCTB.

Onpenenenne 1. /IluddepeHnmagbHOEe yYpPaBHEHUE — COOMHOULEHUE
Mentcdy neuzsecmmoti Gynryuet, ee npouseodHbLLMU U HE3ABUCUMLMU Nepe-

MEHHDIMU.

Onpenenenue 2. Ypasnenus, co0epHCAULUE NPOU3BOIHBIE NO MHOLUM HE3AEU-
CUMbBLM NEPEMEHHDIM, HA3BLEAIOMCA YPABHEHUAMU B YaCTHBIX ITPOU3BO/-
HbIX

F(z,y,dz,dy) = 0.

Onpenenenue 3. Vpasuenus, codeparcausue npoudsodnvie Auws no 0010t u3
HE3ABUCUMDIT NEPEMEHHDIT, HA3VIEAIOMCH OOBIKHOBEHHBIMU aud depeHnmu-

AJIbHLIMU yPaBHCHUSAMU
F(a:,y,y',...,y(m)) = 0. (8.1.1)

Oupenenenne 4. Iopadox cmapwets npoussodnoti, exodsueti 6 ypasuenue
(8.1.1), nasvieaemcs MOPAIKOM ypaBHEHUS .

Onpenesenne 5.
y' = f(z,y) (8.1.2)

HA3DIBAEMCA YPABHEHUCM NEPBO20 NOPAJKAL, PA3PEULEHHBIM OMHOCUMEND-
HO NPOU3B0IHO1.
8.2. Pemenne mudpdepeHnmaapbHOT0 ypaBHEHUS

Ompenenienue 6. Perntenuem nuddepeniuaibHoro ypasanenus (8.1.1))
naswvisarom maxyro dynryuro y(x), xomopas npu nodcmanoske 6 ypasHenue

obpawaem e20 6 moscdecmaeo.
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[TonpazymeBaercsi, 4To 3Ta (pyHKIMA JuddepeHiupyeMma J0CTaTOuIHOe YNCJI0

pas, a 00J1acTH OlLIPEJIe/ICHUs] YPABHEHUSI U €I'0 PELICHUSI COIJIACOBAHDI.

Onpenenenue 7. Jhoboe xonxpemmnoe pewenue Judpdepentuanvrozo ypasHe-

HUA Ha3vtearom €20 9aCTHBIM pelIeHueM.

Onpenenenne 8. OOIIUM PEMIEHUEM HA3bIGAEMNCA COOEPHCAULAA 0OHY UNU
HECKOADKO NPOUSBONDHBLT NOCTOAHHHIT (POPMYAA, N0 KOMOPOT Mo2ym Ovimb

NOAYHEHDL HYACTMHBLE PEWEHUA.

Onpenenenue 9. Fcau pewenue dupdepenyuanrvrozo ypasHenus 6vipartceHo

wepes3 INeMEeHMaprovie GYHKUUL, M0 2060PAM, 4MO 0HO Hatiderno B ABHOM BU-
Ie.

Onpenenenue 10. Ecau pewenue 3anucano “epe3 anemenmapmvie Gyukuus u
UHMEPANDL 0 UL, MO 0HO Halideno B KBaApaTypax.

B HeKOTOPBIX caydasX yaaeTcs TOJHKO JIOKa3aTh, YTO PeleHne CyIecTByeT.
[Iporiecc HaxoOXK/IeHNs pellleHnil Ha3bIBACTCI MHTerpupoBaHueM amndde-
PEHINAJIbHBIX YPAaBHEHUIA.

8.3. 3agaua Kormmn

Y10o0bI BbIJIEJINTH KOHKPETHOE pelleHne U3 MHOXKECTBA, BCEX pelleHuit JTud-
(pepeHNnMAIBLHOrNO YpaBHEHNSI, HY>KHO 3a/1aTh JIONOJHUTEIbHbIE YCIOBUI.

Hnst pudppepenimaibHOrO ypaBHEHUsI 1IEPBOIO IOPsijiKa, OOBIYHO 3a/ai0T
ycaosue Ko, JIuddepenimanbioe ypaBaenne ¢ ycjopueMm Korim Ha3bIBACTCSI
3a 1aueit Kornm:

F(z,y.y') =0,
y(To) = Yo-

['eoMeTpuveckuii CMbICI JJAHHOI'O YCJOBUS — I'PaPUK pelIeHUs IPOXOJIUT de-
pe3 3ajaHuyo Touky. ['pacdukn pemennit quddepeHnnaabHOro ypaBHeHUs Ha-
3LIBAIOT UHTEIPAJILHBIME KPUBLIMH.

Ecin quddepenipanbaoe ypasrenue umeer suj y' = f(z,y), 10 B Kaxk10i
TOYKE TIOCKOCTH € KOOpJIMHATAMHU (I, y) M3BECTHO HAIIPABJICHUE HHTErPAJILHOMI
KPUBOIl, MpOXodIeil depe3 3Ty TouKy. Ha 3TomM ocHOBaH MeTO ] M30KJIUH —
rpadudeckuii MeTo;| perreHust audepeHImalbHbIX YPaBHEHHIA.

N3okamHA — 5TO reoMeTpruieckKoe MeCTo TOUeK, B KOTOPBIX MHTerpabHbIe

kpusbie 1Y uMeroT 0jiHO U TO »Ke HalpaBJieHue.
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YpaBHenwe u30kauHbl f(z,y) = tg @, TJe o — yroj HaKJIOHA KacaTeJbHOl
K MHTEI'PAJbHONI KPUBOH OTHOCUTEJIBHO OCU aDCIUCC.

Oyukiust f(z,y) onpejesser moje HAPaBJICHUil B TOl 001aCTH MJI0CKOCTH
(z,y), rae 3ajgana npasas dacthb (8.1.2). D10 nose B KaxKI0il TOUKE 3ajaeTCs

BeKTOPOM T(z,y) ¢ yriaoBbiM KodhdurmenTom tg .

Jlemma 1 (Jlemma YHammeiruua). Ecau 6 obaacmu D naockocmu (z,y) 0dno-

BHAYHO PA3PEULUMDBL HAYAALHBLE 36004U OAH8 UPPEPEHUUANLHVLT YPaGHEHUT

dyr dys
dz - fl(xay)a dz - f2($,y),
npasovie Hacmu U HAYAABHOE YCAOBUA KOMOPLL ydOG/LemGOpﬂ/'fom HepaceH-

cmeam

f1(:1:,y) < fQ(CL',y),
y1(zo) < ya(wo),

mo u pewenua yi(x) u ya(x) coomsememsyrowur 3aday Kowu ecrody 6 obaa-

cmu D ydosaemeoparom ycaosuro

y1(z) < yo(x).

Bo3MOXKHBI 1 APYTHE CIIOCOObI 3a/laHUsl JONOJHUTEIbHBIX YCIOBUM, BbIJIEJIs-
IOIIAX OINpeeJIeHHOE YacTHOE perreHne. K ux 9mceay OTHOCATCS: TaK Ha3bIBae-
Mble KpaeBble 3a/1a9, B KOTOPBIX OIpee/IeHHOe YaCTHOE PEIleHne BblJIesIsaeT s
TpeboBaHKEeM, UTOOBI Y/IOBJIETBOPSJIUCH JIONOJHUTE/ILHBIE YCIOBUSI B HECKOJIb-
KUX Pa3JMIHBIX TOUYKaX 00JIACTH OIpPeJe/eHns] PeIleHns; 3a/1adid Ha COOCTBEH-
Hble 3HAYEHUs, COCTOLAIINE B ONpPEJEJICHUN HEKOTOPBIX MapaMeTpoOB B ypaBHE-
HUU, TIPU KOTOPBIX CYIIECTBYIOT YaCTHBIE PEIIeHUd, YIOBJIETBOPSIONINAE MTOCTaB-

JICHHbIM J1OIIOJIHUTEJIbHBIM Tpe6OBa,HI/IHM .

8.4. dPusumyeckme 33ja9”, NTpuUBoAdANIne K auddepeHImaaibHbIM

YPaBHEHUSM

1. Bamaum o paauoakTUBHOM BelecTBe. CKOPOCTh PACHajia paJ[ioaK-
TUBHOTO BEIECTBa MPONOPIMOHaIbHA ero Macce. HallTi 3aBHCHMOCTH Macchl
BerecTBa OoT Bpemenu. Ypasuenue: m'(t) = —km(t), k > 0. Ero permenue:

m(t) = ce™™ umu m(t) = m(0)e .
2. 3agada o myJie. [lyna ynapser B jocky tosmuHoi 0,1 M co cKOpocThIo

200 M/c u BbLIETAET C JAPYTOil CTOPOHBI ¢O cKOpocThio 80 M/c. Haiitu Bpewmsi, B
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TeUeHne KOTOPOTO IyJsl HAXOIUTCS BHYTPH JOCKH. YKa3aHHUe: CHJIa COMPOTUB-
JICHUSI JIBUXKEHUIO 1IPOIOPLIUOHAIBHA KBAJIPATy CKOPOCTH.

Vpasnenue ms” = —k(s')?, syech s(t) — npoiijiennnlii myTh 3a spems t.

3. 3aga4ga o 3epkaJie. Haiitu dpopmy 3epkajia, KoTopoe oTpakaeT rmapaJi-
JIEJILHO 33/ IAHHOMY HAIIPABJIEHUIO CBETOBLIE JIYUM, UCXOJSIIIE U3 TOUKH.

