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1 Ââåäåíèå
Äàííîå ìåòîäè÷åñêîå óêàçàíèå âêëþ÷àåò â ñåáÿ ñëåäóþùèå ðàçäåëû:

1.Ìåòîä Ðèòöà
2.Ìåòîä Ãàëåðêèíà.
Äëÿ óäîáñòâà â êàæäîì ðàçäåëå äàåòñÿ êðàòêîå îïèñàíèå âàðèàöèîí-

íûõ ìåòîäîâ è ïðèìåðû ê èõ ïðàêòè÷åñêîìó ïðèìåíåíèþ ïðè ðåøåíèè
êðàåâûõ çàäà÷.

Èçó÷åíèå ðàçäåëà íóæíî íà÷èíàòü ñ èçó÷åíèÿ òåîðåòè÷åñêèõ âîïðî-
ñîâ ïî ðåêîìåíäóåìîé ëèòåðàòóðå, à çàòåì óæå ðåøàòü çàäà÷è.

Äëÿ áîëåå ãëóáîêîãî èçó÷åíèÿ âàðèàöèîííûõ ìåòîäîâ ðåøåíèÿ êðàå-
âûõ çàäà÷ è ïðèëîæåíèé ìîæíî îçíàêîìèòüñÿ ñ ñîîòâåòñòâóþùèì ìàòå-
ðèàëîì èç êíèã:

1. Ñ.Ã.Ìèõëèí, Âàðèàöèîííûå ìåòîäû â ìàòåìàòè÷åñêîé ôèçèêå, Ì.;
Íàóêà, 1970, 512 ñ.,

2. Ñ.Ã. Ìèõëèí, Êóðñ ìàòåìàòè÷åñêîé ôèçèêå, Ì.: Íàóêà, 1968, 575 ñ.,
3. Ä. Êèíäåðëåðåð, Ã. Ñòàìïàêüÿ, Ââåäåíèå â âàðèàöèîííûå íåðàâåí-

ñòâà è èõ ïðèëîæåíèÿ, Ì.: Ìèð, 1982, 254 ñ.,
4. Æ.-Ë. Ëèîíñ, Íåêîòîðûå ìåòîäû ðåøåíèÿ íåëèíåéíûõ êðàåâûõ

çàäà÷, Ì.: Ìèð, 1972, 587 ñ.
Íåîáõîäèìûå ñâåäåíèÿ èç êóðñîâ àëãåáðû è ÷èñëåííûõ ìåòîäîâ ðå-

øåíèÿ êðàåâûõ çàäà÷ ìîæíî ïðî÷èòàòü â êíèãàõ:
5. Â.À. Èëüèí Ý.Ã. Ïîçäíÿê, Ëèíåéíàÿ àëãåáðà, Ì.: Íàóêà, 1978,

302 ñ.,
6. Â.Ï. Äåìèäîâè÷, È.À. Ìàðîí, Ý.Ç. Øóâàëîâà, ×èñëåííûå ìåòîäû

àíàëèçà, Ì.: Íàóêà, 1967, 368 ñ.
Âî ìíîãèõ ñëó÷àÿõ çàäà÷ó èíòåãðèðîâàíèÿ äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ (îáûêíîâåííîãî èëè â ÷àñòíûõ ïðîèçâîäíûõ) ìîæíî çàìåíèòü ðàâ-
íîñèëüíîé çàäà÷åé îá îòûñêàíèè ôóíêöèè, ñîîáùàþùåé íåêîòîðîìó ôóíê-
öèîíàëó íàéìåíüøåå çíà÷åíèå, ò.å. ê âàðèàöèîííîé çàäà÷å. Ìåòîäû, ïîç-
âîëÿþùèå ñâåñòè çàäà÷ó îá èíòåãðèðîâàíèè äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ ê ðàâíîñèëüíîé âàðèàöèîííîé çàäà÷å, íîñÿò íàçâàíèå âàðèàöèîííûõ.
×àùå âñåãî ïðèìåíÿþò ìåòîäû Ðèòöà è Ãàë¼ðêèíà.

Â îñíîâå ðåøåíèÿ êðàåâîé çàäà÷è ìåòîäîì Ðèòöà ëåæèò ïîñòðîå-
íèå ôóíêöèîíàëà F[u], ïðèíèìàþùåãî íàèìåíüøåå çíà÷åíèå ïðè ïîä-
ñòàíîâêè â íåãî ðåøåíèÿ êðàåâîé çàäà÷è. Ðåøåíèå âàðèàöèîííîé çàäà÷è
F[u]=min èùåòñÿ â âèäå ëèíåéíîé êîìáèíàöèè un =

n∑
i=1

aiyi ñ ïîñòîÿí-
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íûìè êîýôôèöåíòàìè ai, ñîñòàâëåííîé èç n ïåðâûõ ôóíêöèé íåêîòîðîé
âûáðàííîé ïîñëåäîâàòåëüíîñòè ôóíêöèè {yi}, íàçûâàåìûõ êîîðäèíàò-
íûìè ôóíêöèÿìè. Ïðè ïîäñòàíîâêå un ôóíêöèîíàë F[u] ïðåâðàùàåòñÿ â
íåêîòîðóþ ôóíêöèþ n ïåðåìåííûõ a1, a2, ... an:F [un] = Φ(a1, a2, ..., an),
ìèíèìóì êîòîðîé íàõîäèòñÿ ñòàíäàðòíûì ìåòîäîì äèôôåðåíöèàëüíîãî
èñ÷èñëåíèÿ ∂Φ/∂ai = 0 (i=1, 2, ..., n). Â ðåçóëüòàòå ïîëó÷àåì ñèñòå-
ìó óðàâíåíèé äëÿ îïðåäåëåíèÿ a1, a2, ..., an. Ïðèìåíÿÿ ìåòîä Ðèòöà,
íåîáõîäèìî ðåøèòü âîïðîñ: â êàêîé ìåðå ìîæíî ðàññìàòðèâàòü un êàê
ïðèáëèæåíèå ê èñòèííîìó ðåøåíèþ âàðèàöèîííîé çàäà÷è?

Ðàññìîòðèì óðàâíåíèå Au = f , ãäå A - îïåðàòîð â ãèëüáåðòîâîì
ïðîñòðàíñòâå H (âîîáùå ãîâîðÿ íåëèíåéíûé), f ∈ H. Âûáåðåì ïîñëå-
äîâàòåëüíîñòü êîîðäèíàòíûõ ôóíêöèé y1, y2, ..., yn ∈ H. Èùåì ïðè-
áëèæåííîå ðåøåíèå óðàâíåíèÿ un â ïîäïðîñòðàíñòâå Hn ⊂ H, íàòÿíó-
òîì íà {y1, y2, ..., yn} : un =

n∑
i=1

aiyi. Ïîäñòàâèâ un â óðàâíåíèå, íàéäåì
íåâÿçêó Aun − f . Åñòåñòâåííî ïîïûòàòüñÿ ñäåëàòü å¼ ìèíèìàëüíîé. Ìå-
òîä íàõîæäåíèÿ êîýôôèöèåíòîâ ai èç óñëîâèÿ ‖ Aun − f ‖2= min íà-
çûâàåòñÿ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ. Îáîçíà÷èì ÷åðåç ⊥ ïåðïåí-
äèêóëÿð, îïóùåííûé èç òî÷êè Aun − f íà ïîäïðîñòðàíñòâî Hn. Èìååì
‖ Aun−f ‖ ≥‖⊥‖. Êàê ïåðâûé øàã ê äîñòèæåíèþ ìèíèìóìà ‖ Aun−f ‖
ïîòðåáóåì, ÷òîáû çäåñü äîñòèãàëîñü ðàâåíñòâî, ò.å. ÷òîáû Aun − f áûëî
ïåðïåíäèêóëÿðíî Hn. Ìåòîä íàõîæäåíèÿ êîýôôèöèåíòîâ ai èç óñëîâèÿ
îðòîãîíàëüíîñòè íåâÿçêè Aun− f ïîäïðîñòðàíñòâó Hn íàçûâàåòñÿ ìåòî-
äîì Ãàë¼ðêèíà. Â ýòîì ñëó÷àå ïîëó÷àåì ñèñòåìó óðàâíåíèé äëÿ êîýô-
ôèöèåíòîâ ai : (Aun, yi)− (f, yi) = 0, (i=1, 2, ..., n), ãäå un =

n∑
i=1

aiyi.
Îòëè÷èå ìåòîäà Ãàë¼ðêèíà îò ìåòîäà Ðèòöà çàêëþ÷àåòñÿ â òîì, ÷òî

îí ìîæåò áûòü ïðèìåíåí äëÿ íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ óðàâ-
íåíèé, íå ñâÿçàííûõ ñ âàðèàöèîííûìè çàäà÷è.

2 Ìåòîä Ðèòöà
Ó÷èòûâàÿ èñêëþ÷èòåëüíóþ âàæíîñòü çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ
Ëàïëàñà, ìû íåîäíîêðàòíî áóäåì îáðàùàòñÿ ê ýòîé êðàåâîé çàäà÷å. Èçó-
÷åíèå ìåòîäà Ðèòöà íà÷íåì ñ ïðèìåðà.
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2.1 Ïðèìåð ñâåäåíèÿ êðàåâîé çàäà÷è ê çàäà÷å î ìè-
íèìóìå ôóíêöèîíàëà.

Ïóñòü Ω ⊂ R2 - îãðàíè÷åííàÿ îáëàñòü. Ðàññìîòðèì çàäà÷ó Äèðèõëå äëÿ
óðàâíåíèÿ Ëàïëàñà â Ω

uxx + uyy = 0
u|S = ψ(x, y), (x, y) ∈ S = ∂Ω, u ∈ C2(Ω) ∩ C0(Ω̄).

(1)

Èç êóðñà óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêå èçâåñòíû ðàçíûå ñïîñî-
áû ðåøåíèÿ ýòîé çàäà÷è: ìåòîä Ôóðüå, ìåòîä ïîòåíöèàëîâ. Ìû ðàññìîò-
ðèì åùå ìåòîä ðåøåíèÿ çàäà÷è 1 - ñâåä�åíèå å¼ ê âàðèàöèîííîé çàäà÷å.

Ðàññìîòðèì ôóíêöèîíàë F [u] =
∫
Ω

(u2
x + u2

y)dΩ, îïðåäåëåííûé íà ìíî-
æåñòâå ôóíêöèé DF , óäîâîëåòâîðÿþùèõ óñëîâèÿì:

1) u ∈ C1(Ω̄),
2) u|S = ψ(x, y).
Ïðåäïîëîæèì, ÷òî âàðèàöèîííàÿ çàäà÷à F [u] = min èìååò ðåøåíèå

u0 ∈ DF . Äîêàæåì, ÷òî åñëè u0 ∈ C2(Ω̄), òî u0 ÿâëÿåòñÿ ðåøåíèåì çàäà÷è
Äèðèõëå 1.

Ïóñòü F [u0] = min, u0 ∈ C2(Ω̄). Äëÿ ∀h ∈ C1(Ω̄), h|S = 0, ôóíêöèÿ
u0 + th ∈ DF ïðè ∀t ∈ R, è îïðåäåëåíà ôóíêöèÿ îäíîé ïåðåìåííîé
Φ(t) = F [u0 + th]. Äëÿ ∀t ∈ R èìååì Φ(t) = F [u0 + th] ≥ F [u0] = Φ(0).
Ïîýòîìó Φ(t) èìååò ìèíèìóì ïðè t = 0, è, åñëè Φ äèôôåðåíöèðóåìà ïðè
t = 0, òî Φ′(0) = 0. Íî

Φ(t) = F [u0 + th] =

∫

Ω

[(u0 + th)2
x + (u0 + th)2

y]dΩ =

= t2
∫

Ω

(h2
x + h2

y)dΩ + 2t

∫

Ω

(u0xhx + u0yhy)dΩ +

∫

Ω

(u2
0x + u2

0y)dΩ = (2)

.
= At2 + 2Bt + C.

Ñëåäîâàòåëüíî, Φ′(0) = 2B = 2
∫
Ω

(u0xhx + u0yhy)dΩ = 0.