[Iycth (/17151 TPOCTOTHI) 3€pKAJIO SIBJISIETCSI OBEPXHOCTBHIO Bparenus. Pac-

CMOTPUM CeYeHUe NCKOMOI MOBEPXHOCTH IJIOCKOCTBIO, TIPOXOJALAIIeil yepe3 och

I y
cumMeTpun. lorna vy = )
p na Yy i

4. 3agada o KpuBoii. Haiitu KpuBy0 Ha IJIOCKOCTH CO CJIEJIYIOIIMM CBO-
CTBOM: TPEYTroJIbHUK, OOPA30BaHHbIN KacaTeJbHON K KPUBOW M OCSIMU KOOP/IM-
HAT, UMeeT MOCTOSTHHYIO IO/ Ib.

Ecan mocTpouTh Tako#l TpeyTroJbHUK W BHIPA3UTH €r0 TJIOMa b Yepe3 BeJlu-
quHbl T, Yy U Yy (TaHTeHC yriia HAKJIOHA KacaTeJbHOl), To motyantes audde-
peHIaabHoe ypapaenue: (y — zy’) (x — %) = 28S.

5. 3amada o pacTtBope. B bOake umeercss M nutpoB pactBopa coyn. Kazk-
JIYIO CeKyH/ly u3 OakKa BbIT€KaeT m JIMTPOB PacTBOPA, JIOJIMBAETCH CTOJIBKO XKe
BOJIbI, U CMECh TlepeMernBaercs. HallTu 3aBUCUMOCTb KOHIIEHTPAIMU PACTBOPA
OT BPEMEHH.

[Iycts x(t) — macca conu B Oake B MOMeHT Bpemenu t. Kak uamenurcs sra,
BEJMUIMHA 38 MaJiblil TIpoMexKyToK Bpemenn At? OueBujino, uro z(t + At) =
z(t) — m%At. [Topenum na At, nepeitnem K nupepeny npu At — 0 u nosyuum
@' (t) = —2x(t). Pewenue sroro AY: z(t) = z(0)e ",

8.5. YpaBHeHUd C pa3aeIdOINMUC IIePEMEHHBIMU

Onpenenenne 11. Juddepenyuanrvroe ypasnenue nepsozo nopadka, paspe-

UWEHHOE OMHOCUMEALHO NPOU3E00H0T, 3aNUCHIEAIOM UL 6 HOPMAJIbHONI dPop-
me y' = f(z,y), usu 6 qupdepenmmanax P(z,y)dzr + Q(z,y)dy = 0.

Onpenenenne 12. Vpasuenue suda
pi(z)p2(y)dz + q1(z)g2(y)dy = 0 (8.5.1)

y = fi(z) faly)

nasvieaemcA ypaBHEHHNEM C PaA3ACJIAIOINMMNCA II€PEMEHHbIMNA.
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Teopema 1. Vpasuenue ¢ paddessrowumuca nepementvLMy pPa3peutaemo 6

Kkeadpamypax.

HoxkazarenscrBo. Ilycrs jano ypasnenue suja (8.5.1). Iogeanm obe ua-
cru ypasHenust Ha ¢1(x)p2(y) (camraem, 4To JaHHOE IPOU3BEECHUE OTIUITHO OT
HYJIs1).

Haitnerca dyukius, auddepeniua KOToOpoil COBIaaeT € JeBOil YacTbio

HOBOI'O YpaBHEHU:I:

x
P )da: + 2y) dy = 0.
a(z)  pAy)
Tak kak jiuddepeniinast JanHol GYyHKIUKU PaBeH HYJIIO, TO 3Ta PYHKIUA — 110-
crosintasi. [Toaromy obiiee perienne ypaBHEeHUsT HAXOUTCS HEITOCPEICTBEHHBIM

WHTEIPUPOBAHNEM BCEX €r0 JaCTeil:
(2, 50y,
q () p2(y)

SamedaHme: ciejyer IPOBePUTh, He OTEPsTHbI Jin perernst Buja g1 (z) = 0,

p2(y) =0. O
IIpumep 1. Haiitu obiee perienne gudpepeHimaibHOro ypaBHeHUsT

zydxr + (z + 1)dy = 0.

Penienne.
(x 4+ 1)dy = —zydx,
dy  wxde
v z+1

dy /xd:c
y r+1

1-1 1
ln|y|:—/x+ d”:—/(l— \de,

z+1
Injly=—z+Injz+ 1|+ C.

8.6. Omgnoponusbie quddepeHnuaibHbIe yPaBHEHAA

Onpenenenue 13. Vpasuenue suda

y = f (g) (8.6.1)

xr

Hasvieaemcs OJJHOPOIHBIM nud pepeHna IbHBIM YPaBHEHUEM.
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ITpoBepka Ha 0THOPOAHOCTD: ypasHenwue Buja P(z,y)dx+q(x,y)dy =0
Ha3bIBaE€TCA OJHOPOJHBIM, €CJIN HaﬁﬂeTC?{ TaKO€ (¢, 14TO IIPpU 1IOJCTaHOBKE BMECTO

T W Y BbIpaXKEHUl Ax U Ay I10JIydaeTcst UCXOJHOe ypaBHEHUE, T. €.

P(Az,\y) = X*P(z,y), Q(\z,\y) = A\"Q(z,y).

Teopema 2. Odnopodnoe ypasnenue npusodumcs ¥ yYpasHeHUu ¢ paddessio-

WUMUCA NEPEMEHHBIMU.

_y _
lokazaresbCcTBO. Bejem nopyo nckomyto dynknuio z = 2. Ecin ypas
HEeHue 3a/1aH0 B HOpMaJibHO# hopme, To ¥y = 2’z + 2z, u Torma HoBOE ypaBHeHue
Oy1eT cieyrolero Buia;
Zr+z=f(2).

HOKa}KeM, 9TO OHO ABJIFAETCA YpaBHEHHUEM C PA3ACJTAIOINMUMUCA IIEPEMEHHBIMMU

v = f(z) — 2.

Ecnu ypaBuenne B jquddepennunaiax, To dy = zdxr + xdz u ypapHeHue OymeT
CJIEJIYIONIErO BU/IA:

P(z, zz)dx + Q(x, zz)(zdx + zdz) = 0,

z(P(1,2) + Q(1,2)z)dz + Q(1, z)xdz = 0.
U
ITpumep 1. Pemurs quddepennmanbioe ypaBHeHuUe

rdy = (x + y)dz.

Pemenwe. BrinojinnM npoBepKy Ha OJHOPOAHOCTH. ljisi 3TOr0 BMecTo  u ¥

II0JICTABUM BBIPAXKEHUA AT U \Y:
(Ax)dy = (Az + \y)dz,

Az)dy = Az + y)dz.

Mbl BUIUM, 9TO TIOC/IE COKPAIIEHUsI Ha A MOJydaeM ucxojHoe ypasuenune. Co-
OTBETCTBEHHO, ypasHenue — ojnopoguoe. CjejaeMm sameny y = 2zx, TOrja
dy = zdr + xdz:

r(zdr + xdz) = (x + zx)dz,

zedr + 2dz = xdz + zxdr,
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rdz = dzx.

Paznenum nmepemeHnHbIe:
dx

dz = —,
T
dz
Jo-Je
T
z=Inl|z| + C.
Bossparmaemcst K MCXOHBIM TEPEMEHHBIM:
LA lz| + C.
T

IIpumep 2. Pemuts quddepennnaibioe ypaBHEHHE

;Y
y____

xr x?

/ /
Crenaem 3ameny y = zx, Torjga y' = 2z + x2

= —2°,

dz 5
r— = —2

dx

Paznenum nepemennbre:

dz dx

22 z’
dz dx
22 z’

1
——=—Inl|z| + C,

1

— =In|z|+ InCy,
z

B 1

- InCylz|

BO3BpaH_Ia€MCH K UCXO/JHBIM IIEPEMEHHDBIM!
T

YT o e
Caencrsue 5. Odrnopodnoe ypasnenue 6uda

;o (ale + b1y + 01)
Y a233—|—bzy—|-02

z

PA3PEWAEMO 8 KEAIPAMYPAL.
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AnropuT™ pemieHus:

a; b
1. Ecim d = L = 0, TO BBOJSIT HOBYIO MCKOMYIO (PYHKIHIO 2z =

az b2

a1r + bry.

2. Ecnu d # 0, To BBOJIAT 3aMeHy TaKMM 00pa30M, ITOOBI IEPEHECTH HAYTAJIO
KOODJMHAT B TOUKY HepecedeHus NpsaMbixX: a1x + by + c¢1 = 0 u asx + boy +
c2 = 0. Eciin ke npsimble we nepecekatorcsi, 1o a1z + b1y = k(agr + boy).
Torna ypasuenue npumer Buj y' = F(asx + boy) v NPUBOAUTCS K yPABHEHHUIO C
Pa3ICNIAIONIUMUCA IePEeMEeHHBIMU 3aMEHON 2 = agx—f—bgy UJIn 2 = aga:—l—bgy—f—cQ.

IIpumep 3. Pemuts quddepennnanbioe ypaBHEHHE
(x4+y—2)de — (x —y+4)dy = 0.
BbIauc/uM omnpeie/inTeb:

1 1
1 -1

d= = —24£0.