Âû÷èñëèì Φ′(0) áîëåå ÿâíî. Ïóñòü äëÿ ïðîñòîòû îáëàñòü Ω ïðàâèëü-
íàÿ â íàïðàâëåíèè Oy :
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Èíòåãðèðóÿ ïî ÷àñòÿì âòîðîé èíòåãðàë â ïîñëåäíåì ðàâåíñòâå ñ ó÷åòîì
h|S = 0, ïîëó÷èì

∫

Ω

u0yhydΩ =

b∫

a

dx

y2(x)∫

y1(x)

u0yhydΩ =

=

b∫

a

dx
[
u0yh

∣∣∣
y2(x)

y1(x)
−

y2(x)∫

y1(x)

u0yyhdy
]

=

= −
b∫

a

dx

y2(x)∫

y1(x)

u0yyhdy = −
∫

Ω

u0yyhdΩ.

Àíàëîãè÷íî ïðåîáðàçóåì çíà÷åíèå äëÿ ïåðâîãî èíòåãðàëà∫

Ω

u0xhxdΩ = −
∫

Ω

u0xxhdΩ.

Â ðåçóëüòàòå ýòèõ ïðåîáðàçîâàíèé ïîëó÷èì

Φ′(0) = −2

∫

Ω

(u0xx + u0yy)hdΩ = −2

∫

Ω

∆u0hdΩ = 0. (3)
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Äîêàæåì, ÷òî åñëè äëÿ íåêîòîðîé ôóíêöèè f(x, y)

∫

Ω

fhdΩ = 0 ïðè ∀h ∈ C1(Ω̄), h|S = 0, (4)

òî f(x, y) ≡ 0. Ïðåäïîëîæèì, ÷òî f(x0, y0) 6= 0, íàïðèìåð, f(x0, y0) =
ε > 0. Òàê êàê f íåïðåðûâíà â òî÷êå (x0, y0), òî íàéäåòñÿ îêðåñòíîñòü
ýòîé òî÷êè, â êîòîðîé f(x, y) ≥ ε/2. Âïèøåì â ýòó îêðåñíîñòü êâàäðàò ñ
öåíòðîì â òî÷êå (x0, y0), ñòîðîíà êîòîðîãî ðàâíà 2δ, ãäå δ - äîñòàòî÷íî
ìàëîå ÷èñëî. Ýòîò êâàäðàò çàäàåòñÿ íåðàâåíñòâàìè

{ |x− x0| < δ
|y − y0| < δ

(5)

Ïîñòðîèì ôóíêöèþ h(x, y), ïîëîæèòåëüíóþ â ýòîì êâàäðàòå, ðàâíóþ
0 âíå êâàäðàòà, äëÿ êîòîðîé èíòåãðàë ðàâåí 1. Ýòî ìîæíî ñäåëàòü ñëå-
äóþùèì îáðàçîì. Âîçüìåì h1(x, y) = ϕ(x− x0)ϕ(y − y0), ãäå

ϕ(z) =

{
(z2 − δ2)

2 ïðè |z| < δ
0 ïðè |z| ≥ δ

Ëåãêî ïðîâåðèòü, ÷òî ϕ(z) ∈ C1(R), ϕ(z) > 0 ïðè |z| < δ è ϕ(z) = 0 ïðè
|z| ≥ δ. Ïîýòîìó h(x, y) > 0 â êâàäðàòå 5 è h1(x, y) ≡ 0 âíå êâàäðàòàþ.
Ïîëîæèì

C =

∫

|x− x0| < δ
|y − y0| < δ

h1(x, y)dΩ > 0
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Òîãäà ôóíêöèÿ h(x, y) = h1(x, y)/C óäîâîëåòâîðÿåò âñåì òðåáóåìûì
óñëîâèÿì. Äëÿ ôóíêöèè h ïîëó÷èì

∫

Ω

hfdΩ =

∫

|x− x0| < δ
|y − y0| < δ

hfdΩ ≥ ε

2

∫

|x− x0| < δ
|y − y0| < δ

hdΩ =
ε

2
,

÷òî ïðîòèâîðå÷èò 4.
Ïðèìåíÿÿ ýòî óòâåðæäåíèå ê ôóíêöèè f = ∆u0, äëÿ êîòîðîé âûïîë-

íåíî 3, ïîëó÷èì ∆u0 = 0, à òàê êàê u0 ∈ DF , òî u|S = ψ(x, y).
Îáðàòíî, ïðåäïîëîæèì, ÷òî çàäà÷à Äèðèõëå 1 èìååò ðåøåíèå u0 ∈

C2(Ω)∩C0(Ω̄). Ïðîâåðèì, ÷òî u0 ÿâëÿåòñÿ ðåøåíèåì âàðèàöèîííîé çàäà-
÷è F [u] = min, åñëè u0 ∈ C2(Ω̄). Â ýòîì ñëó÷àå Φ′(0) = 2B = −2

∫
Ω

∆u0hdΩ =

0. Ñëåäîâàòåëüíî Φ(t) = At2 + C, ãäå A = F [h], C = F [u0]. Îïðåäå-
ëèì h = u − u0 ∈ DF , h|S. Òîãäà F [u] ≥ F [u0 + h] = Φ(1) = A + C =
F [u] + F [u0] ≥ F [u0], ò.ê. F [u] ≥ 0 ïî îïðåäåëåíèþ F [u].

Èç ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ìîæíî ñäåëàòü âàæíûé âûâîä. Åñëè
âàðèàöèîííàÿ çàäà÷à F [u] = min:

1) èìååò ðåøåíèå,
2) ýòî ðåøåíèå äîñòàòî÷íî ãëàäêîå, òî îíî áóäåò ðåøåíèåì êðàåâîé

çàäà÷è.
Åñëè íå âûïîëíÿåòñÿ 1), òî èíîãäà áûâàåò âîçìîæíîñòü ðàçøèðåíèÿ

îáëàñòè DF òàê, ÷òî ðåøåíèå âàðèàöèîííîé çàäà÷è áóäåò ñóùåñòâîâàòü.
Ïðèìåð. F (x) = |x| â DF = {x ∈ Q : x2 > 2} íå èìååò ìèíèìóìà.

Îäíàêî, åñëè DF çàìêíóòü â R, òî F (x) áóäåò èìåòü ìèíèìóì â òî÷êàõ
x = ±√2.

Åñëè óñëîâèå 1) âûïîëíåíî, à óñëîâèå 2) íå âûïîëíÿåòñÿ, òî â ýòîì
ñëó÷àå ðåøåíèå âàðèàöèîííîé çàäà÷è íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì
êðàåâîé çàäà÷è.

2.2 Îáîñíîâàíèå ìåòîäà Ðèòöà
2.2.1
Îáîñíîâàíèå ìåòîäà Ðèòöà íàìè áóäåò äàíî äëÿ óðàâíåíèÿ âèäà Au =
f â ãèëüáåðòîâîì ïðîñòðàíñòâå H, â êîòîðîì äåéñòâóåò ïîëîæèòåëüíî
îïðåäåëåííûé îïåðàòîð A ñ âñþäó ïëîòíîé îáëàñòüþ îïðåäåëåíèÿ DA ⊂
H.

8



2.2.2
Ïîâòîðèòå îñíîâíûå ïîíÿòèÿ ïðåäåëüíîãî ïåðåõîäà â ãèëüáåðòîâîì ïðî-
ñòðàíñòâå, ïîíÿòèå ïîëíîòû ãèëüáåðòîâà ïðîñòðàíñòâà, ïîíÿòèå ïëîòíî-
ãî ìíîæåñòâà â ãèëüáåðòîâîì ïðîñòðàíñòâå, îïðåäåëåíèå ñèììåòðè÷íîãî,
ïîëîæèòåëüíîãî, ïîëîæèòåëüíî îïðåäåëåííîãî îïåðàòîðà ïî êíèãå Ñ.Ã.
Ìèõëèíà [1] (ãë.1, �2, �3, ..., �6).

Íåîáõîäèìî óìåòü çàïèñûâàòü êðàåâóþ çàäà÷ó â âèäå îïåðàòîðíîãî
óðàâíåíèÿ Au = f .

Ïðèìåð 1. Çàïèñàòü â îïåðàòîðíîé ôîðìå çàäà÷ó 1.
Ðåøåíèå. Èç êóðñà óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè èçâåñòíî, ÷òî

åñëè îáëàñòü Ω è ôóíêöèÿ ψ òàêîâû, ÷òî ψ ìîæíî ïðîäîëæèòü ñ ãðàíèöû
S êàê ôóíêöèþ Ψ ∈ C2(Ω̄), òî ôóíêöèÿ v = u−Ψ áóäåò óäîâîëåòâîðÿòü
óðàâíåíèþ ∆v = −∆Ψ è ãðàíè÷íîìó óñëîâèþ v|S = 0.

Îáîçíà÷èì f = ∆Ψ ∈ C0(Ω̄). Òîãäà çàäà÷à 1 ñâåäåòñÿ ê çàäà÷å ñ
îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè (áóêâó v ñíîâà çàìåíèì íà u)

{ −∆u = f
u|S = 0

(6)

Ñ çàäà÷åé 6 ìîæíî ñâÿçàòü îïåðàòîð A â ãèëüáåðòîâîì ïðîñòðàíñòâå
H = L2(Ω) ñëåäóþùèì îáðàçîì. Ïóñòü DA =

{
u ∈ C2(Ω̄) : u|S = 0

}
. Òî-

ãäà äëÿ ∀u ∈ DA Au
def
= −∆u ∈ C0(Ω̄) ⊂ L2(Ω). Ñëåäîâàòåëüíî çàäà÷à 6

ïðèìåò âèä
Au = f , u ∈ DA, f ∈ H
Ïðèìåð 2. Äîêàçàòü ñèììåòðè÷íîñòü îïåðàòîðà A çàäà÷è Äèðèõëå 6.
Ðåøåíèå. Èç ôîðìóëû 2 ñëåäóåò

∫

Ω

(uxvx + uyvy)dΩ = −
∫

Ω

∆u · vdΩ, u, v ∈ DA.

Ñëåäîâàòåëüíî äëÿ u, v ∈ DA

(Au, v) = −(∆u, v) = −
∫

Ω

∆u · vdΩ =

∫

Ω

(uxvx +

+ uyvy)dΩ = −
∫

Ω

v ·∆vdΩ = (u,−∆v) = (u, Av).
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Òàêèì îáðàçîì (Au, v) = (u,Av), ÷òî ñîâïàäàåò ñ îïðåäåëåíèåì ñèììåò-
ðè÷íîãî îïåðàòîðà â ãèëüáåðòîâîì ïðîñòðàíñòâå.

Ïðèìåð 3.Äîêàçàòü ïîëîæèòåëüíîñòü îïåðàòîðà A çàäà÷è Äèðèõëå 6.
Ðåøåíèå. Â ïðèìåðå 2 áûëà äîêàçàíà ñèììåòðè÷íîñòü îïåðàòîðà A. Îñòà-
ëîñü ïîêàçàòü, ÷òî ∀u ∈ DA (Au, u) ≥ 0, ïðè÷åì (Au, u) = 0 ⇐⇒ u = 0.

Ïîëîæèì â ïðèìåðå 2 v = u. Áóäåì èìåòü (Au, u) =

= −(∆u, u) = −
∫

Ω

∆u · udΩ =

∫

Ω

(u2
x + u2

y)dΩ ≥ 0

äëÿ ∀u ∈ DA, ïðè÷åì (Au, u) = 0 ïðè u = 0.
Åñëè (Au, u) = 0, òî ux = uy = 0 ⇒ u = C = const. Íî u|S = 0 ⇒

C = 0 ⇒ u = 0.

2.2.3
Áîëåå òîãî, îïåðàòîð A 6 îáëàäàåò çàìå÷àòåëüíûì ñâîéñòâîì ïîëîæè-
òåëüíîé îïðåäåëåííîñòè, ò.å. ∃γ > 0 : ∀u ∈ DA (Au, u) ≥ γ2‖u‖2.

Êîíêðåòíûé âèä ýòîãî íåðàâåíñòâà äëÿ çàäà÷è Äèðèõëå 6 íàçûâàåòñÿ
íåðàâåíñòâîì Ôðèäðèõñà

∫

Ω

(u2
x + u2

y)dΩ ≥ γ2

∫

Ω

u2dΩ,

ãäå γ = 1/α, α - íàèìåíüøàÿ øèðèíà ïîëîñû, â êîòîðóþ ìîæíî çàêëþ-
÷èòü îáëàñòü Ω.

2.2.4
Âíèìàòåëüíî èçó÷èòå äîêàçàòåëüñòâî íåðàâåíñòâà Ôðèäðèõñà â êíèãå
Ñ.Ã. Ìèõëèíà [1] (ãë.IV, �24).

2.2.5
Çàìå÷àíèå. Îñíîâíûå èäåè ïðè âûâîäå íåðàâåíñòâà Ôðèäðèõñà ñ íåçíà-
÷èòåëüíûìè èçìåíåíèÿìè ïåðåíîñÿòñÿ íà èññëåäîâàíèå ïîëîæèòåëüíî-
ñòè îïåðàòîðîâ êðàåâûõ çàäà÷ äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé âèäà

Lu ≡ − d

dx

(
p(x)

du

dx

)
− q(x)u = f(x), a ≤ x ≤ b,
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α1u
′(a) + αu(a) = A, (7)

β1u
′(b) + βu(b) = B,

è êðàåâûõ çàäà÷ äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âèäà

Lu ≡ −
m∑

j,k=1

∂

∂xj

(
Ajk(P )

∂u

∂xk

)
+ C(P )u = f(P ), (8)

ïðè êðàåâûõ óñëîâèÿõ îäíîãî èç òðåõ òèïîâ

u|S = 0,

[N(u) + σ(P )u]S = 0,

N(u)|S = 0,

ãäå

N(u) =
n∑

j,k=1

Ajk(P )
∂u

∂xk

cos(v, xj).

Îá ýòèõ è äðóãèõ ïðèìåðàõ ìîæíî ïðî÷èòàòü â êíèãå Ñ.Ã. Ìèõëèíà [1]
(ãë. IV) è â êíèãå Â.Ï. Äåìèäîâè÷à, È.À. Ìàðîíà, Ý.Ç. Øóâàëîâîé [6]
(ãë. VI).

2.2.6
Ðàññìîòðèì â âåùåñòâåííîì ãèëüáåðòîâîì ïðîñòðàíñòâå H îïåðàòîðíîå
óðàâíåíèå Au = f , â êîòîðîì îïåðàòîð A îïðåäåëåí íà âñþäó ïëîòíîì
ëèíåàëå DA ⊂ H.

Îïðåäåëèì ôóíêöèîíàë F [u] = (A, u) − 2(u, f), êîòîðûé íàçûâàåòñÿ
ôóíêöèîíàëîì ýíåðãèè. Íåïîñðåäñòâåííî èç ôîðìóëû ôóíêöèîíàëà F [u]
ñëåäóåò, ÷òî îáëàñòè îïðåäåëåíèÿ DA îïåðàòîðà A è DF ôóíêöèîíàëà
F [u] ñîâïàäàþò.

2.2.7
Îêàçûâàåòñÿ, ÷òî åñëè îïåðàòîð A ïîëîæèòåëüíûé, òî:

1) Îïåðàòîðíîå óðàâíåíèå Au = f ìîæåò èìåòü íå áîëåå îäíîãî ðå-
øåíèÿ.

2) Ýòî ðåøåíèå äîñòàâëÿåò ìèíèìóì ôóíêöèîíàëó F [u].
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3) Ýëåìåíò, ðåàëèçèðóþùèé ìèíèìóì ôóíêöèîíàëà ýíåðãèè F [u], óäî-
âîëåòâîðÿåò óðàâíåíèþ Au = f . Òàêèì îáðàçîì, âàðèàöèîííàÿ çàäà÷à
F [u] = min äëÿ ïîëîæèòåëüíîãî îïåðàòîðà A ìîæåò èìåòü íå áîëåå îä-
íîãî ðåøåíèÿ.

Èçó÷èòå ýêâèâàëåíòíîñòü ðåøåíèé óðàâíåíèÿ Au = f è âàðèàöèîí-
íîé çàäà÷è F [u] = min äëÿ ïîëîæèòåëüíîãî îïåðàòîðà A ïî êíèãå Ñ.Ã.
Ìèõëèíà [1] (ãë. III, �14).

2.2.8
Çàìå÷àíèå. Ðåøåíèÿ çàäà÷, óêàçàííûõ â ïóíêòå 2.2.6, ìîãóò íå ñóùå-
ñòâîâàòü, åñëè îïåðàòîð A îïðåäåëåí íà íåäîñòàòî÷íî øèðîêîì ëèíåàðå
DA.

2.2.9
Ïóñòü A - ïîëîæèòåëüíûé îïåðàòîð. Îïðåäåëèì íà îáëàñòè DA íîâîå
ñêàëÿðíîå ïðîèçâåäåíèå [ , ], íàçûâàåìîå ýíåðãåòè÷åñêèì: [u, v] = (Au, v),
u, v ∈ DA.

Ëåãêî ïðîâåðèòü ïî îïðåäåëåíèþ, ÷òî ýíåðãåòè÷åñêîå ñêàëÿðíîå ïðî-
èçâåäåíèå óäîâîëåòâîðÿåò àêñèîìàì:

1. [u + v, w] = [u,w] + [v, w],
2. [λu, v] = λ[u, v],
3. [u, v] = [v, u],
4. [u, u] ≥ 0, [u, u] = 0 ⇐⇒ u = 0
λ ∈ R, u, v ∈ DA.
Ñêàëÿðíîå ïðîèçâåäåíèå [ , ] îïðåäåëÿåò íà îáëàñòè DA ýíåðãåòè÷å-

ñêóþ íîðìó |u|A =
√

[u, u]. Îòíîñèòåëüíî ýòîé íîðìû ïðîñòðàíñòâî DA

ìîæåò îêàçàòüñÿ íåïîëíûì.
Ïîïîëíåíèå HA ïðåäãèëüáåðòîâà ïðîñòðàíñòâà DA ïî ýíåðãåòè÷åñêîé

íîðìå íàçûâàåòñÿ ýíåðãåòè÷åñêèì ïðîñòðàíñòâîì ïîëîæèòåëüíîãî îïå-
ðàòîðà A. Åñëè îïåðàòîð A ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííûì, òî
HA ⊂ H (ñì. êíèãó Ñ.Ã. Ìèõëèíà [1], ãëàâà II, �9).

2.2.10
Â ïóíêòå 2.2.8 áûëî îòìå÷åíî, ÷òî ðåøåíèÿ çàäà÷ Au = f è F [u] = min
ìîãóò íå ñóùåñòâîâàòü â îáëàñòè DA = DF .
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Îêàçûâàåòñÿ, ÷òî äëÿ ïîëîæèòåëüíî îïðåäåëåííîãî îïåðàòîðà A ôóíê-
öèîíàë ýíåðãèè F [u] ìîæíî ïðîäîëæèòü íà ýíåðãåòè÷åñêîå ïðîñòðàíñòâî
HA òàê, ÷òî çàäà÷à F [u] = min âñåãäà áóäåò èìåòü ðåøåíèå u0 ∈ HA, êî-
òîðîå íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì óðàâíåíèÿ Au = f .

2.2.11
Èçó÷èòå îáîáùåííîå ðåøåíèå çàäà÷è î ìèíèìóìå ôóíêöèîíàëà ýíåðãèè
ïî êíèãå Ñ.Ã. Ìèõëèíà [1](ãëàâà III, �14).

2.2.12
Çàìå÷àíèå. Â ïðîöåññå èçó÷åíèÿ ïóíêòà 2.2.11 óáåæäàåìñÿ, ÷òî îáîá-
ùåííîå ðåøåíèå çàäà÷è î ìèíèìóìå ôóíêöèîíàëà ýíåðãèè ìîæåò áûòü
ïðåäñòàâëåíî ðÿäîì Ôóðüå â ýíåðãåòè÷åñêîì ïðîñòðàíñòâå HA

u0 =
∞∑

n=1

(f, ωn)ωn

ïî ïîëíîé ñ÷åòíîé îðòîíîðìèðîâàííîé ñèñòåìå {ωn}, ωn ∈ HA. Ýòîò ðÿä
ñõîäèòñÿ ê u0 â HA è â H.

2.2.13 Ïåðåõîäèì íåïîñðåäñòâåííî ê ìåòîäó Ðèòöà.
Ñíà÷àëà âñïîìíèì ñâîéñòâà êîîðäèíàòíûõ ôóíêöèé {ϕn}, ϕn ∈ HA:

1) ∀n ýëåìåíòû ϕ1, ..., ϕn ëèíåéíî íåçàâèñèìû,
2) ñèñòåìà {ϕn} ïîëíà â HA.
Èùåì ïðèáëèæåííîå ðåøåíèå un çàäà÷è F [u] = min â ïîäïðîñòðàí-

ñòâå, íàòÿíóòîì íà ϕ1, ..., ϕn: un =
n∑

i=1

aiϕi. Òîãäà

F [un] =

[
n∑

k=1

akϕk,

n∑
j=1

ajϕj

]
− 2 ·

n∑
i=1

ai(f, ϕi) =

=
n∑

k,j=1

[ϕk, ϕj]akaj − 2
n∑

i=1

(ϕi, f)ai = [ϕi, ϕi]a
2
i +

+
∑

k 6=i

[ϕk, ϕi]akai +
∑

j 6=i

[ϕk, ϕj]aiaj − 2
n∑

i=1

ai(ϕi, f) =⇒
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∂F [un]

∂ai

= 2[ϕi, ϕi]ai +
∑

k 6=i

[ϕk, ϕi]ak +
∑

j 6=i

[ϕi, ϕj]aj −

− (ϕi, f) = 2
n∑

i=1

[ϕi, ϕj]aj − 2(ϕi, f) = 0.

Èòàê, äëÿ íåèçâåñòíûõ êîýôôèöåíòîâ aj ïîëó÷èëè ëèíåéíóþ ñèñòåìó
óðàâíåíèé

n∑
j=1

[ϕi, ϕj]aj = (ϕi, f) (i = 1, 2, ..., n) (9)

2.2.14
Èçó÷èòü äîêàçàòåëüñòâî åäèñòâåííîñòè ðåøåíèÿ ñèñòåìû óðàâíåíèé ìå-
òîäà Ðèòöà è âîïðîñ î ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè ïðèáëèæåííûõ
ðåøåíèé {un} ê òî÷íîìó ðåøåíèþ u0. Óáåäèòåñü, ÷òî ïðèáëèæåííîå ðå-
øåíèå un ñîâïàäàåò ñ ÷àñòè÷íîé ñóììîé ðÿäà Ôóðüå, êîòîðûé áûë ðàñ-
ñìîòðåí â ïóíêòå 2.2.12

2.2.15
Çàìå÷àíèå. Âûáîð ïîñëåäîâàòåëüíîñòè êîîðäèíàòíûõ ôóíêöèé ñèëüíî
âëèÿåò íà ñëîæíîñòü âñåõ äàëüíåéøèõ âû÷èñëåíèé. Ïðè íåóäà÷íîì âû-
áîðå êîîðäèíàòíûõ ôóíêöèé äëÿ äîñòèæåíèÿ òðåáóåìîé òî÷íîñòè ïðè-
õîäèòñÿ áðàòü áîëüøîå n - ÷èñëî êîîðäèíàòíûõ ôóíêöèé, âõîäÿùèõ â
ñîñòàâ ïðèáëèæåííîãî ðåøåíèÿ un. Ýòî ïðèâîäèò ê íåîáõîäèìîñòè ðå-
øàòü ñèñòåìó óðàâíåíèé ìåòîäà Ðèòöà ñ áîëüøèì ÷èñëîì óðàâíåíèé.
Åñëè æå êîîðäèíàòíûå ôóíêöèè âûáðàíû óäà÷íî, òî ÷àñòî âûñîêàÿ òî÷-
íîñòü äîñòèãàåòñÿ ïðè n = 2 èëè äàæå n = 1.

2.3 Ðåøåíèå ìåòîäîì Ðèòöà êðàåâûõ çàäà÷ äëÿ îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ðàññìîòðèì êðàåâóþ çàäà÷ó

Lu ≡ − d

dx

(
p(x)

du

dx

)
− q(x)u = f(x), a ≤ x ≤ b,

α1u
′(a) + αu(a) = A,
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β1u
′(b) + βu(b) = B,

â êîòîðîé ôóíêöèè p, p′, q, f íåïðåðûâíû íà îòðåçêå [a, b], p(x) > 0,
q(x) ≤ 0 ïðè a ≤ x ≤ b, α1 ≥ 0, β1 ≥ 0, |α|+ |α1| 6= 0, |β|+ |β1| 6= 0.