Haiijilem TouKy 1epecedeHust npsiMmbix:

r+y—2=0, r+y—2=0, r=—1, u=uzx++1,
= = =
r—y+4=0, 2y — 6 =0, y =3, v=y—3.
du=dzr, dv=dy.

YpaBHeHue npumer Caeyonuii Bui;
(u—14+v+3-2)du—(u—1—v—3+4)dv =0,

(u+v)du — (u — v)dv,

(1+%>ﬂk—0—69dv:0

[Tonyunau ogHOpoIHOE ypasHenue Buja (8.6.1]), koropoe permaem ¢ MOMOIIBIO

3aMEHBI 2 = ..
v=uz, dv=udz+ zdu,
(14 2)du — (1 — z)(udz + zdu) = 0,
du + zdu — udz + zudz — zdu + 2*du = 0,

u(l — 2)dz = (1 + 2%)du.
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Paznenum nmepemennbie:

(1-2)dz du

14+22  u

/ dz _/ zdz B d_u
1+ 22 1+22 u’

1 d(1 2
2 14 22

Y

= In|u| + C,

1
arctg z — §ln 11+ 2% = InCyul.

BozBparaemMmcs K mepeMeHHbIM U, U:

1 2
arctgg——ln 14+ 2 = In Cy|ul.
u 2 u?
BosspaiaeMcst K epeMeHHbIM T,
-3 1 (y —3)*
t ——In|l+——+%|=InC 1.
M8 2“‘ T lorz TGk

CaencrBue 6. Hexomopuoie ypasHenus MOHCHO npusecmu x 00hopodnvim dug-

depenyuarvnoLm ypasHenuam 3amenott y = 2.

Yr0o0bI omnpeiesinTh CTeleHh M, JejaaeM 3aMeHy B obiieMm Buje y = 2 #u
TpebyeM OT ypaBHEHHUs, YTOObI OHO OBLIO OJIHOPOJIHBIM.

IIpumep 4. Pemuts quddepennnanbioe ypaBHEHHE
22 yy’ + yt = 4.
[ToncraBum y = 2™
222" m2m 1 4 24 = 445,
CpaBHUBaeM CTEINEHH CJIeBa, Y KaXKJOr0 U3 CJlaraeMbIX U ClIpaBa;
44+2m—1=4m =6,

3
2m+3:4m:6:>m:§.

CoOTBETCTBEHHO, JIJIsT PEIeHus JAHHOIO ypaBHEHUsI HEOOXOIMMa 3aMeHa, § =
23/ Torna

91,302 . g M2 A2 gy

324222 + 20 — 445,
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[Tonenum obe vactu ma x°:

2 6
z z
3—22,+ <—> = 4.
x x
[Toyaunau ognoponoe puddepeHimaibHOe ypaBHEHIE, KOTOPoe OyIeM peliarh

3aMEeHON T = %, T0 2 = tx, 2/ = t'2z + t, nojsCcTABAM TIOJIYyYEHHDIE BLIPAYKCHUS:
3t(t'r +t) + 15 =4,

3zt + 3t3 + 15 = 4,

dt
3rti— =4 — 3t> — 15,
dx
Pazjiesium iepemeHHbIe:

3t2dt —dz

6+ 313 —4 T
B sieBoit yacTu B uncnTese 3aneceM 1o quddepennnan 3t2 u cuesaeM 3aMeHy

/ dw  [do
w2+ 3w—4 x

HuTerpaJi B JIeBOil 4acTU pelaeM METOJIOM HeOIpeIeJIeHHbIX KO3(DPUITUEHTOB:

/( i = —Infz[+C,

w=13:

w—1)(w+4)
1 1 C
gln|w— 1| — gln|w—|—4| :lnﬁ,
1 w—1 Cl
—In|——| =In—.
5 |w+4 |z|
BosspataeMcst K 3amene w = t°:
1|3 —1 C,
—1In =Iln—.
5 |3 +4 ||
Bosspainaemcs k samene t = 2 n y = 232,
1|5 -1 Cy
—In |5 =Iln—,
b L +4 ||
L C
In 2| & = In =,
\ |5 +4 ||
| y? = 23 C,
y? +423| x|




8.7. Heomgnopomaubie guddepeHimaabHble YpaAaBHEHUS

Onpenenenne 14. JIuneiitnbiM nuddpepeHINATILHBIM YPABHEHUEM I1€P-

BOTO TOPSAIKA Ha3bl6ALMCA YpasHenue 6uda
Y 4 a(z)y = b(z), (8.7.1)
ede a(x),b(x) — 3adannvie nenpepvisnvie GyHKGUL.

Cxema pemniennsi ypaBaenus (8.7.1)):
1. Pemaior cooTBeTCTBYOIEE OJHOPOJHOE YPABHEHUE

v +a(z)y=0

MyTeM pa3JiesieHnst epeMeHHbix, ero pemienne y = C' - F(x), rue gacrHoe pe-
menue F(z) # 0.
2. OO0rree perenne MpeJCTaBISAIOT B BUJIE

y = F(z)C(z), (8.7.2)

rie C(z) — nenssecrnast Gynkiums. ajee perienue moJCTaBisiior B UCXOHOE

ypaBHEeHue

y' = F'(z)C(z) + C'(z) F(z),
F'(z)C(z) + C'(z) F(z) + a(z) F(z)C(z) = b(=),
C'(z)F(z) + C(z)(F'(z) + a(z)F(z)) = b(z).

Tak xax F(xz) — pemenne ognopoaoro ypasuenus, to F'(z) +a(z)F(z) = 0.
Torjia u3 ypaBHeHusi

naxopum C(z):
C(z) = / Mdﬂt:.
F(z)
MMopcrasus naiinennyio C(z) B (8.7.2), nmomyuaem obuee pemenne ypasuenust
B71).
IIpumep 1. Haiitu pemenne vHeognopogaoro auddepeHimaabHoro ypaBHe-

1504031

zy' — 2y = 2z,
Pemntenune. Pemum ognoposaoe ypaBHeHHE
vy —2y =0,
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3aME€THUM, 9TO 3TO YpaBHEHHE C Pa3ACJ/IAIOINMUCA IIEPEMEHHBIMU. PaS,ZLeJII/IM nx:

zy = 2y,
y 2
y
d d
dy _ ,do
y i

Injy|=2-In|z|+ C.

HOJIy‘-II/IJH/I JaCTHOE pereHune

=C -z

N

Monoxkum C' = C(z) u nopcrasum B ucxouoe jguddepennaibioe ypasHenue:
z-(C'(z) 2* +C(x)-22) — 2 C(z) - 2% = 22*,

z? . C'(x) +22° - C(z) — 22° - C(z) = 2%,

[Tpounrerpupyem jganHoe auddepennuaibHoe ypaBHEHTE:
dC(z) = 2zdz,
C(z) = z* 4+ C}.
[TogcraBum B HaiijleHHOE YacTHOE pellleHre U HaiijieM OTBeT:
y = (2> + Cy) - 2°.

IIpumep 2. HaiiTu perrenne HeoHOPOIHOTO TP PepeHITNATHLHOTO YpaBHe-
HU
y' + 2y = z.

Pemenwne. Peiium ojiHopojiHoe ypaBHeHue:

y +2y =0,
y = —2y,
dy
- __9
daj y7
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d
Y _ —2dz,
Y

In|y| = -2z + C,
9aCTHOE PEICHUE TPUMET BUJL
j=e.C.
[onoxkum C' = C(z) u nogcrasum B ucxognoe juddepeniuaibHoe ypaBHeHIE:
C'(z)e™* 4+ C(z) - (=2) - e +2-C(z)e* =z,
C'(z)e™™ =,
C'(z) =z - e,

NIPOMHTErPUPyEM

1
u=z,dv=e"dr,du=dz,v= 56% =

C(z) :/x-e%da::

1 1 1 1
=52 e — / §e%dx =5t e — 162”7 + C,

MIOJICTaBUM

1 1 1 1
g = <§$ e — 1621 + 01) =57 + Cre 2.

ITpumep 3. Pemurs 3asauy Kot Jyist jinneitnoro ypasHenusi
y cos’z +y =tgz, y(0)=0.