Äëÿ óêàçàííîé çàäà÷è ôóíêöèîíàë ýíåðãèè ïðè α1 6= 0, β1 6= 0 ðàâåí

F [u] =
p(a)

α1

[
2Au(a)− αu2(a)

]− p(b)

β1

[2Bu(b)−

− βu2(b)
]
+

b∫

a

[
p(x)u′2 − q(x)u2 + 2uf

]
dx.

Åñëè α1 = 0, β1 6= 0, òî çà F [u] ìîæíî ïðèíÿòü

F [u] = −p(b)

β1

[
2Bu(b)− βu2(b)

]
+

b∫

a

[
p(x)u′2 − q(x)u2 + 2fu

]
dx

Åñëè α1 = β1 = 0, òî

F [u] =

b∫

a

[
p(x)u′2 − q(x)u2 + 2fu

]
dx.

Ãðàíè÷íûå óñëîâèÿ îïðåäåëÿþò âûáîð ïîñëåäîâàòåëüíîñòè êîîðäè-
íàòíûõ ôóíêöèé.

Åñëè ãðàíè÷íûå óñëîâèÿ çàäà÷è èìåþò âèä u(a) = A, u(b) = B, òî
ïðèáëèæåííîå ðåøåíèå un èùåòñÿ â âèäå

un = ϕ0 +

n∫

i=1

aiϕi,

ãäå ϕi - ëþáàÿ äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ, óäîâîëåòâîðÿþùàÿ óêàçàí-
íûì ãðàíè÷íûì óñëîâèÿì, íàïðèìåð

ϕ0(x) = A +
B − A

b− a
(x− a),

à êîîðäèíàòíûå ôóíêöèè ϕi - ëþáûå äîñòàòî÷íî ãëàäêèå, íåçàâèñèìûå
ôóíêöèè, óäîâîëåòâîðÿþùèå óñëîâèÿì ϕi(a) = ϕi(b) = 0 (i = 1, 2, ..., n).
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Íàïðèìåð, â êà÷åñòâå ôóíêöèé ϕi(i = 1, 2, ..., n) ìîæíî âçÿòü

ϕi = (x− a)i(x− b)

èëè
ϕi = sin

(
πi

x− a

b− a

)
.

Åñëè ãðàíè÷íûå óñëîâèÿ èìåþò âèä α1u
′(a) + αu(a) = 0, β1u

′(b) +
βu(b) = 0, òî ìîæíî âçÿòü

ϕ1 = (x− a)2

[
x− b− β(b− a)

2β + β1(b− a)

]
,

ϕ2 = (x− b)2

[
x− a− α(b− a)

α1(b− a)− 2α

]
,

ϕi = (x− a)i(x− b), (i = 3, 4, 5, ..., n).

Ïðèìåð 4. Íàéòè ðåøåíèå óðàâíåíèÿ u′′ + (1 + x2)u + 1 = 0), óäîâîëå-
òâîðÿþùåå êðàåâûì óñëîâèÿì u(−1) = u(1) = 0.

Ðåøåíèå. Çà ñèñòåìó êîîðäèíàòíûõ ôóíêöèé âîçáìåì ïîëèíîìû, ò.å.
ðàñïîëîæåííûå ïî ñòåïåíÿì x2, óäîâîëåòâîðÿþùèå îäíîðîäíûì ãðàíè÷-
íûì óñëîâèÿì

ϕ0(x) = 0, ϕ1 = 1− x2, ϕ2(x) = 1− x4, ..., ϕn(x) = 1− x2n.

Äëÿ ïðîñòîòû âûêëàäîê âîçüìåì äâå êîîðäèíàòíûå ôóíêöèè, ò.å. áóäåì
èñêàòü ïðèáëèæåííîå ðåøåíèå êðàåâîé çàäà÷è â âèäå ñóììû

u2 = a1(1− x2) + a2(1− x4).

Ñîñòàâëÿåì äëÿ äàííîé êðàåâîé çàäà÷è ôóíêöèîíàë ýíåðãèè

F [u] =

1∫

−1

[
u′2 + (1 + x2)u2 − 2u

]
dx.

Ïîäñòàâëÿÿ â ôóíêöèîíàë F [u] âûðàæåíèå äëÿ u2, ïîëó÷àåì

F [u2] =

1∫

−1

{
(2a1x + 4a2x

3)2 − (1 + x2)[a1(1− x2) +
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+ a2(1− x4)]2 − 2[a1(1− x2) + a2(1− x4)]
}

dx.

×àñòíûå ïðîèçâîäíûå ∂F
∂a1

, ∂F
∂a2

ìîæíî íàéòè äèôôåðåíöèðîâàíèåì èíòå-
ãðàëà F [u2] ïî ïàðàìåòðàì a1, a2 :

∂F

∂a1

=

1∫

−1

{
4x(2a1x + 4a2x

3)− (1 + x2)2(1− x2)[a1(1− x2) +

+ a2(1− x4)]− 2(1− x2)
}

dx = 8

(
38

105
a1 +

4

9
a2 − 1

3

)
,

∂F

∂a2

=

∫

−1

1
{
8x3(2a1x + 4a2x

3)− 2(1 + x2)(1− x4)[a1(1− x2) +

+ a2(1− x4)]− 2(1− x4)
}

dx = 8

(
4

9
a1 +

2488

3645
a2 − 2

5

)
.

Ïðèðàâíÿâ ýòè ïðîèçâîäíûå ê íóëþ, ïîëó÷àåì ñèñòåìó óðàâíåíèé
38

105
a1 +

4

9
a2 =

1

3
,

4

9
a1 +

2488

3645
a2 =

2

5
,

îòêóäà íàõîäèì, ÷òî a1 = 0, 988, a2 = −0, 054. Ïîäñòàâëÿÿ íàéäåííûå
çíà÷åíèÿ a1 è a2 â ôîðìóëó äëÿ u2 ïîëó÷àåì ïðèáëèæåííîå âûðàæåíèå
äëÿ èñêîìîãî ðåøåíèÿ:

u2 = 0, 934− 0, 988x2 + 0, 054x4.

Äðóãèå ïðèìåðû ïðèìåíåíèÿ ìåòîäà Ðèòöà ê êðàåâûì çàäà÷àì äëÿ
îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ìîæíî ïîñìîòðåòü â êíè-
ãå
Ñ.Ã. Ìèõëèíà [1] (ãë. IV, �22, �23).

2.4 Ðåøåíèå ìåòîäîì Ðèòöà êðàåâûõ çàäà÷ äëÿ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-
íûõ

Ïóñòü, íàïðèìåð, â êîíå÷íîé îþëàñòè Ω, îãðàíè÷åííîé äîñòàíî÷íî ãëàä-
êèì êîíòóðîì S, çàäàíî óðàâíåíèå ýëëèïòè÷åñêîãî òèïà

(pux)x + (puy)y + qu = f,
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ïðè îäíîðîäíûõ ãðàíè÷íûõ óñëîâèÿõ îäíîãî èç òèïîâ

u|S = 0 ëèáî ∂u

∂n

∣∣∣∣
S

= 0.

Çäåñü p, q, f - äîñòàòî÷íî ãëàäêèå ôóíêöèè â çàìêíóòîé îáëàñòè Ω̄,
p(x, y) > 0, q(x, y) > 0, n - âíåøíÿÿ íîðìàëü ê ãðàíèöå S. Ñëó÷àé íåîä-
íîðîäíûõ ãðàíè÷íûõ óñëîâèé ìîæåò áûòü ñâåäåí ê ðàññìàòðèâàåìîìó
èçâåñòíîé çàìåíîé èñêîìîé ôóíêöèè.

Äëÿ äàííîé çàäà÷è ôóíêöèîíàë ýíåðãèè çàïèñûâàåòñÿ â âèäå

F [u] =

∫

Ω

{
p[u2

x + u2
y]− qu2 + 2fu

}
dΩ.

Åñëè ðåøàåòñÿ çàäà÷à Íåéìàíà, òî íà ðåøåíèå íàëàãàþòñÿ äîïîëíè-
òåëüíûå óñëîâèÿ

∫

Ω

u(x, y)dΩ = 0 ,

∫

Ω

f(x, y)dΩ = 0.

Óíèâåðñàëüíûõ ðåêîìåíäàöèé ïî âûáîðó ñèñòåìû êîîðäèíàòíûõ ôóíê-
öèé ïðè ðåøåíèè êðàåâûõ çàäà÷ äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ
íåò, òàê êàê íà ýòîò âûáîð îêàçûâàþò âëèÿíèå êàê òèï ãðàíè÷íûõ óñëî-
âèé, òàê è ôîðìà îáëàñòè Ω. Â êíèãàõ Ñ.Ã. Ìèõëèíà [1] (ãë. X), Á.Ï. Äå-
ìèäîâè÷à, È.À. Ìàðîíà, Ý.Ç. Øóâàëîâîé [6] (ãë. VI) èìåþòñÿ ðÿä ïðè-
ìåðîâ ñ ðàçëè÷íûìè òèïàìè ãðàíè÷íûõ óñëîâèé è ðàçëè÷íûìè âèäàìè
îáëàñòåé. Çäåñü ëèøü îòìåòèì, ÷òî ïðè ðåøåíèè ïåðâîé êðàåâîé çàäà÷è
ñèñòåìó êîîðäèíàòíûõ ôóíêöèé ìîæíî âûáðàòü ñëåäóþùèì îáðàçîì:

ϕ1 = ω, ϕ2 = xω, ϕ3 = yω, ϕ4 = x2ω, ϕ5 = y2ω, ϕ6 = xyω, ...,

ãäå ω - ëþáàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ â îáëàñòè Ω̄ ôóíêöèÿ,
óäîâîëåòâîðÿþùàÿ óñëîâèÿì ω|S = 0, ω > 0 â Ω.

Ïðèìåíåíèå ìåòîäà Ðèòöà ê ðåøåíèþ êðàåâûõ çàäà÷ äëÿ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ, êàê ïðàâèëî, ïðèâîäèò ê äîñòàòî÷íî ãðîìîçäêèì
âû÷èñëåíèÿì.

Ðàññìîòðèì ÷àñòíûé ñëó÷àé - çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëà-
ñà (ñì. ïóíêò 2.3) { −∆u = f

u|S = 0
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Ïðèáëèæåííîå ðåøåíèå çàäà÷è F [u] = min èùåì â âèäå

un =
n∑

i=1

aiyi.

Ïîäñòàâëÿÿ â ôóíêöèîíàë ýíåðãèè

F [u] =

∫

Ω

(u2
x + u2

y − 2fu)dx,

ïîëó÷èì

F [un] =

∫

Ω

{
(

n∑
i=1

aiϕix)
2 + (

n∑
i=1

aiϕiy)
2 − 2f

n∑
i=1

aiϕi

}
dΩ.

Ïîäáåðåì êîýôôèöèåíòû a1, a2, ..., an òàê, ÷òîáû ôóíêöèÿ F èìåëà
ìèíèìóì. Äëÿ ýòîãî íåîáõîäèìî âûïîëíåíèå óñëîâèé

∂F [un]

∂aj

= 2

∫

Ω

[
(

n∑
i=1

aiϕix)ϕjx + (
n∑

i=1

aiϕiy)ϕjy)− fϕj

]
dΩ = 0,

(j = 1, 2, ..., n)

èëè
a1[ϕ1, ϕ1] + a2[ϕ2, ϕ1] + ... + an[ϕn, ϕ1] = (f, ϕ1)

a1[ϕ1, ϕ2] + a2[ϕ2, ϕ2] + ... + an[ϕn, ϕ2] = (f, ϕ2)

...........................

a1[ϕ1, ϕn + a2[ϕ2, ϕn] + ... + an[ϕn, ϕn] = (f, ϕn)

ãäå
[ϕi, ϕj] =

∫

Ω

(ϕixϕjx + ϕiyϕjy)dΩ,

ïðè÷åì
[ϕi, ϕj] = [ϕj, ϕi].