Pemntenue. Pemmm onHOpOIHOE YpaBHEHHE:

Y cost(a) = -,
dy dx
y  cos®(z)’

In|y| = —tg(z) + C,

YaCTHOE pemeHne NpuMeT BUJI
j=C e 8@,
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[Tosoxum C' = C(x) u nojcraBum B ucxogaoe uddepeHnuaibHoe ypaBHEHHe:

y = cos?(z) <C'(:}:)e_tg(a’) — C(m)e_tg(m)#> ,

cos?(x)
cos?(z)C" (z)e™ B — C(x)e 8@ 4 O(z)e™ 8@ = tg(z),

C'(z)e™ 8 cos? () = tg(x),

C(x) _ / tg(a:) dr — /tg(x)etg(x)d(tg(.??)) — ‘t — tg(g;)| =

cos?(x)

_ / teldt = et(t — 1) + Cy = e (tg(x) — 1) + C4,

7y = e—tg(m)(etg(m) (tg(z) — 1) + Cy) = tg(z) — 1+ e—tg(m)Cl'

B zajjaue TpeboBaJioch pemuTh 3aaday Komu. [lojicraBum 3HadeHus U3 yCaoBus

u 3ametrum, uto y = 0 npu =z = 0:
0=0—1+C;é°,
C, =1,
noJiydaeM pertenue 3aaqn Korm:
y = tg(z) — 1+ e ®),

Meroa Bepuynnu. Cxema periieHusi ypaBHenus (8.7.1)):
1. Pemenue ypasuenus (8.7.1)) uiem B Bujie

y=u-v,

e u = u(z), v = v(r) — neussecrubie dbyukuuu. [lojcrasisiem B ypaBHeHue

y=uv, ¥ =uv+vu:
u'v + v'u + a(z)uv = b(z).
['pynnupyem, nanpumep, K BUJLY
u'v+ u(v' + a(z)v) = b(z).
2. Oyukiun u(x), v(z) onpejessieM U3 CUCTEMBbI

{ v +a(z)v =0,

u'v = b(x).
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I3 mepBoro ypaBHEeHUs CUCTEMbI HAXOJIUM JII0OOE TacTHOE PEIIeHre U HallIeHHOe
peleHne MoJICTABISIEM BO BTOPOE ypaBHeHHe cucreMmbl. OTBET 3allMChIBAEM B
BUJIE Y = UD.
IIpumep 4. Haiitu pemenne HeoHopogHOro auddepeHimaabHoro ypaBHe-
HUS MeToJioM Depryiim:
zy' — 2y = 2z,
Pemenne. Crenaem 3ameny y = u - v, trorma §y = uw'v + v'u, nojcrasum B

JnuddepeniuaibHoe ypaBHeHue:
z(u'v 4 v'u) — 2uv = 2z*,

u'zv 4 u(zv’ — 20) = 227

Bripaxkenne B CKOOKaX B JIEBOW JaCTH YpaBHEHUsI 3aBUCUT TOJBKO OT (PYHKITUN
v(Z), H03TOMY LpPUPABHMBAEM K HYJIIO jlaHHOe BbipaxkeHue. CooTBeTCTBEHHO,
BTOPOE ypaBHEHUE B CUCTEME IOJIydaeM YxKe B IIPEJIIOJIOKEHUN, YTO HalljieHa
byrkus v(x), Koropas 0OHYJISIET BhIpaskeHne B CKOOKaX, OITOMY 3alliChIBAEM

OCTaBIIMECA HEHYJIEBbIE YJICHLI PaBEHCTBA.:

zv' — 20 =0,

urv = 2zt

Pemmum nmepBoe ypaBHEHHE CHCTEMBI:

dv 5
rT— = 2v

dx ’
by
v x

In|v| = Inz?,

v =2x".
Perium BrOpoe ypaBHEHKE CUCTEMbI:
u'zd = 2x4,
u =2z,
.2
u=zx"+C.
Torpna perenue nMeeT BU]T
2 2
y = (2" + C)x”.
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IIpumep 5. Haiitu pemenne HeopnopoHoro jaudQepennuajbHoro ypaBHe-

HueA METO10M BepHyJIJII/II
/ x

y —y =e".
Pemenne. Cpenaem 3ameny y = u - v, rorga ¢y = u'v + v'u, nogcrasum B
JuddepeniaibHoe ypaBHEeHUe:
/ / T
UV + UV —uv =€,
v —v =0, v =e",
u'v = e”. u=x+C.

Torna perienne nMmeeT BU/L

y=(z+ C)e”.

8.8. VYpaBuenme Bepuyiam

Onpenenenue 15. Vpasuenue suda

Y +p(x)y = q(z)y® (a#0,a#1) (8.8.1)
nasvieaemes ypasaenneMm Beprysim.

Pemuth ypaBHeHUe BepHYIIN MOXKHO KaK METOJIOM BapHaIlUN MOCTOSHHOM,
Tak 1 Merojom Bepuyuin (y = w - v). Cuejyer ydectb, 410 1pU 9TOM MOIYT
ObITh TIOTEpsiHbl perenust Bujia y = 0. Pazjgenus obe qactu ypasuenust ((8.8.1])
Ha y®, JleJlaeM 3aMeny z = yl .

IIpumep 6. HaiiTu pemenne ypaBHenns beprymin
1 — 22y’ + y = y? arcsin z.

Pemenne. [losennm obe 4acTi ypaBHEHHS Ha 3>

V1— 22y

+ — = arcsin x.
Y2

Y

CrestaeM 3aMeHy HepeMeHHOI:
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U TIOJICTaBUM B ypaBHEHUE
/ 2 . .
—27\/1— x4+ 2z = arcsin z.
1. Pemum ogHOpogHOE THHEHHOE ypaBHEHHUE ¢ PA3ICASIOMMUMUCI TepeMeHHbIMMU:
/
—ZV1—224+2=0,

21— 22 =2z,

d
£ 1— 2% =z,
dz _  du

2 J1—22

npouHnTerpupyeM audQepeHuaibHoe ypaBHenne
/ dz / dx

z V1 — 22

Inz = arcsinz + C,

P CeaI‘CSIH T .

" TTOJIy49IUM

2. Pemmm HeomHOpOIHOE YpaBHEHNE
P C(:L,)eaI'CSHIJT-

Borauncianm IIPOU3BOJHYIO:

O(x)earcsin T
V1i—22

Z/ — C/(x)earcsina: 4

nojcrasuM z(z) u 2'(z) B ypaBHeHue:

A /1 _ $2O/(x)€arcsinx 4+ O(m)earcsin;v . C(x)earcsinx - arcsinx,

arcsin x
) /1 _ xQGarcsinm )

Haiisiem C(x), nporHTEerpupoBaB paBeHCTBO BhIIIE:

C'(z) = —

_ aresin t = arcsinx

[ arcsin x B . L 4
C(z) = Vi de =| z =sint | = /te dt.
dr = costdt
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BOCHOJIbSyeMCH METOJOM MHTEI'PUPOBaHUA 110 JaCTAM K CHCJIa€M CJIEYIOIY 1O

3aM€E€HY II€PEMECHHDbBIX!

u=t, dv= e_tdt, du =dt, v= _e_tv

— /te_tdt — — | —te” '+ / eldt ] =te P+t + C.
CutejtoBaTesIbHO,
C(CIZ) — arcsin re~ arcsin x + e—arcsinx 4+ C

[Topcrasum C(z) B HEOJAHOPOHOE ypaBHEHME:
Z(.CC) — (arcsin me—arcsinx + e—arcsinx + C) earcsinx

Pemennem NCXOAHOI'O ypaBHEHUA ABJIACTCA CyMMa pemeHHﬁ OJIHOPOJHOI'O M

YaCTHOIO HEOJHOPOJHOIO yPABHEHHIA:
2(z) = Ce™T | (arcsin g @eInT 4 pmaeine 4 0 gareine

= (arcsin re arcsin x + e~ arcsin x + 20) earcsmm.
CriesiaeM 00OpaTHYIO 3aMEHY MePEeMEHHBIX:

1 . _ _
R (aI‘CSIH pe~aresinz 4 —arcsinz 20) Aresing
Y

1
(al"CSiIl pe—arcsinz | p—arcsing | 20) earcsinz

IIpumep 7. Haiitu pemenne 3amaun Komn g ypasaenus bepnymnn

y +y =3y y0) =1

Pemenne. [losennm obe 9acTi ypaBHeHus Ha 3>

!/
+ _
Y
/
y_2 + - =3
) Y
CrestaeMm 3aMeHy HepeMeHHOI:
1
Z(x) -
Y
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¥ NIOJICTABUM B yPaBHEHUE
4z =3e7 %,

1. Pemum ogHopogHOe THHEHOE ypaBHEHHUE ¢ PA3IeIIOMUMUC TepeMeHHbIMM.

—Z +2=0,
dz
I Z,
dx
dz
— = dux.
z
[IpounTerpupyem ypaBnenue:
dz
— =dx,
z
Inz=ux+C,
z = Ce".

2. Permmm weoiropoiHoe JiHeiiHOEe ypaBHeHe
z = C(z)e”.
7 =C'(x)e" + C(x)e”.
[loncrasum z(z), 2/(z) B ypaBHeHue:
—C'(z)e” — C(x)e” + C(x)e” = 3¢,
—C'(z) = 3e™¥77,
C'(x) = —3e7".

Haiinem C(z), mpounTerpupoBas ob6e 9acTi HEPABEHCTBA!

C(z) = /—36_3””,

Clz)=e ™ +C

" 1MOJCTaBUM B ypaBHEHUE

2(z) = (e +C)e" =e > + Ce".
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Obiriee perenne UCXoHOToO JudpepeHnnaabHOro ypaBHeHus IPUMeT BHU/I
2(z) = e % 4 Ce”,

CrestaeM 0OpaTHYIO 3aMEHY MEepEeMEHHBIX:

B 1 o1
V= et or YO 1aro

=1=C=

CutejtoBaTesibHO,
1

Y= 6—2w'

YHacTHbie ciyuau ypaBHeHus bepnysiu:

(67

r(z)y" +p(z)y = q(z)y",
r(z)y +y = q(z)y,
y' +p(r)y =y~

8.9. VYpaBHeHHus B NMOJIHBIX auddepenimasax

Onpenenenne 16. Ypasuenue suda
M (z,y)dx + N(z,y)dy =0 (8.9.1)

Ha3vieaemces ypaBHEHIEM B MOJIHBIX JuddepeHnuanax, eciu €20 Ae6a.4

wacms npedemasaaem cobot dupdepenuuan nexkomopot GyHryUL.