Èç ïîñëåäíåé ñèñòåìû óðàâíåíèé îïðåäåëÿþòñÿ êîýôôèöèåíòû a1, a2,
...,an.

19



Ïðèìåð 5. Íàéòè ôóíêöèþ u, ãàðìîíè÷åñêóþ â îáëàñòè Ω: x > 0,
y > 0, x + y < 1 è óäîâîëåòâîðÿþùóþ íà ãðàíèöå S: x = 0, y = 0,
x + y = 1 óñëîâèþ u|S = x2 + y2.

Ðåøåíèå. Çàìåíîé v = u−x2−y2 ïðèõîäèì ê çàäà÷å −∆v = 4, v|S = 0.
Âûáåðåì ñëåäóþùóþ ñèñòåìó êîîðäèíàòíûõ ôóíêöèé:

ϕ1 = xy(1− x− y), ϕ2 = x2y(1− x− y), ϕ3 = xy2(1− x− y), ...

è ñîñòàâèì ëèíåéíóþ êîìáèíàöèþ

v3 = a1xy(1− x− y) + a2x
2y(1− x− y) + a3xy2(1− x− y).

Äëÿ ñîñòàâëåíèÿ ñèñòåìû ìåòîäà Ðèòöà ïîäñ÷èòûâàåì êîýôôèöèåí-
òû ïðè íåèçâåñòíûõ a1, a2, a3 è ñâîáîäíûå ÷ëåíû

[ϕ1, ϕ1] =

∫

Ω

∫ [
(y − 2xy − y2)2 + (x− x2 − 2xy)2

]
dxdy,

[ϕ1, ϕ2] = [ϕ2, ϕ1] =

∫

Ω

∫ [
(y − 2xy − y2)(2xy − 3x2y − 2xy2) +

+ (x− x2 − 2xy)(x2 − x3 − 2x2y)
]
dxdy,

[ϕ1, ϕ3] = [ϕ3, ϕ1] =

∫

Ω

∫ [
(y − 2xy − y2)(y2 − 2xy2 − y3) +

+ (x− x2 − 2xy)(2xy − 2x2y − 3xy2)
]
dxdy,

[ϕ2, ϕ2] =

∫

Ω

∫ [
(2xy − 3x2y − 2xy2)2 + (x2 − x3 − 2x2y)2

]
dxdy,

[ϕ2, ϕ3] = [ϕ3, ϕ2] =

∫

Ω

∫ [
(2xy − 3x2y − 2xy2)(y2 − 2xy2 − y3) +

+ (x2 − x3 − 2x2y)(2xy − 2x2y − 3xy2)
]
dxdy,

[ϕ3, ϕ3] =

∫

Ω

∫ [
(y2 − 2xy2 − y3)2 + (2xy − 2x2y − 3xy2)2

]
dxdy,

(f, ϕ1) = 4

∫

Ω

∫
(xy − x2y − xy2)dxdy,

20



(f, ϕ2) = 4

∫

Ω

∫
(x2y − x3y − x2y2)dxdy,

(f, ϕ3) = 4

∫

Ω

∫
(xy2 − x2y2 − xy3)dxdy,

Ðåçóëüòàòû âû÷èñëåíèé ïðèâåäåíû â òàáëèöå.
Çíà÷åíèÿ êîýôôèöèåíòîâ ïðè íåèçâåñòíûõ:

j [ϕ1, ϕj] [ϕ2, ϕj] [ϕ3, ϕj] [f, ϕj]

1 1
90

1
252

1
252

1
30

2 1
252

3
1120

1
70

1
90

3 1
252

1
70

3
1120

1
90

Îòñþäà ëèíåéíàÿ ñèñòåìà óðàâíåíèé äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ
a1, a2, a3 çàïèøåòñÿ â âèäå

1
90

a1 + 1
252

a2 + 1
252

a3 = 1
30

1
252

a1 + 3
1120

a2 + 1
70

a3 = 1
90

1
252

a1 + 1
70

a2 + 3
1120

a3 = 1
90

Ðåøàÿ ñèñòåìó óðàâíåíèé, íàõîäèì

a1 =
3031

997
≈ 3, 0401; a2 = a3 = − 56

997
≈ −0, 0562.

Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ a1, a2, a3 â ôîðìóëó äëÿ v3, ïîëó÷àåì
ïðèáëèæåííîå ðåøåíèå çàäà÷è

u = x2 + y2 + xy(1− x− y) [3, 0401− 0, 0562(x + y)] .

Ïðèìåðû ðåøåíèÿ çàäà÷ ìåõàíèêè ìåòîäîì Ðèòöà ìîæíî ïðî÷èòàòü
â êíèãå Ñ.Ã. Ìèõëèíà [1](ãë. X).

2.5 Âàðèàöèîííîå îïðåäåëåíèå ñîáñòâåííûõ çíà÷åíèé
2.5.1
Ìåòîä Ðèòöà ìîæåò áûòü ïðèìåíåí äëÿ îòûñêàíèÿ ñîáñòâåííûõ çíà÷å-
íèé ïîëîæèòåëüíî îïðåäåëåííîãî îïåðàòîðà A.
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Â êíèãå Ñ.Ã. Ìèõëèíà [1](ãë. III,�16) äîêàçàíî, ÷òî îáëàñòü îïðåäå-
ëåíèÿ ïîëîæèòåëüíî îïðåäåëåííîãî îïåðàòîðà A, äåéñòâóþùåãî â ãèëü-
áåðòîâîì ïðîñòðàíñòâå H, ìîæíî ðàñøèðèòü ñ ñîõðàíåíèåì ñâîéñòâà ïî-
ëîæèòåëüíîé îïðåäåëåííîñòè òàê, ÷òî ïðîäîëæåííûé îïåðàòîð Ã èìååò
äèñêðåòíûé ñïåêòð. Ïîñëåäíåå îçíà÷àåò, ÷òî ñîáñòâåííûå çíà÷åíèÿ îïå-
ðàòîðà A èìåþò êîíå÷íóþ êðàòíîñòü, à ñîîòâåòñòâåííûå ñîáñòâåííûå
âåêòîðû îáðàçóþò ñ÷åòíóþ ïîëíóþ îðòîíîðìèðîâàííóþ ñèñòåìó â ãèëü-
áåðòîâîì ïðîñòðàíñòâå H, êîòîðàÿ áóäåò ïîëíîé è îðòîãîíàëüíîé â ýíåð-
ãåòè÷åñêîì ïðîñòðàíñòâå HA. Ýòî ðàñøèðåíèå íàçûâàåòñÿ ðàñøèðåíèåì
ïî Ôðèäðèõñó ïîëîæèòåëüíî îïðåäåëåííîãî îïåðàòîðà.

2.5.2
Èçó÷èòå âîïðîñû î ñóùåñòâîâàíèè ñîáñòâåííûõ çíà÷åíèé ïîëîæèòåëüíî-
ãî îïðåäåëåííîãî îïåðàòîðà â êíèãå Ñ.Ã. Ìèõëèíà [1] (ãë. III, �16, ãë. IV,
�40).

2.5.3
Íàèìåíüøåå ñîáñòâåííîå çíà÷åíèå ïîëîæèòåëüíî îïðåäåëåííîãî îïåðà-
òîðà A, óäîâîëåòâîðÿþùåãî óñëîâèÿì â ïóíêòå 2.5.1, ìîæíî íàéòè èç
ðåøåíèÿ âàðèàöèîííîé çàäà÷è (Au, u) = min ïðè óñëîâèè (u, u) = 1.

Èùåì ìèíèìóì ôóíêöèîíàëà (Au, u) íà ïîäïðîñòðàíñòâå, íàòÿíóòîì
íà êîîðäèíàòíûå ôóíêöèè ϕ1, ϕ2, ...,ϕn. Ïóñòü un =

n∑
i=1

aiϕi. Òîãäà

(Aun, un) =
n∑

j,k=1

ajak(Aϕj, ϕk); (un, un) =
n∑

j,k=1

ajak(ϕj, ϕk).

Óñëîâíûé ìèíèìóì èùåì ìåòîäîì íåîïðåäåëåííûõ ìíîæèòåëåé Ëàí-
ãðàæà

L =
n∑

j,k=1

ajak [(Aϕj, ϕk) = λ(ϕj, ϕk)].

Ïî ìåòîäó Ëàíãðàæà íóæíî ïðèðàâíÿòü ê íóëþ ÷àñòíûå ïðîèçâîäíûå
ôóíêöèè L:

∂L

∂ai

= 2ai [(Aϕi, ϕi)− λ(ϕi, ϕi)] +
∑

j 6=i

aj [(Aϕj, ϕi)−
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− λ(ϕj, ϕi)] +
∑

k 6=i

ak [(Aϕi, ϕk)− λ(ϕi, ϕk)] =

= 2
n∑

j=1

aj [(Aϕj, ϕi)− λ(ϕj, ϕi)] = 0, (i = 1, 2, ..., n).

Â ðåçóëüòàòå ïîëó÷èì îäíîðîäíóþ ñèñòåìó n ëèíåéíûõ óðàâíåíèé ñ n
íåèçâåñòíûìè aj:

n∑
j=1

aj [(Aϕj, ϕi)− λ(ϕj, ϕi)] = 0, (i = 1, 2, .., n), (10)

êîòîðàÿ èìååò íåíóëåâîå ðåøåíèå, åñëè å¼ îïðåäåëèòåëü ðàâåí íóëþ, ò.å.
∣∣∣∣∣∣∣∣∣∣∣∣

(Aϕ1, ϕ1)− λ(ϕ1, ϕ1) ...... (Aϕn, ϕ1)− λ(ϕn, ϕ1)
·
·
·
·

(Aϕ1, ϕn)− λ(ϕ1, ϕn) ...... (Aϕn, ϕn)− λ(ϕn, ϕn)

∣∣∣∣∣∣∣∣∣∣∣∣

= 0.

Åñëè ðàñêðûòü îïðåäåëèòåëü, òî ïîëó÷èì àëãåáðàè÷åñêîå óðàâíåíèå ñòå-
ïåðè n îòíîñèòåëüíî λ, êîòîðîå íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì. Ïî-
ñêîëüêó ìàòðèöà îäíîðîäíîé ëèíåéíîé ñèñòåìû óðàâíåíèé äëÿ êîýôôè-
öèåíòîâ aj ÿâëÿåòñÿ ñèììåòðè÷íîé, òî âñå êîðíè õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ ÿâëÿþòñÿ âåùåñòâåííûìè ÷èñëàìè (ñì. â êíèãå Â.À. Èëüèíà,
Ý.Ã. Ïîçäíÿêà (ãë. V, �5, ï. 4). Íàèìåíüøèé êîðåíü õàðàêòåðèñòè÷åñêî-
ãî óðàâíåíèÿ λ

(1)
n äà¼ò ïðèáëèæåííî íàèìåíüøåå ñîáñòâåííîå çíà÷åíèå

îïåðàòîðà A ñ èçáûòêîì.

2.5.4
Èçó÷èòå ïî êíèãå Ñ.Ã. Ìèõëèíà [1] âîïðîñ î ñõîäèìîñòè λ

(1)
n ê òî÷íîìó

ñîáñòâåííîìó çíà÷åíèþ îïåðàòîðà A (ãë. VI�42).
Ïðèìåð 6. Ìåòîäîì Ðèòöà îïðåäåëèòü íàèìåíüøåå ñîáñòâåííîå ÷èñëî

îïåðàòîðà Au = −u′′ ñ îáëàñòüþ îïðåäåëåíèÿ

DA =
{
u ∈ C2(0; 1) : u(0) = u(1) = 0

}
.

Ðåøåíèå. Èç êóðñà óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè òî÷íîå ðåøåíèå
ïîñòàâëåííîé çàäà÷è: λ = π2, à ñîîòâåòñòâóþùàÿ ýòîìó ñîáñòâåííîìó
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çíà÷åíèþ ñîáñòâåííàÿ ôóíêöèÿ u = sin πx. Ñðàâíèì ïðèáëèæåííîå çíà-
÷åíèå íàèìåíüøåãî ñîáñòâåííîãî ÷èñëà, ïîëó÷åííîå ìåòîäîì Ðèòöà, ñ
òî÷íûì çíà÷åíèåì.

Â êà÷åñòâå êîîðäèíàòíûõ ôóíêöèé âîçüìåì ñëåäóþùèå:

ϕ1 = x(1− x), ϕ2 = x2(1− x), ..., ϕn = xn(1− x), ... .

Îãðàíè÷èìñÿ òðåìÿ ïåðâûìè ôóíêöèÿìè. Áóäåì èìåòü

(ϕ1, ϕ1) =

1∫

0

x2(1− x)2dx =
1

30
, (ϕ1, ϕ2) =

1∫

0

x3(1− x)2dx =
1

60
,

(ϕ1, ϕ3) =
1

60
, (ϕ2, ϕ2) =

1

105
, (ϕ2, ϕ3) =

1

168
, (ϕ3, ϕ3) =

1

252
,

(Aϕ1, ϕ1) = (−ϕ′′1, ϕ1) = 2

1∫

0

x(1− x)dx =
1

3
,

(Aϕ1, ϕ2) = (Aϕ2, ϕ1) =
1

6
, (Aϕ1, ϕ3) = (Aϕ3, ϕ1) =

1

10
,

(Aϕ2, ϕ2) =
2

15
, (Aϕ2, ϕ3) = (Aϕ3, ϕ2) =

1

10
, (Aϕ3, ϕ3) =

3

35
.

Ïðè n = 1, ò.å. ïðè èñïîëüçîâàíèè òîëüêî îäíîé ôóíêöèè ϕ1, õàðàêòåðè-
ñòè÷åñêîå óðàâíåíèå ïðèìåò âèä

(Aϕ1, ϕ1)− λ(ϕ1, ϕ1) = 0, ò.å. 1

3
− λ

1

30
= 0 ⇒ λ = 10.

Ïðè n = 2 õàðàêòåðèñòè÷åñêîå óðàâíåíèå çàïèøåòñÿ â âèäå
∣∣∣∣

1
3
− λ 1

30
1
6
− λ 1

60
1
6
− λ 1

60
2
15
− λ 1

105

∣∣∣∣ = 0.

Íàèìåíüøèé êîðåíü ýòîãî óðàâíèíèÿ λ = 10. Ïðè n = 3 ïîëó÷èì
∣∣∣∣∣∣

1
3
− λ 1

30
1
6
− λ 1

60
1
10
− λ 1

105
1
6
− λ 1

60
2
15
− λ 1

105
1
10
− λ 1

168
1
10
− λ 1

105
1
10
− λ 1

105
3
35
− λ 1

252

∣∣∣∣∣∣
= 0.

Íàèìåíüøèé êîðåíü ýòîãî óðàâíåíèÿ λ = 9, 8716. Ïîãðåøíîñòü â òðåòüåì
ïðèáëèæåíèè ðàâíà 0, 002, ò.å. ïðèáëèçèòåëüíî 0, 02%.
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Âû÷èñëåíèÿ ïîäòâåðæäàþò óêàçàíèå â ïóíêòå 2.5.3 î òîì, ÷òî ìåòî-
äîì Ðèòöà ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà A âû÷èñëÿþòñÿ ñ èçáûòêîì.

Ïðèìåð 7. Ìåòîäîì Ðèòöà âû÷èñëèòü íàèìåíüøåå ñîáñòâåííîå çíà-
÷åíèå îïåðàòîðà Ëàïëàñà ∆ â êðóãå x2 + y2 ≤ 1 ïðè ãðàíè÷íîì óñëîâèè
u(x, y)|x2+y2=1 = 0.

Ðåøåíèå. Â ýòîì ïðèìåðå òàêæå èçâåñòíî òî÷íîå çíà÷åíèå íàèìåíü-
øåãî ñîáñòâåííîãî ÷èñëà, êîòîðîå ÿâëÿåòñÿ íàèìåíüøèì êîðíåì óðàâíå-
íèÿ J0(

√
λ) = 0, ãäå J0 - ôóíêöèÿ Áåññåëÿ íóëåâîãî ïîðÿäêà, è ïðèáëè-

æåííî ðàâíî λ = 5, 778... (ñì. â êíèãå Ñ.Ã. Ìèõëèíà [2] ãë. 15, �3).
Â êà÷åñòâå êîîðäèíàòíûõ ôóíêöèé âîçüìåì:

ϕ1 = 1−x2−y2, ϕ2 = (1−x2−y2)(x2+y2), ϕ3 = (1−x2−y2)(x2+y2)2, ...

Âû÷èñëèì
(ϕ1, ϕ1) =

∫

x2+y2≤1

∫
(1− x2 − y2)2dxdy =

π

3
,

(ϕ1, ϕ2) =

∫

x2+y2≤1

∫
(1− x2 − y2)2(x2 + y2)dxdy =

π

12
, (ϕ2, ϕ2) =

π

30
,

(Aϕ1ϕ1) = (−∆ϕ1, ϕ1) =

∫

x2+y2≤1

∫
4(1− x2 − y2)dxdy = 2π,

(Aϕ1, ϕ2) = (Aϕ2, ϕ1) =
2

3
π, (Aϕ2, ϕ2) =

2

3
π.

Ïðè n = 1 õàðàêòåðèñòè÷åñêîå óðàâíåíèå ïðèìåò âèä

2π − π

3
λ = 0 ⇒ λ = 6.

Âòîðîå ïðèáëèæåíèå ïîëó÷èì ïðè n = 2

∣∣∣∣
2π − π

3
λ 2

3
π − π

12
λ

2
3
π − π

12
λ 2

3
π − π

3
λ

∣∣∣∣ = 0 ⇒ 3λ2 + 128λ + 640 = 0.

Íàèìåíüøèé êîðåíü ýòîãî óðàâíèíèÿ λ = 5, 781.... Ïîãðåøíîñòü âî âòî-
ðîì ïðèáëèæåíèè ðàâíà 0, 002, ò.å. ïðèáëèçèòåëüíî 0, 04%.
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3 Ìåòîä Ãàëåðêèíà
3.1 Ìåòîä Ãàëåðêèíà äëÿ ñòàöèîíàðíûõ çàäà÷.
Îñíîâíàÿ èäåÿ ìåòîäà Ãàë¼ðêèíà èçëîæåíà âî Ââåäåíèè äàííîãî ìåòîäè-
÷åñêîãî ïîñîáèÿ. Òàì æå áûëà ïîëó÷åíà ñèñòåìà óðàâíåíèé äëÿ êîýôôè-
öèåíòîâ ai, âõîäÿùèõ â ïðèáëèæåííîå ðåøåíèå un =

n∑
i=1

aiϕi óðàâíèíèÿ
Au = f :

(Aun, ϕi)− (f, ϕi = 0, (i = 1, 2, ..., n),

ãäå ϕ - êîîðäèíàòíûå ôóíêöèè.
Èçó÷åíèå ìåòîäà Ãàë¼ðêèíà íà÷íåì ñ ïðèìåðîâ.
Ïðèìåð 1. Ìåòîäîì Ãàë¼ðêèíà ðåøèòü óðàâíèíèå Au = f , ãäå A -

ëèíåéíûé îïåðàòîð â ãèëüáåðòîâîì ïðîñòðàíñòâå H.
Ðåøåíèå. Ðåøåíèå óðàâíèíèÿ èùåì â âèäå un =

n∑
i=1

aiϕi. Òàê êàê îïå-

ðàòîð A ÿâëÿåòñÿ ëèíåéíûì, òî Aun =
n∑

i=1

aiAϕi. Ïîäñòàâëÿÿ âûðàæåíèå
äëÿ Aun â ñèñòåìó óðàâíèíèé ìåòîäà Ãàë¼ðêèíà, ïîëó÷èì

n∑
i=1

ai(Aϕi, ϕj) = (f, ϕj), (j = 1, 2, ..., n). (11)

Åñëè ìàòðèöà (Aϕi, ϕj) íå âûðîæäåíà (ýòî âåðíî äëÿ ïîëîæèòåëüíûõ
îïåðàòîðîâ), òî ñèñòåìà óðàâíåíèé äëÿ êîýôôèöèåíòîâ ai èìååò åäèí-
ñòâåííîå ðåøåíèå.

Ñðàâíèâàÿ ñèñòåìû óðàâíèíèé 9 è 11, ïðèõîäèì ê âûâîäó, ÷òî ìå-
òîä Ãàë¼ðêèíà ðåøåíèÿ óðàâíèíèÿ Au = f ñ ëèíåéíûì îïåðàòîðîì A â
ãèëüáåðòîâîì ïðîñòðàíñòâå H äà¼ò òîò æå ðåçóëüòàò, ÷òî è ìåòîä Ðèò-
öà. Îäíàêî ìåòîä Ãàë¼ðêèíà ìîæíî ïðèìåíÿòü è â òîì ñëó÷àå, êîãäà
óðàâíèíèå Au = f íå ñâîäèòñÿ ê âàðèàöèîííîé çàäà÷å.

Ïðèìåð 2. Ìåòîäîì Ãàë¼ðêèíà íàéòè ñîáñòâåííûå ÷èñëà ëèíåéíîãî
îïåðàòîðà A â ãèëüáåðòîâîì ïðîñòðàíñòâå H.

Ðåøåíèå. Èùåì ðåøåíèå óðàâíèíèÿ Au = λu â âèäå un =
n∑

i=1

aiϕi. Òàê

êàê îïåðàòîð A ÿâëÿåòñÿ ëèíåéíûì, òî Aun−λun =
n∑

i=1

ai(Aϕi)− λϕi. Ñî-
ãëàñíî ìåòîäó Ãàë¼ðêèíà, íåâÿçêà Aun−λun äîëæíà áûòü îðòîãîíàëüíà
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ïîäïðîñòðàíñòâó Hn ⊂ H, íàòÿíóòîìó íà êîîðäèíàòíûå ôóíêöèè ϕ1, ϕ2,
..., ϕn. Ñëåäîâàòåëüíî

(
n∑

i=1

[Aϕi − λϕi], ϕj

)
=

n∑
i=1

ai[(Aϕi, ϕj)− λ(ϕi, ϕj)] = 0,

(j = 1, 2, ..., n).

Òàêèì îáðàçîì, ñîáñòâåííûå çíà÷åíèÿ λ ëèíåéíîãî îïåðàòîðà A íàõî-
äÿòñÿ èç ñèñòåìû óðàâíèíèé

n∑
i=1

ai [(Aϕi, ϕj)− λ(ϕi, ϕj)] = 0, (j = 1, 2, ..., n). (12)

Ñðàâíèâàÿ ñèñòåìû óðàâíèíèé 10 è 12, ïðèõîäèì ê âûâîäó, ÷òî ìå-
òîä Ãàë¼ðêèíà íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé ëèíåéíîãî îïåðàòîðà
A äåéñòâóþùåãî â ãèëüáåðòîâîì ïðîñòðàíñòâå H äà¼ò òîò æå ðåçóëüòàò,
÷òî è ìåòîä Ðèòöà.

3.1.1
Èçó÷èòå äîñòàòî÷íûé ïðèçíàê ñõîäèìîñòè ìåòîäà Ãàë¼ðêèíà ïî êíèãå
Ñ.Ã. Ìèõëèíà [1] (ãë. XI, �94) è åãî ïðèëîæåíèÿ ê ðåøåíèþ êðàåâûõ
çàäà÷ äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíèíèÿ ( ãë. XI, �95)
è ýëëèïòè÷åñêîãî óðàâíèíèÿ (ãë. XI, �96).

Ïðèìåð 3. Ðåøèòü ìåòîäîì Ãàë¼ðêèíà êðàåâóþ çàäà÷ó

∆u + x
∂u

∂x
= 2x2 + 2y2 + 2x2y2 − 2x2y − xy2 + xy − 2x− y

Ω =

{
0 < x < 1
0 < y < 1

u|S = 0, S = ∂Ω.