CuepoBaresnbro, ecin dF (z,y) = M (z,y)dz + N(z,y)dy = 0, 1o perienune
umeer sug F(z,y) = C.

Teopema 3. Vpasuenue suda M (z,y)dz+ N(x,y)dy = 0 asasemca ypaBHe-

HUEM B NOJIHBIX auddepeniianax mozda u moavko mozda, xo20a

OM (z,y) B ON(z,y)
oy Oz

IIpumep 1. Haiitu obiee perienne gudpepeHIinaabHOr0 ypaBHeHNsT

(8.9.2)

(2z + 3z%y)dz + (2* — 3y*)dy = 0.

Pemenne. IIposepum ycmosue (8.9.2)) s mamnoro ypasuenus. st sToro

soiuineM M u N, HaiijileM COOTBETCTBYIONIKME TPOU3BOIHBIE:
M =2z + 32y, N = 23 — 3¢,
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8M($7y) _ I 2 aN(xay)
oy T T

Yenosue (8.9.2) BBIMOTHSIETCS, CI€I0BATEIBHO, TI€PE] HAME YPABHEHWUE B MOJI-

= N/ = 32°.

ubix Juddepennuaiax. 3nauut, cyuecrsyer rakas Gyukiuus F(z,y), noJHbli
Juddepeniina Koropoit Mbl 3HaeM. BoccraHoBUM (DYHKIMIO 110 €€ [POU3BO/I-

HBIM:
Fl =22+ 32%y = F(zr,y) = /(2:1: + 32%y)dz = 2° + 2’y + C(y).

Mpub1 BoccranoBmIM 4acTh (DYHKIMK, B KOTOPOIi, BOSMOYXKHO, HE XBaTaeT CJarae-
MOT0 ¢ TlepeMennoit y. [losTomy Haiigem oT moydeHHoN (DYHKITUN TPOU3BOJIHY IO

110 epeMeHHoil y u cpapuuMm ¢ N
F'y = (2* + 2’y + C(y)), = «° + C'(y) = 2° — 3y*.

[Tpu cpasuenun nosydaem, uro C'(y) = —3y?, npounrerpupyem Mo mepeMenHoi

y n Boccranosum C(y):

Cly) = /(—3y2)dy S SN

Cobepem Tereph nosrydeHnbie pesyabrarhl B dbyHkuuo F(x,y) u 3ammmeM o6-

1mee perieHne UCXOIHOTO yPABHEHUS:
2, .3 3
z° 4+ 2’y —y° = Cf.

Ecau yciosue He BBLIMOJIHSAETCsI, TO HHOT/IA YIAeTCsl CPABHUTEIBLHO JIEI'KO
npuBectr auddepennuaabaoe ypapaenne (8.9.1) K ypaBHEHNIO B MOJHBIX (-
dbepenimaiax. DTo NPUBEJEHUE BBITOJTHSICTCS ¢ TIOMOIIBIO UHMe2PUPYouLe20
MmHooncumenss (1(x,y) — Takoil GYHKIMKU OT MEPEMEHHbIX T U Y, MOCIe YMHO-

YKEHUsT Ha KOTOPYIo JieBast 9acth (8.9.1)) obparaercst B nmosHbiit guddepentmad.

Teopema 4. Ecau natidemes makas gynkyus w(z,y), wmo

oM ON

W9 = f(w(z,y))
Ow ow »Y))s
Ma—m—Na—y

Mo UHME2PUPYOULUT MHOHCUIMEND

u(w,y) = el 1000,
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3ameuanue 5. Eciu M, N, p uMeoT HelpepbIBHbIE IIPOU3BOJHLIE, TO HHTE-

IPUPYIOIIMHA MHOKUTEJIb [4(T,Y) JIOJKEH YJIOBJIETBOPSITH YCJIOBUIO

O(uM) _ d(pN)

Oy or
WK
O (N o
oy ar "\ ox oy )

Psan n3BectHBIX bOpMYJI:

ITpumep 2. Haiitu obiee perienue juddepeHiimasbHOro ypaBHeHust
ydzr — (4z%y + z)dy = 0.

Pemenne. /s navana nposepum yeaosue (8.9.2)), mist sroro Boimurmem M

u N, nHaiijileM COOTBETCTBYIOIIME IPOU3BOJIHBIE:
M=y, N= —(4x2y + ),

OM(z,y) ., . ON(z,y)
oy M, =1, Ox

YcJioBrE He BBIIIOJHSIETCSI, HO €CJIH MbI [TOJIeIUM 00e YacTH ypaBHEHUs Ha (—a:2) ,

= N, = —8zxy — 1.

TO MOJIYIUM CJIeJIyIolee ypaBHEHUE:

rdy — ydx

5 + 4ydy = 0.
x

ObparnTe BHUMaHUE: TYT B MCXOJHOM yPaBHEHWNM PACKPBITHI CKOOKHW W CIPYTI-
MUPOBAHLI TIEPBOE M TPEThe cjlaraeMble B MEPBYIO JPOOD.
Bocnonbayemcst «PsijioMm n3BecTHBIX (DOPMYJI» :
Y xdy — ydx
dl=)=—7—F5—
x x
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Bujum JjieByo JIpoOb B IOJIYUEHHOM PABEHCTBE CPEJIH STUX MU3BECTHBIX (DOPMYII,

II0O9TOMY MOXKEM CBEPHYTb Hallly JIpo0b B jiuddepeHinall BblparKeHusi %, TaKUM

00pa3oM MOJIyYUM CJIeJIYIOIIee BbIpaXkKeHue:

d (g> + 4ydy = 0.
x
Teneps 3anecem 4y nogn auddepenimadt:

d(2) +d@y?) =0,

a Ternepb NPOMHTErpupyeM BCe BblpaKeHue:

/d(%>+/d(2y2):0=>%—|—2y2:0

Taknm obpasowm, obImiee permenue HCXOMHOrO ypaBHenusa 4 + 2y% = C u ocoboe

pemterne x = 0.
8.10. VYpaBHeHUus, JOMYyCKAaIOINe MOHN>KEeHNE MOPAIKa

I tum. He conepaxar uckomoii dbyuxmuu: F(z,y™ ... y™) =0.

IToncranoBka. Ilopsadok ypasHenus MOACHO NOHUSUMD, 6346 34 HOBYIO HEU3-
BECMHYI0 GYNKUUIO HUSWYIO U3 NPOU3BOOHBLT, BTOOAUULT 6 YPAGHEHUE, M. C.

cOenas 3aMeny:
y(k) _ z(x), y(k+1) _ Z/(I‘),

NB! Kakor mopsijlok ypaBHEHHs — CTOJBKO KOHCTAHT JOJKHO OBITH B OT-
BeTe.

IIpumep 1. Haiitu obiee perienue jgudpepeHiuaibHOro ypaBHeH s
(1+sinz)y” = y" cos .

Pemenwe. Ilonusum mopsijiok ypaBHEHUsi, JIJIsi 9TOIO0 3aMEHUM HU3IIYIO U3
IIPOM3BOJIHBIX, BXOJSAININX B YpaBHEHH,e Ha HOBYIO HMCKOMYIO (DYHKIIMIO, T. €.

y" = z(x), Torma y" = 2/
(1 +sinz)z’ = zcosz.

HOJIy‘II/IJH/I YpaBHECHHE IIEPBOI'O IMOPAAKaA C PAa3AC/IAIOINMUCA IIEPDEMECHHDBIMMU.

(14 sinz)—
SINr)— = Z2COST
dz ’
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dz cos xdx

2z (1+sinz)

[IpounTerpupyem obe dacTu ypaBHEHUSI:
/ dz / cos xdx
1 +sinx)
dsinx
lnjz| = | —————,
(1+ sinz)

|t
In 2] :/d( + sin )

(1+sinz)’
In|z| =1In|1 4+ sinz| + CY,

In|z| = InCy|1 + sin z|,
z = Cy(1 +sinz).

BepHeMCH K HCXO/JHBIM II€PEMEHHDbIM:

y' = C1(1 +sinz),

= /01(1 + sinz)dx,
y = Ci(z — coszx) + Cy.

ITpumep 2. Haiitu pemenne auddepeHnuanbHOro ypaBHEHHISI

II Tumn. He coumepxar B g9BHOM BHJIe HE3aBUCUMOI IepeMeHHOI:

F(y,y(k), . ,y(”)) = 0.

IToncranoBka. Ilopsadok ypasHenus MOACHO NOHUSUMD, 6346 34 HOBYIO HEU3-
BECTNHYIO MEPEMEHNYIO Y, 4 30 HOBYI Heussecmnyto dynryuto y' = p(y), m.

e. clenas 3ameny
/ 1 /
y=py), ¥ =pp

IIpumep 3. Haiitu obiee perienne gudpepeHiuaibHOro ypaBHeHUsT

2yy" = (y')* + 1.

Pertenne. [lornusum mopsiiok ypaBHenust, Jjisi 5Toro 3amenuM y' = p(y), Toraa
y'=p'p
2ypp’ = p° + 1.
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HOJIy‘{I/IJH/I YpaBHEHHE IIEPBOI'O IMMOPAAKa C Pa3AC/IAIOINMUCA IIEPEMEHHBIMMU.

dp
2yp—- =p*+1,
Y
2pdp _ dy
PP+l oy

[IpounTerpupyem obe dacTu ypaBHEHUSI:

[ 755
pP+1 )y’

/ d(p*+ 1) dy

P+l y
In|p® + 1| = In|y| + Cy,

)

In|p® + 1| = In Cyy],
P’ +1=Cuy,

p=+vCy—L

BepHeMCH K HCXOJ/JHBIM IIEPEMEHHDBIM!

y,: \/Cly_17
Z—Z:\/Cly—l.

Pazjemum nmepeMeHHble U TPOMHTEIPUPYEM
dy dx
vV Cly —1 1’

[ o=/
R N
C’ly —1
[€w-v iy [ a,
2

o Ciy — 1 =z + Cy — obiiee perieHre nCXoHOTO YPpaBHEHUSI .
1

III Tun. YpaBHenue 0J{HOPOJHO OTHOCUTEbHO (DYHKIIMU Y U €€ HPOU3BO/I-

HBIX, TO €CTh HE MEHSIeTCs Ipu OJHOBpeMennoii amene y, v, y”, ... na ky,
/ 1
ky', ky", ....
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IloacranoBka. [lopadox ypasHenus MOHCHO NOHUSUNG 3AMEHOT:

/
Yy =yz, edez — HOBGA UCKOMAA DYHKUUA,

y// — (yz)/ — y'z + Zly _ (yz)z + z'y _ y(z2 + Z/),
y™ =y g(z,2,..., z("_1>).

IV THUII. Ob00611IeHHO OJTHOPOJIHBIE  YpaBHEHHUS. YpaBHeHUE
F(z,y,y,...,y™) = 0 naswiBaior 0GOBIEHHO OJHOPOJHBIM, €CIH CyIIe-

CTBYIOT umcia k M m, Takue, 4To
F()\x, Ney Ne=Ly/ o )\k_"y(”)) = \"F(z,y,9,..., y(")).

IToncranoBka. [lopadok ypasHenus MoAHCHO NOHUZUMD 3AMEHOT

ede t — mosaa nepemennan, a u(t) — mosas uckoman Pynxyus. Ilocae ma-
KO 3aMEHDL NOAYYUM YPAGHEHUE, DONYCKAUEE NOHUNCEHUE NOPAIKA 6TOPO20

muna. i p
/ y at Ukt kt\ —t / (k—1)t
=———=|—e"+kue™ | e " = (u + ku)e :
YT Gt de <dt ) ( )

A\ TUI.  YpaBHEHUsI B  TOYHBIX  IPOM3BOJHBLIX. Y paBHEHHUE
F(z,y,y,...,y™) = 0, nesas 4acTh KOTOPOrO SIBISCTCS TOMHON IPOM3-
BofHoit or nexoropoii dynxkimun ®(z,y,y,...,y" V) = C;, nasbisaercs
ypaBHEHUEM B TOUYHBLIX IPOU3BOAHLIX. MeTos perienust — HaidTu (QyHKIUIO
d(z,y,y,...,y" V) = C, Tem caMpIM IOHU3UB HOPSJOK yPABHCHHS HA
eJIMHUILY.

8.11. JluHeiiHble OTHOPOJ/IHbIE YPABHEHUHA Nn-T0 MOPAIKA

Onpenenenne 17. Vpasnernue n-20 nopadka das 00noti neussecmuoti dymk-
UYUU Y HE3ABUCUMOZ0 NEPEMEHH020 T € NOCTNOAHHBMU KOIPPuyuenmamu ume-

em 6uo:
y™ () + ary™ V() + ...+ ap_1y(z) + any(z) = 0, (8.11.1)

2de a; — xoncmanmot, a; € R.
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[Ipumem ciemyrornue 0603HAUEHUsI: TPOU3BOIHYIO YI00HO 0003HAYATEL Yepes
oeparop py = p(y), TPAKTYsi CUMBOJI P KAK JIMHEHHYTO Onepaiuio HaJ| GyHK-
nuen y:

dy(z)
dx

Toryia HarTypasibHas cremenb k omnepaiuu p upuHEMaercs kKak pry =

= py.

p(p(p(. .. (py)))) u npejcrasisier coboii MpousBoHYI0 k-ro nopsijaka or (yHK-
AN y:
d"y(z)
k _
IIpu sTom
pk . pm — pk+m;
k _ k..
p*(Cy) = C(p"y);
(P" +p")y = p'y +p"y.
Torna ypasuenne (8.11.1) npunnMaer caeayonumi BuI:
Py +ap" Y+t anapy+ay = P+ ap" 4+ ano1p+ an)y.
Obosnaunm
Lp)=p" +ap" ' +... 4+ ap1p+ ay. (8.11.2)

IIpu sTom
L(p)(y1 +y2) = L(p)y1 + L(p)y2,

L(p)(Cy) = CL(p)y,
(L(p) + M(p))y = L(p)y + M(p)y,
L(M(p)y) = ((LM)(p))y-

Teopema 5. Ecau L(p) mmnozousen euda (8.11.2)), mo cnpasedausa opmyaa
L(p)e™ = L(N)e™,
2de X\ — npouseosvroe delicmeumenrvHoe wuco.
Onpenenenne 18. Muozounren
L) =N+ a )N+ a1 A +a,

na3vieaemes XapaKTepUCTUIECKUM MHOTOUYJIEHOM ypasuenus (8.11.1), a
ypasnenue L(\) =0 — xapaKTepuCTUIeCKAM yPaBHEHUEM.
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AnroputMm pernienus ypaBuenus (8.11.1)):

1. Cocrapiisiem xapakrepucrudeckoe ypasuenue jijisi ypasaenus (8.11.1]). Haxo-
JINM €r0 KOPHHU.

2. BamucoiBaem perienne ypasHenus (8.11.1) B 3aBucuMOCTH OT TMOJYUE€HHBIX
KOpHEll XapaKTepUCTUIeCKOro ypaBHEeHUs:

a) TPOCThIe KOPHU XapaKTePUCTHIECKOro ypasHeHust \; € R, roryma perierne

MMeeT BU/[
y(.ﬂ?) = Clehm + 026/\235 4+ Cne)\nm;

0) KpaTHbIC JIEHCTBUTEbHBIC KOPHU XapaKTEPUCTUICCKOrO ypaBHeHus. [lycTsb

Aj — KOpeHb KPaTHOCTHU k, TOIJia pelleHne uMeeT BUJL
y(z) = C1eM* + ...+ Qo) (2)eM" + ...+ CpeM”,

DA Q(k—1)($) — MHOI'OYJIEH CTeleHU (k — 1);

B) KOMIUIEKCHBIE KODHH XapaKTePUCTHIECKOrO ypaBHeHus A;j = a £ bi
y(z) = CreM* + ... + e (Cjcosbr + Djsinbzr) + ...+ C, e

I') KOMIUIEKCHBIE KODHM XaPaKTEPUCTHUIECKOrO ypaBHEHUs! KparHocTu k Aj =

atb
y(z) = CieM™ + ..+ e (Qr-1)(x) cosbr + Py_1y(x)sinbx) + ... + C,eM?

rie Qu-1)(x), Pg-1)(x) — muorounens crenenn (k — 1).
ITpumep 1. Pemurs juddepennpalibioe ypapHenue

y® — 2y — 16y + 32y = 0.
Pemenne. CocraBuM XapaKTepUCTHIECKOE yPaBHEHHE:
A>—2)\ — 161 +32 =0,
M\ =2) —16(A —2) =0,
(A —=2)(\? —4)(\2 +4) =0,
(A =22 A +2)(A\*+4) =0,
A1 = 2 (KpaTHOCTB KOPHS 2), Ao = —2, Ag4 = £2i.
3amnceiBaeM OTBET, YIUTHIBAS CIydan a), 0), B):
y(z) = (C1 + Cox)e®™ + Cze™* + e%(Cy cos 2z 4 Cs sin 2z).
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IIpumep 2. Haiitu obiee perenue ypaBHEHHSI
y® —10y® + 9y’ = 0.
Pemenue. CocraBuM XapaKTepUCTUUIECKOE YPABHEHUE:
A —10X% + 9\ =0,

A =10\ +9) = 0.

PermnM 6uKBaipaTHOE ypaBHEHHE, 3aMEeHIM A2 = ¢, IOy YUM KBaJIPATHOE ypaB-

HEHUE
2 —10t4+9 =0,

y KOTOPOTO KOopHu t; = 9,19 = 1.
AN —9)(\? —1) =0,
M=0, =3 3=-3 ) =—-1, =1
Torya petienue OyjieT UMeThH BUJ
y = C1"% 4 Coe3® 4 Cae™ + Cye ™ + Cse®.
ITpumep 3. Haiitu obiee perenne ypaBHEHUSI
y W 2y +y =0.
Pemenue. CocraBuMm XapaKTepUCTUUIECKOE YPABHEHUE:
A 4+20% +1 =0,

3aMETHUM, 9TO OTHOCHTEJIbHO A HAMUCAH MOJHBIA KBaJIpaT (MOXKHO TakK ¥Ke pe-

IATH, KAK ¥ OMKBAPATHOE YpaBHEHNUE):
(A +1)2 =0,
A2 = %4,
00a KOpHsSI KPATHOCTH 2, pellleHne OyJIeT UMeTh BH]L
y = " ((C1z + Cy) cos(z) + (Csx + Cy) sin(z)).
IIpumep 4. Haiitu obiee perenue ypaBHEHUSI
y® + 8y + 16y’ = 0.
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Pemenne. CoctaBuM XapaKTepUCTHIECKOE YpaBHEHHE:
A 4 8\% 4+ 16) =0,

A+ 82 4+ 16) = 0.