Ðåøåíèå. Â ýòîì ïðèìåðå èçâåñòíî òî÷íîå ðåøåíèå çàäà÷è u(x, y) =
xy(x−1)(y−1). Â äàëüíåéøåì ñðàâíèì ïðèáëèæåííîå ðåøåíèå, ïîëó÷åí-
íîå ìåòîäîì Ãàë¼ðêèíà ñ òî÷íûì ðåøåíèåì. Êðîìå òîãî, ïðèìåð îáëà-
äàåò ñëåäóþùåé âàæíîé îñîáåííîñòüþ - ê íåìó íåëüçÿ ïðèìåíÿòü ìåòîä
Ðèòöà, ò.ê. îïåðàòîð êðàåâîé çàäà÷è íå ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäå-
ëåííûì. Äåéñòâèòåëüíî, ïî îïðåäåëåíèþ ëèíåéíûé îïåðàòîð A íàçûâà-
åòñÿ ïîëîæèòåëüíî îïðåäåëåííûì, åñëè îí ÿâëÿåòñÿ ñèììåòðè÷íûì, ò.å.
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(Au, v) = (Av, u) äëÿ ∀u, v ∈ DA è âûïîëíÿåòñÿ íåðàâåíñòâî ∃γ > 0 :
(Au, u) ≥ γ2‖u‖2, u ∈ DA. Â íàøåì ïðèìåðå Au = A1u + A2u = ∆u + x∂u

∂x
,

DA = {u ∈ C2(Ω) : u|S = 0} è îïåðàòîð A áóäåò íåñèììåòðè÷íûì, ò.ê. íå
ñèììåòðè÷åí îïåðàòîð A2:

(A2u, v) =

1∫

0

1∫

0

x
∂u

∂x
vdxdy =

1∫

0

dy

1∫

0

x
∂u

∂x
vdx =

=

1∫

0

dy


uxv|10 −

1∫

0

u
∂

∂x
(xv)dx


 = −

1∫

0

1∫

0

uvdx−

−
1∫

0

1∫

0

uvdxdy −
1∫

0

1∫

0

x
∂v

∂x
udxdy 6= (A2v, u) =

1∫

0

1∫

0

x
∂v

∂x
udxdy.

Îäíàêî ïðè èçó÷åíèè ïóíêòà 3.1.1 îòìå÷àåì, ÷òî ìåòîä Ãàë¼ðêèíà äëÿ
íàøåé êðàåâîé çàäà÷è ñõîäèòñÿ, ò.å. |u−un|A → 0. Â êà÷åñòâå êîîðäèíàò-
íûõ ôóíêöèé ìåòîäà Ãàë¼ðêèíà âîçüìåì sin kπx · sin lπy, k, l = 1, 2, 3, ...,
êîòîðûå îáðàùàþòñÿ â íóëü íà ñòîðîíàõ êâàäðàòà S. Îãðàíè÷èìñÿ ÷ëå-
íàìè, äëÿ êîòîðûõ k + l ≤ 4. Òîãäà ïðèáëèæåííîå ðåøåíèå êðàåâîé çà-
äà÷è áóäåò èìåòü âèä

u6 = a1 sin πx · sin πy + a2 sin 2πx · sin πy + a3 sin πx · sin 2πy +

+ a4 sin 3πx · sin πy + a5 sin 2πx · sin 2πy + a6 sin πx · sin 3πy.

Óðàâíåíèÿ Ãàë¼ðêèíà â äàííîì ïðèìåðå òàêîâû:
(

π2

2
+

1

8

)
a1 +

1

3
a2 +

3

16
a4 =

4

π6
(9π2 − 8),

−1

3
a1 +

(
5

4
π2 +

1

8

)
a2 +

3

5
a4 = − 2

π4
,

(
5

4
π2 +

1

8

)
a3 +

1

3
a5 = 0,

3

161
− 3

5
a2 +

(
5

2
+

1

8

)
a4 =

4

27π6
(49π2 − 8),
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−1

3
a3 +

(
2π2 +

1

8

)
a5 = 0,

(
5

2
π2 +

1

8

)
u6 =

4

27π6
(49π2 − 8).

Ðåøåíèå ýòîé ñèñòåìû óðàâíåíèé a1 = 0, 066553, a2 = 0, 000014499, a3 =
0, a4 = 0, 0024528, a5 = 0, a6 = 0, 0024648. Íàì èçâåñòíî òî÷íîå ðåøåíèå
çàäà÷è, ïîýòîìó íåòðóäíî îöåíèòü ïîãðåøíîñòü ïðèáëèæåííîãî ðåøåíèÿ
u6. Ýíåðãåòè÷åñêàÿ íîðìà ýòîé ïîãðåøíîñòè áóäåò ðàâíà

|u− u6|A =





1∫

0

1∫

0

[(ux − u6x)
2 + (uy − u6y)

2]dxdy





1/2

= 0, 00729.

Ýíåðãåòè÷åñêàÿ íîðìà òî÷íîãî ðåøåíèÿ ðàâíà




1∫

0

1∫

0

[(2x− 1)2(y − y2)2 + (x− x2)(2y − 1)2]dxdy





1/2

= 0, 149.

Îòíîñèòåëüíàÿ ïîãðåøíîñòü (â ýíåðãåòè÷åñêîé íîðìå) ïðèáëèæåííîãî
ðåøåíèÿ u6 ñîñòàâëÿåò 0, 00729/0, 149 · 100% = 4, 9%.

3.2 Ìåòîä Ãàë¼ðêèíà â íåñòàöèîíàðíûõ çàäà÷àõ
Ðàñìîòðèì ãèëüáåðòîâî ïðîñòðàíñòâî H è äåéñòâóþùèå â íåì ëèíåé-
íûå îïåðàòîðû A0, A1, ..., As, îáëàñòè îïðåäåëåíèÿ êîòîðûõ DA0 , DA1 ,
..., DAs èìåþò âñþäó ïëîòíîå ïåðåñå÷åíèå D0. Ðàññìîòðèì �àáñòðàêòíîå
îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå�

s∑

l=0

dlAlu

dtl
= f(t), t > 0 (13)

ïðèíà÷àëüíûõ óñëîâèÿõ

dlu

dtl
= ωl, l = 0, 1, ..., s− 1, (14)

ãäå ω - çàäàííûå ýëåìåíòû ïðîñòðàíñòâà H. ×òîáû ðåøèòü çàäà÷ó Êîøè
13, 14, çàäàäèì êîîðäèíàòíóþ ñèñòåìó ôóíêöèé ϕ1, ϕ2, ..., âõîäÿùóþ â
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D0. Ïðèáëèæåííîå ðåøåíèå áóäåì èñêàòü â âèäå

un(t) =
n∑

k=1

ak(t)ϕk. (15)

Êîýôôèöèåíòû ak ïîä÷èíèì ñèñòåìå ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

(
s∑

l=0

dlAlun

dtl
, ϕj) = (f(t), ϕj), (j = 1, 2, ..., n). (16)

Ïîäñòàâèâ çíà÷åíèå un ïî ôîðìóëå 15 â ñèñòåìó óðàâíèíèé 16, ïîëó÷èì
s∑

l=0

n∑

k=1

αjkl
dlak(t)

dtl
= fj(t), (17)

ãäå αjkl = (Alϕk, ϕj), fj = (f(t), ϕj).
Ñèñòåìó óðàâíåíèé 17 íóæíî äîïîëíèòü íà÷àëüíûìè óñëîâèÿìè, êî-

òîðûå ìîæíî ïîëó÷èòü òàê:
Ïîëîæèì ωln =

n∑
k=1

αklϕk è ïîäáåðåì êîýôôèöèåíòû αkl òàê, ÷òîáû

‖ωln − ωl‖ = min. (18)

Î÷åâèäíî, ïðè ýòîì ωln áóäåò ïðîåêöèåé ýëåìåíòà ωl íà ïîäïðîñòðàíñòâî,
íàòÿíóòîå íà ýëåìåíòû ϕ1, ϕ2, ...,ϕn. Óñëîâèå 18 äà¼ò ñëåäóþùóþ ñèñòåìó
äëÿ íåèçâåñòíûõ αkl:

n∑

k=1

αkl(ϕk, ϕj) = (ωl, ϕj), (j = 1, 2, ..., n). (19)

Íàéäåì èç ñèñòåìû 19 ýòè íåèçâåñòíûå è ïîñòðåáóåì, ÷òîáû

dlak(t)

dtl

∣∣∣∣
t=0

= αkl, (l = 0, 1, ..., s− 1), (k = 1, 2, ..., n). (20)

Ðåøèâ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé 17 ïðè íà÷àëüíûõ óñëî-
âèÿõ 20 è ïîäñòàâèâ ýòî â ôîðìóëó 15, ïîëó÷èì ïðèáëèæåííîå ðåøåíèå
çàäà÷è 13, 14.
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Ìîæíî äîïóñòèòü è òîò ñëó÷àé, êîãäà îïåðàòîðû Al çàâèñÿò îò âðåìå-
íè, åñëè, íàïðèìåð, îáëàñòè îïðåäåëåíèÿ íå çàâèñÿò îò âðåìåíè t. Â ýòîì
ñëó÷àå êîýôôèöèåíòû αjkl áóäóò íå ïîñòîÿííûìè, à ôóíêöèÿìè âðåìåíè
t.

Ïðèìåð 4. Ðàññìîòðèì óðàâíåíèå òåïëîïðîâîäíîñòè ∂u
∂t

= ∆u â êî-
íå÷íîé îáëàñòè Ω ïåðåìåííûõ x1, x2, ..., xn. Íà ãðàíèöå S îáëàñòè Ω
ïîñòàâëåíî êðàåâîå óñëîâèå u|S. Âûïèñàòü ñèñòåìó óðàâíåíèé ìåòîäà Ãà-
ë¼ðêèíà.

Ðåøåíèå. Çäåñü s = 1, åäèíñòâåííûé îïåðàòîð A - ýòî îïåðàòîð çàäà-
÷è Äèðèõëå, â êà÷åñòâå H ìîæíî âçÿòü L2(Ω). Âûáèðàåì êîîðäèíàòíóþ
ñèñòåìó {ϕnP} òàê, ÷òîáû ôóíêöèè ϕn ∈ C2(Ω̄), ϕn|S = 0 è ñèñòåìà
{ϕn(P )} áûëà ïîëíà â H. Èùåì ðåøåíèå ïîñòàâëåííîé çàäà÷è â âèäå

un(P, t) =
n∑

k=1

ak(t)ϕk(P ).

Äëÿ êîýôôèöèåíòîâ ak(t) ïîëó÷èì ñèñòåìó óðàâíèíèé ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè

n∑

k=1

{
αkj

dak(t)

dt
+ βkjak(t)

}
= 0, (j = 1, 2, ..., n),

ãäå
αkj = (ϕk, ϕj) =

∫

Ω

ϕk(P )ϕj(P )dΩ,

βkj = [ϕk, ϕj] =

∫

Ω

(gradϕk(P ), gradϕj(P )) dΩ.

Ïðèìåð 5. Ðåøåíèå óðàâíèíèÿ Íàâüå-Ñòîêñà ìåòîäîì Ãàë¼ðêèíà.
Ðåøåíèå. Äâèæåíèå íåñæèìàåìîé âÿçêîé æèäêîñòè îïèñûâàåòñÿ óðàâ-

íåíèåì Íàâüå-Ñòîêñà, óðàâíåíèåì íåðàçðûâíîñòè è óñëîâèåì ïðèëèïà-
íèÿ ÷àñòèö æèäêîñòè ê ãðàíèöå S îãðàíè÷åííîé îáëàñòè Ω:





~vt + (~v,∇)~v = ~F − gradp
ρ

+ ν∆~v

div~v = 0

~v|S = ~0, ~v|t=0 = ~v0,
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ãäå p - äàâëåíèå, ρ - ïëîòíîñòü æèäêîñòè, ~F - âåêòîð ìàññîâûõ ñèë, µ -
êîýôôèöèåíò êèíåìàòè÷åñêîé æèäêîñòè. Âîñïîëüçîâàâøèñü òîæäåñòâîì

(~v,∇)~v = ~ω × ~v − gradv2

2
,

ãäå ~ω = rot~v, ïåðåïèøåì óðàâíåíèå Íàâüå-Ñòîêñà â ôîðìå Ãðîìåêè-
Ëýìáà

~vt = ~v × ~ω − grad
(

p

ρ
+

v2

2

)
+ ~F + µ∆~v. (21)

Âûáåðåì ïîñëåäîâàòåëüíîñòü êîîðäèíàòíûõ âåêòîðíûõ ïîëåé

~ωi ∈ C2(Ω̄) : div~ωi = 0, ~ωi|S = ~0.