Pernm 6ukBajipaTHOE YpaBHEHNE, 3aMeHUM A2 = t, OJIyYUM KBaJIpaTHOE yPaB-
HEeHUe

t2 4+ 8+ 16 = 0,
KOTOPOE SIBJISETCS TMOJHBIM KBaJIPATOM
2 _
(t+4)? =0,
caenoBaTenbio, Ay = 0, Ay 3 = £2¢ kopun Kparnoctu 2. Pemenne npumer Buj

y = C1e"" + "7 ((Cyz + C3) cos(2z) 4 (Cyz + Cs) sin(2z)).

8.12. Jluneiinblie HEOJHOPOAHBIE YPABHEHNSA BHICOKOTO TTOPAIKA

Onpegenenue 19. Vpasnenue n-20 nopadka 0as 00not neudsecmmoti dyrx-
UUL Y HE3ABUCUMOZ0 NEPEMEHH020 T € NOCTMOAHHUMU KOIPHUUUECHMAMU UME-
em 6ud

L(p)y(z) = F(=), (8.12.1)

2de F(z) = fi(z)eM® + ...+ fu(x)eM® — xeasummozounren.
Teopema 6. Pewenue ypasnenus (8.12.1) moorcem bwmo 3anucano 6 sude
y(z) = y(z) +y(z),
2de y(x) — pewenue odnopodnozo ypasnenus L(p)y(z) = 0.
I Tun HEOAHOPOAHOCTU B MPaBOii YacTu
F(z) = P, (x)e’”,

rie P,(xz) — mMHOrousien crenenu m, o — KOHCTaHTA.,

Il Tunm HeogHOPOAHOCTU B MPABOIl YACTU
F(z) = e"(Py(x) cosbr + Q,(x) sin bz),

rie Pp(z) — muorousnen cremenn m, Qn(r) — MHOrOUICH cTeneHn n, a,b —

KOHCTaHTBI.
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AnroputMm pemnteHus ypaBHeHus (8.12.1)) ¢ mepBbIM THUIIOM HEOIHO-
POJAHOCTH

1. Pemmaem ojHOpO/IHOE ypaBHEHHE, HOJYyIaeM PeILIeHKe, IIPU ITOM HAXOIUM
KOPHU XapaKTePHCTUIECKOTO yPaBHEHMSI.

2. a) JACTHBIH CJyYail — HEPE3OHAHCHBIN, T. €. 0 # \;:
U(x) = Qum(x)e’™,
0) pesoHaHCHBI ciaydail, T. e. 0 = A;, \; KparHocTH k:
g(z) = kum(x)eaxa

rie Qm(z) — MHOrOWIEH ¢ HeompeIeeHHbIMI KOd( DUITHeHTaAMI TOH Ke CTe-
nenu, uro u P, (x).

[Toscrasisiem g(x) B MCXOJHOE YpaBHEHUE W HAXOJMM HEOIPEJEJeHHbIE KO-
sddurentsr MEOrOUWIeHA Q) (T).

3. O6ee perrenne ypasuenus (8.12.1)):

y(z) = y(e) +y(z).

AJropuTrM pelieHns ypaBHCHUS CO BTOPBLIM TUIIOM HEO/IHO-
POJHOCTH

1. PemaeM ojHopo/iHOe ypaBHEHUe, MOJ1yuaeM pelleHue, IPU 9TOM HaXOJUM
KOPHM XapaKTePUCTHIECKOTO YPABHEHN.

2. a) 4acTHBI ciydail — HEPE3OHAHCHBIH, T. €. 0 # \;, rje 0 = a % bi:
y(x) = e (M;(x) cos bx + Ny(z) sin bz);
0) pe3oHAHCHBI caydaii, T. e. 0 = \;, A; KparHoCcTH k!
g(x) = z*e* (M;(x) cos bx + Ny(x) sin bz),

rie Mi(z), Ni(z) — mHOrOUIeHbI ¢ HeolpeeJeHHbIMI KoahuIneHTaMu cre-
nern | = max{m,n}.

[TogcrasisieM g(x) B MCXOHOE YpABHEHUWE U HAXOJMM HEOTPEJICJICHHbBIE KO-
s durmenter Maorowienos M;(x), Ni(x).

3. Obiee pemienne ypauenust (8.12.1)):

y(z) =y(z) +y(z).
ITpumep 1. Haiitu pemenne quddepeHnuajbHOro ypaBHEHHIS
y" — 6y" + 9y = ze>® + €37 cos 2.
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Pemenwne. 1. Pemum omgaopogHoe ypaBuenne. CocTaBUM XapaKTEPUCTUIECKOE

ypaBHEHHUE

AP —6A2+9X =0,A (N> —6X1+9) =0.
CJIG,D;OBaTeJIbHO, IIOJIYIWJIA TpHU CO6CTB6HHBIX SHa4YEHUAd:
A =0, X=M\3=3.
Permenne omHOPOIHOTO ypaBHEHUS
7= Cre™ + (Cy + Csz) e = O + (Cy + Cs2) e,

2.1. Haiijiem gacrHOe pelieHue HeoHOPOHOIO YPaBHEHM s
y/// . 6y” + gy/ — 376337.

P1:£13‘, 0232)\22)\3,

CJIEIOBATEJILHO, PE30HAHCHBIN CTy4ail.

VckaTh perenne HEOMHOPOJHOTO YPABHEHUS OyIeM B BHJIE
91 = (Az + B) %™
[Tposudpdepeniupyem vacrioe perieHue:
(9) = ((Az® + Bz?) 63””)/ = (34z® + 2Bz) % + (Az® + Ba?) 3¢*" =
= ¢* ((34 + 3B) 2* + 2Bz + 3Az?)
()" = (((3A + 3B) 2° + 2Bz + 3Az") e?’m)/ =
= (6Az + 2B) e*"+3 (3Az® + 2Bz) "+ (3A2* 4+ 2Bz) 3¢*"+9 (Az® + Bz?) ¥ =
=" ((124+ 9B) 2* + (6A + 8B) z + 9Az® + 2B) ,
()" =3¢’ (1244 9B) 2* + (6A + 8B) z + 9Az® + 2B) +
+e° (2(12A 4 9B)z + 6A 4 8B + 27Az”) .

[TosicraBum HaiijleHHbIE TPOU3BOJIHBIE B YDABHEHHE:

e’ ((24A+18B)2+6A+8B+27 Az’ +(36 A+27B) x>+ (18 A+24B) x+27 Az*+6 B—

—6(12A4+9B)2*—6(6A4+-8B)x—54Ax>—12B+27TAz*+18 B2 +27 Az*4+-27Bx?) = ze®.

CocraBuM cucreMmy ypaBHEHUI, BbINCAB KOIPPUIIMEHTHI TP CTEHEHSIX -
23 27TA —54A+27TA =0,
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z?: 2TA+36A+27B — 72A — 54B 4+ 27TA +27B = 0,
zl: 24A + 18B + 184 + 24B — 36A — 48B + 18B = 1,

2" :6A+8B+ 6B —12B = 0.
1 1
Pemum cucremy ypaBHennii m Haiigem koddgdurimentol A = I8 B = T
[OJICTABUM B 9aCTHOE PEIICHUE HEOHOPOIHOIO yPABHEHUS:
(z — 1)z%e*
18 '

2.2. Haiinem gacTHOe perieHne HeOTHOPOJHOIO ypaBHEHHU s

U1 =

y" — 6y" + 9y = €% cos 2.

a=3, B=2 o=3+2#\,

CJIEIOBATEJILHO, HEPE3OHAHCHDBIN CIIydai.

MckaTn perieHne HEOJHOPOIHOTO YpaBHEHUsI Oy/1eM B BHU/IE

gy = €3 (C cos 2z + Dsin2z).

3 1
Ananornuno maiinem xkoaddunuenter C' = =y D = % 1 TMOJCTaBUM B

ypaBHEHUE

3 1
o = € (—5—2 cos2r — 2—6sin 2x> :

Pemenne uncxojnoro jauddepennuajbHoro ypaBHeHUs HaiijieM B BUJE CYMMbI
pelleHuit OJIHOPOJIHOI'O yPaBHEHUS U JIBYX YaCTHbIX PElIeHU HEOJHOPO/HOI'O

ypPaBHEHUA:

o~ r — 1)ze3” 3 1 .
y = y+uy1+92 = C1+(Cy + Csz) €3$+( 1; +e3* (—5—2 cos 2T — %6 sin 2x> .
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YrpakHeHus JIJIg CaMOIIPOBEPKU

Yupaxkuenue 1. Haiitu obiee permrenne nuddepeHIimajbHOro ypaBHeH s

C pasAeJIAioInuMHACA ITIepeEMEHHbIMU !

1. Incosydr + xtgydy = 0.

2. w/1+ y?dr +yv1+ z2dy = 0.

zdy ydx

’ Vimyr o Vise? 0
! 2

Loyy = oy
! 1-2x

0. Yy = ——,

6. v + /5% = 0.