Â êà÷åñòâå ~ωi ìîæíî âçÿòü ïîëíóþ îðòîíîðìèðîâàííóþ ñèñòåìó ñîá-
ñòâåííûõ âåêòîðîâ îïåðàòîðà Ã, äåéñòâóþùåãî â ïðîñòðàíñòâå V , êî-
òîðîå îïðåäåëåíî ñëåäóþùèì îáðàçîì:

V0 =
{
~v ∈ C2(Ω̄) : div~v = 0, ~v|S = ~0

}
,

V - çàìûêàíèå V0 â ïðîñòðàíñòâå L2(Ω). Îïåðàòîð A îïðåäåëåí íà ïðî-
ñòðàíñòâå V0 ðàâåíñòâîì Au = −∇~v. Îïåðàòîð Ã ïðåäñòàâëÿåò ñîáîé
ðàñøèðåíèå ïî Ôðèäðèõñó îïåðàòîðà A (íåðàâåíñòâî Ôðèäðèõñà, ïîêà-
çûâàþùåå ïîëîæèòåëüíóþ îïðåäåëåííîñòü îïåðàòîðà A, äîêàçûâàåòñÿ
ñëîæåíèåì ñîîòâåòñòâóþùèõ ñêàëÿðíûõ íåðàâåíñòâ). Âåêòîðíûå ïîëÿ
~ωi, âûáðàííûå òàêèì îáðàçîì, ÿâëÿþòñÿ îðòîíîðìèðîâàííûìè.

Èùåì ãàë¼ðêèíñêèå ïðèáëèæåíèÿ â âèäå ~vn =
n∑

i=1

ai(t)~ωi. Ïîñëå ïîä-
ñòàíîâêè ~vn â óðàâíåíèå 21 è ñêàëÿðíîãî óìíîæåíèÿ íà ~ωj, ïîëó÷èì

n∑
i=1

ai < ~ωi, ~ωj > =
n∑

i,k=1

aiak < ~ωi × rot~ωk, ~ωj >−

− < grad
(

p

ρ
+

v2
n

2

)
, ~ωj > + < ~F , ~ωj > −µ

n∑
i=1

ai < A~ωi, ~ωj >.

Èìååì < ~ωi, ~ωj >= δij, < ~ωi×rot~ωk, ~ωj >
def
= cikj, < grad

(
p
ρ

+ v2

2

)
, ~ωj >= 0,

òàê êàê divf~ω = fdiv~ω+gradf, ~ω, íî div~ω = 0 è
∫
Ω

divf~ωdΩ =
∫
S

(f, ~ω), ~ndS =
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0, òàê êàê ~ω|S = 0 è çíà÷èò
∫

Ω

< gradf, ~ω > dΩ = 0,

< A~ωi, ~ωj >= λi < ~ωi, ~ωj >= λiδij, < ~F , ~ωj >
def
= fi.

Â èòîãå ïîëó÷èì




ȧj =
n∑

i,k=1

cijkaiak − λjaj + fj, (j = 1, 2, ..., n)

aj(0) =< ~v0, ~ωj > .
(22)

Ñèñòåìà óðàâíåíèé 22 ïðåäñòàâëÿåò ñîáîé íåëèíåéíóþ ñèñòåìó n îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Èç òåîðèè îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé èçâåñòíî, ÷òî îíà èìååò åäèíñòâåííîå ðåøå-
íèå, óäîâîëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ ïðè äîñòàòî÷íî ìàëûõ çíà-
÷åíèÿõ âðåìåíè t. Ïîêàæåì, ÷òî íà ñàìîì äåëå å¼ ðåøåíèÿ íåîãðàíè÷åí-
íî ïðîäîëæàþòñÿ. Äëÿ ýòîãî óìíîæèì óðàâíåíèå 22 ñ íîìåðîì j íà aj è
ïðîñóììèðóåì ïî j, ïîëó÷èì

n∑
j=1

ȧjaj =
n∑

i,k,j=1

cikjaiakaj − ν
∑

_j = 1nλja
2
j +

n∑
j=1

ajfj. (23)

Èìååì
n∑

j=1

ȧjaj =
1

2

˙(
n∑

j=1

a2
j

)
=

1

2
||~̇vn||,

n∑

i,k,j=1

cikjaiakaj =
n∑

i,k,j=1

< ~ωi × rot~ωk, ~ωj > aiakaj =

〈
(

n∑
i=1

ai~ωi)× rot(
n∑

k=1

ak~ωk),
n∑

j=1

aj~ωj

〉
=

=< ~vn × rot~vn, ~vn >= 0,
n∑

j=1

λja
2
j =< A~vn, ~vn >= |~vn|2A,
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n∑
j=1

ajfj =
n∑

j=1

aj < ~F, ~ωj > =< ~F ,

n∑
j=1

aj~ωj >=< ~F ,~vn > .

Òîãäà óðàâíåíèå 23 çàïèøåòñÿ â âèäå

1

2

d

dt
‖~vn‖2 = −ν|~vn|2A+ < ~F,~vn >,

èëè
1

2

d

dt
‖~vn‖2 + ν|vn|2A =< ~F ,~vn >≤ ‖~F‖ · ‖~vn‖ ≤

≤ ‖~F‖ · 1

γ
|~vn|A =

1

γ
√

ν
‖~F‖ · √ν|~vn|A ≤ 1

2νγ2
‖~F‖2 · √ν|~vn|A ≤

≤ 1

2νγ2
‖~F‖2 +

ν

2
|~vn|2A.

Îêîí÷àòåëüíî
d

dt
‖~vn‖2 + ν|~vn|2A ≤

1

νγ
‖~F‖2. (24)

Âîçüì¼ì ∀T > 0 è ïîêàæåì, ÷òî ðåøåíèå ñèñòåìû óðàâíåíèé 22 ïðîäîë-
æàþòñÿ íà îòðåçêå [0, T ]. Äîñòàòî÷íî ïîêàçàòü, ÷òî âñå êîýôôèöèåíòû
aj(t) îãðàíè÷åíû íà ýòîì îòðåçêå. Èíòåãðèðóÿ íåðàâåíñòâî 24 ïî ïåðå-
ìåííîé τ îò 0 äî t ∈ (0, T ], ïîëó÷èì

‖~vn‖2 − ||~v0n|| ≤ 1

νγ2

t∫

0

‖~F‖2dτ

è òåì ñàìûì

‖~vn‖2 =
n∑

j=1

a2
j ⇒ |aj| ≤

√√√√
n∑

j=1

a2
j = ‖~vn‖2 ≤ C = const.

Èç ïîñëåäíåãî íåðàâåíñòâà ñ ó÷åòîì íåðàâåíñòâà Áåññåëÿ ‖~v0n‖2 ≤ ‖~v0‖2

ñëåäóåò, ÷òî âñå ôóíêöèè ~vn(t) ðàâíîìåðíî îãðàíè÷åíû êîíñòàíòîé, íå çà-
âèñÿùåé îò n. Èíòåãðèðóÿ íåðàâåíñòâî 24 ñ îòáðîøåííûì ïåðâûì ÷ëåíîì
â ëåâîé ÷àñòè, îò 0 äî T , ïîëó÷èì, ÷òî ìíîæåñòâî ôóíêöèé {~vn(t)} îãðà-
íè÷åíî â ïðîñòðàíñòâå L2(0; T ; HA) (ïðîñòðàíñòâî ôóíêöèé [0, T ] → HA).
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Íî îãðàíè÷åííîå ìíîæåñòâî â ãèëèáåðòîâîì ïðîñòðàíñòâå ñëàáî ïðåä-
êîìïàêòíî. Ñëåäîâàòåëüíî, èç ïîñëåäîâàòåëüíîñòè {~vn(t)} ìîæíî âûäå-
ëèòü ïîäïîñëåäîâàòåëüíîñòü, ñëàáî ñõîäÿùóþñÿ â L2(0; T, HA). Ïðè ïî-
ìîùè ìåòîäîâ ôóíêöèîíàëüíîãî àíàëèçà îòñþäà ìîæíî âûâåñòè, ÷òî ñî-
îòâåòñòâóþùèé ïðåäåë ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì íàøåé çàäà÷è â
ñëåäóþùåì ñìûñëå:

∀~ω ∈ HA
d

dt
< ~v, ~ω >=< ~v × ~ω, ~ω > −ν[~v, ~ω]+ < ~F, ~ω > .

Âîïðîñ, êîãäà îáîáùåííîå ðåøåíèå óðàâíåíèé Íàâüå-Ñòîêñà ÿâëÿåòñÿ
îáû÷íûì ðåøåíèåì, äî ñèõ ïîð íå ðåøåí (ñì. êíèãó Æ.-Ë. Ëèîíñà [4]
ãë. I, �6).

4 Çàäàíèÿ íà ñàìîñòîÿòåëüíóþ ðàáîòó
1. Íàéòè îáëàñòü îïðåäåëåíèÿ îïåðàòîðà DA, òàê, ÷òîáû îïåðàòîð A áûë
ñèììåòðè÷íûì.

2. Äîêàçàòü ïîëîæèòåëüíóþ îïðåäåëåííîñòü îïåðàòîðà A.
3. Âûáðàòü â îáëàñòè DA â êà÷åñòâå êîîðäèíàòíûõ ôóíêöèé òðè ïðî-

ñòåéøèõ ïîëèíîìà (ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé è ñèììåòðè÷íîñòè ïðà-
âîé ÷àñòè) è íàéòè ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ Au = f ìåòîäîì
Ðèòöà. Íàéòè íàèìåíüøåå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà A.
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Îáëàñòü
� îïðåäåëåíèÿ Au f Ãðàíè÷íûå óñëîâèÿ
ïï ôóíêöèè ëåâûé ïðàâûé

u(x) êîíåö êîíåö
1 [1; 2] −xu′′ − u′ + u 1 u′(1) = 0 u(2) = 0
2 [−1; 1] −x2u′′ − xu′ x2 u′(−1) = 0 u′(1) = 0
3 [1; 3] −u′′ + (x + 1)u x u(1) = 0 u′(3) = 0
4 [1; 2] −u′′ + 2(x− 1)u 1 u′(1) = 0 u(2) = 0
5 [0; π] −u′′ + sin xu 1 u(0) = 0 u′(π) = 0
6 [0; 1] −u′′ + exu e−x u′(0) = 0 u(1) = 0
7 [−2; 1] −x2u′′ − 2xu′ + xu x2 u(−2) = 0 u′(1) = 0
8 [0; 2] −(x + 1)u′′ − u′ x u′(0) = 0 u′(2) = 0

9 [0; 3] −√x + 1u′′ − u′
2
√

x+1
1 u′(0) = 0 u′(3) = 0

10 [−1; 1] −(x2 + 1)u′′ − 2xu′ 1 u′(−1) = 0 u′(1) = 0
11 [1; 4] −u′′ + ln x · u x u(1) = 0 u(4) = 0
12 [2; 3] −xu′′ − u′ + x2u x2 u′(2) = 0 u(3) = 0
13 [1; 2] −2xu′′ − 2u′ x u′(1) = 0 u′(2) = 0
14 [1; 3] −(x2u′′+ 5u x2 u(1) = 0 u′(3) = 0
15 [0; 4] −e−xu′′ − e−xu′ x u′(0) = 0 u′(4) = 0
16 [−π

2
; π

2
] −u′′ + cos xu x2 u′(−π

2
) = 0 u(π

2
) = 0

17 [−2;−1] xu′′ + u′ + x2u x u(−2) = 0 u′(−1) = 0

18 [2; 5] −√x− 1u′′ − u′
2
√

x−1
+ u 1 u(2) = 0 u(5) = 0

19 [π
4
; π

2
] − sin x · u′′ − cos xu′ 1 u′(π

4
) = 0 u′(π

2
) = 0

20 [2; 3] −(1− x)u′′ − u′ + u x2 u(2) = 0 u′(3) = 0
21 [−1; 3] −(x2 + 1)u′′ − 2xu′ + u x u′(−1) = 0 u(2) = 0

22 [1; 5] −√xu′′ − u′
2
√

x
+
√

xu 1 u(1) = 0 u′(5) = 0

23 [−1; 1] −u′′ + (x2 + 1)u x2 u′(−1) = 0 u′(1) = 0
24 [−1; 2] −(x + 2)u′′ − u′ + 2u x u(1) = 0 u′(2) = 0
25 [0; π

2
] − cos xu′′ + sin xu′ 1 u(0) = 0 u(π

2
) = 0
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