1—=z2

7. (yry — z) de + Ty + /y) dy = 0.

Yupaxxkaenue 2. Pemurs 3a1a4y Ko jiis juddepennmaibHOro ypaBHe-

HUA C Pa3JdeJIAI0IIMMUCA ITEPEMECHHBIMUA!

1. 3e®tgydr + T dy = 0, y(0) =

cos? y

ISE

2. % =Iny, y(2) =1.

3.y =25V, y(—3) = —5.

dz d _ _
L e =0 ¥() =1
5. y'sinz =ylny, y(§) =e.

6. siny cos zdy = cosysinzdzr, y(0) = .

2
7.y =1, y(0) =1.

1 2 _ T\ __
s T 4y =0,y(5) =0

Yupaxkuenue 3. Haiitu obiiee pemienue ojHOpoHOr0 JuddepennualibHo-

ro ypaBHEHUS:
1. 2y +9y? = (222 + zy)y'.
2. zy'ln? =2z +ylnt.
3. zyy = y? + 222
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6. y = xzf‘z

7 zy —y =12+
8. zy' =ylnZ.

9.y =L tes.

10. y’:%.

Yupaxkaeaue 4. Pemunrb 3aja4dy Kowmwm st ojHoposHoro jauddepenim-

AJIbHOT'O YPpaBHEHMA:

™

Loy —y==ztg?, y(1)=7.
2.y =4+ L4+ (17 y(1) =2
3. xy =xer +y, y(1) =0.
4oy —y=or y(1) =0.
5. (y* — 32%)dy + 2zydz =0, y(1) = 0.
2 _2py—a?
6.y = %, y(l) = —1.
7. (:1:4 + 622y> —|—y4) dr + 4zy (332 —|—y2) dy =0, y(1) =0.

Ynupaxkuenaue 5. Haiitu obiiee perienue 0jiHOpoiHOr0 JinddepeninalibHo-

I'0 ypaBHEHUsI C MOCTOAHHBIMU KOIPDUIITMEHTAMMN:
L.y +y —2y=0.
2. 3y — 2y — 8y = 0.
3. y" 4+ 6y 4+ 13y =0.
4. y" =2y +y = 0.
5. y" — 16y = 0.
6. y" + 4y = 0.
7. 4y" — 8y + 5y = 0.
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Yupaxkuenune 6. Pemuts 3anaay Kormmwm Jijist ojgHOpOgHOrO Judpepennmalib-

HOI'O ypaBHEHUsl ¢ LHOCTOSHHBIMU KOI(DDUIMeHTaMu:
1. y" —4y' 4+ 3y =0, y(0) =6, y'(0) = 10.
2. y" + 4y +29y =0, y(0) =0, ¥/(0) = 10.
3. y" —4y' =0, y(0) =3, ¥ (0) = 15.
4. 44" + 4y +y =0, y(0) =2, ¢'(0) = 0.
5. y"+vy' =0, y(0) =5, y(0)=0.
6. v —2y' +y =0, y(0) =—-1, y'(0) = 2.

Yrupaxuenue 7. Haiitu obiee pemrenne nuddepeHIimaibHOro ypaBHeHNsT

C MOCTOSHHBIMU KO3(DMUIMEHTAMY U CIIENUAIBHON IPABOH 4acThIO:
L 2y +y —y=2e".
2.y — Ty 4+ 6y =sinzx.
3. ¢y — 6y + 9y =222 —z + 3.
4. y" — 2y + 2y = 2z.
5. y" =3y +2y =e"cos 3.
6. 3" + 4y = e2*.
7.y + 2y + 5y = — cos 2.

Yupaxkuenune 8. Pemurs 3agauy Ko juis puddepeHiiuaibHoro ypaBHeHns
C TTOCTOSTHHBIMU KO3(DPUIIMEHTAMHU U CIEIUAJIBHON TTPaBOil YacThIO:
1. 4y" + 16y' + 15y = 4e~ 7, y(0) = 3, y'(0) = —1L.
2.y — 2y + 10y = 1022 + 18z + 6, y(0) = 1, y/(0) = L.
3.y =y =2(1-2),y(0)=1,y(0)=1.
4. y" =2y =e*(2® + z — 3), y(0) =2, ¥ (0) = 2.

5.y +y+sin2e =0, y(r) =1, ¢'(7) =1.

109



Crmcok peKoMeHayeMoii JINTepaTypbin
OcHoOBHag

1. Bepman, I H. Cbopuuk 3aja4 110 KypCy MaTeMaTHUYeCKOrO aHaju3a /
I'. H. Bepman. — 11-e uzj., crep. — CII6 : Jlanb, 2023. — 492 c.

2. Hemuposuu, B. II. CoopauK 3a/1a9 U yrnpakKHEHUH 110 MaTeMaTHIeCKOMY

anayuzy : yueb. nocobue jist Bysos / B. I1. [lemugosuu. — 24-e usj., crep.
— CII6 : Jlanb, 2022. — 624 c.

3. Kosmoropos, A. H. Maremaruka B ee HCTOPUYECKOM pa3BUTHU |

A. H. Konmoropos. — M. : Hayka, 1991. 223 c.

4. Kysuenos, JI. A. CoopHuk 3ajanuii 1o BbICIIEeH Maremaruke. THUIIOBbIE
pacuernt / JI. A. Kysunenos. — 15-e uzj., crep. — CII6 : Jlaub, 2023. —
240 c.

5. Kynpsisues, JI. . Maremarnueckuit anaqns. T1, T2. — M. : Bricmas
mkoJia, 2003.

JlonmosHuTeIbHASA

6. Bunorpasosa, V1. A. Maremarudecknii aHaan3 B 3aa9aX U YIPAXKHEHUSIX
yueb. nocobue Jyisi crygentos syzos / V. A. Bunorpajosa. — M.: Usj-Bo

Mockos. yu-ta, 1991.

7. I'ycak, A. A. Maremaruueckuii anaan3 u nuddepeHuajbible ypaBHeHs :
cupas. nocobue K pemenuio 3aja4 / A. A. I'ycak. — 4-e uzj. — MuHck :
TerpaCucremc, 2006.

8. Bopuu, B. A. Maremarnueckuii anamuz. T. 1, 2 / B. A. Bopua. — M. :
Hayka, 1984.

9. @emopos, B. E. Unrerpuposanue dbyukimit oguoit mepemennoit / B. E. @e-
JiopoB. — Hesistounck : Yeusio. roc. yu-1, 2000.

110



Vuyebrnoe uazdanue

IMTYKJINMHA Anna ®apugoBHa
HAT'YMAHOBA Anna BuktopoBHa

KPATKUM KYPC JIEKIINN
I10 MATEMATNYECKOMY AHAJIN3Y
Yactp 11

Yvebroe nocobue

Koppexkrop M. B. Tpudonona
Bepcrka A. ©. [lykaunoii, A. B. Harymanopoit

Jmzaita obnoxkku E. C. Menbimennna

Tlogmmcamo B meuars 10.05.23
®opmar 60 x 84 /1. Bymara odcernas.
Vea. med. . 6,5. Ya-usm. . 5,2.
Tupax 100 sx3. 3axasz 261.

Ilena noropopHasa

YerstbnHCKMIT 1OCY/1aPCTBEHHBIN YHUBEPCUTET
454001 Yenabunck, ya. Bparses Kamupuabix, 129

Ornedarano B m3iare/ibcTBe HeasabUHCKOrO IoCyIapCTBEHHOI'O YHUBEPCUTETA
454021 Yenstbunck, yi. Mosonoreapeiines, H76



	Введение
	Комплексные числа
	Понятие комплексного числа
	Определение комплексного числа
	Действия над комплексными числами
	Геометрическая интерпретация комплексных чисел

	Тригонометрическая форма комплексного числа
	Тригонометрическая форма
	Формулы Муавра и Эйлера

	Геометрическое место точек
	Упражнения для самопроверки


	Числовые и степенные ряды
	Числовые ряды
	Знакопостоянные ряды
	Признаки сходимости
	Знакопеременные ряды

	Функциональные ряды
	Упражнения для самопроверки


	Функции многих переменных
	Дифференцирование функций многих переменных
	Евклидово пространство
	Частные производные
	Полный дифференциал
	Дифференциал сложной функции
	Частные производные высших порядков
	Дифференциалы высших порядков
	Необходимые условия экстремума
	Достаточные условия строгого экстремума
	Условный экстремум
	Упражнения для самопроверки

	Кратные интегралы
	Мера Жордана
	Определение кратного интеграла Римана
	Сведение двойного интеграла по прямоугольнику
	Двойной интеграл по произвольной области E
	Тройной интеграл
	Площадь и объем
	Замена координат в кратном интеграле
	Упражнения для самопроверки



	Дифференциальные уравнения
	Дифференциальные уравнения
	Определение дифференциального уравнения
	Решение дифференциального уравнения
	Задача Коши
	Физические задачи, приводящие к дифференциальным уравнениям
	Уравнения с разделяющимися переменными
	Однородные дифференциальные уравнения
	Неоднородные дифференциальные уравнения
	Уравнение Бернулли
	Уравнения в полных дифференциалах
	Уравнения, допускающие понижение порядка
	Линейные однородные уравнения n-го порядка
	Линейные неоднородные уравнения высокого порядка
	Упражнения для самопроверки

	Список рекомендуемой литературы


