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1 Bsenenmne

JlanHOE MeToanvYecKoe yKa3aHue BKII0UAeT B ceOs CIeAVIONne pa3aesbl:
1.Meton Purna

2.Meron 'asiepkuna.

JLns ynobcTBa B KazKJIOM pasjiesie JaeTcs KpaTKoe OIUCAaHNe BapualuoH-
HBIX METOJIOB M IPUMEePbl K UX MPAKTHIECKOMY MPUMEHEHUIO IPU PEIIeHuN
KpaeBbIX 3a/ad.

Nszyuenue pazjie/ia Hy?KHO HAYUHATH C U3YUYE€HHUS TEOPETUUYECKUX BOIIPO-
COB TI0 PEKOMEH/IyeMOii JIUTepaType, a 3aTeM yzKe peniarTh 3a/a49u.

JLnst 6osiee rryOOKOTo M3yvYeHUsT BAPUAIIMOHHBIX METOJOB PeIleHusT Kpae-
BBIX 3a/1a9 U IPUJIOKEHHI MOKHO O3HAKOMHUTBCA C COOTBETCTBYIOIIMM MaTe-
pHaIoM U3 KHUT:

1. C.I'Muxymnu, Bapuamnuonubie MeTo/pl B MaTemMaTuieckoit ¢pusuke, M.;
Hayxka, 1970, 512 c.,

2. C.I'. Muxann, Kypc maremarudeckoii ¢pusuke, M.: Hayka, 1968, 575 c.,

3. . Kungepaepep, . Cramnakbs, BBejenune B Bapuauonubie HepaBeH-
cTBa M uxX npmaoxkenns, M.: Mup, 1982, 254 c.,

4. 72K.-JI. Jluonc, Hekoropbie MeTo/ibl pellleHus HEJUHEHHbIX KPaeBbIX
3ajiad, M.: Mup, 1972, 587 c.

Heobxoanmbie cBejienns n3 KypcoB ajaredpbl U YUCJIEHHBIX METOJ/IOB pe-
IIEeHNs KPAeBbIX 33/1a9 MOXKHO IPOYUTATh B KHUTAX:

5. B.A. Unpun .. Tlosnugk, Jlumeiinas anrebpa, M.: Hayka, 1978,
302 c.,

6. B.II. Jdemumosuq, VI.A. Mapon, 9.3. Illysasosa, Hucienubie MeTOIbI
ananusa, M.: Hayka, 1967, 368 c.

Bo MHOrux ciy4asx 3aja4dy unrerpupoBanus auddepeHuaabHoro ypas-
HeHust (0OBIKHOBEHHOTO WM B YACTHBIX POU3BO/IHBIX ) MOYKHO 3aMEHUTDH PaB-
HOCHJIBbHOI 3a1a1eit 00 OThICKaHUU (DYHKIHH, COODIIAONIel HEKOTOPOMY (DyHK-
UOHAJIY HaliMeHbIllee 3Ha4YeHue, T.e. K BapualuoHHO# 3a1a4e. Merojpl, 103-
BOJISIIOIIME CBECTH 3a/1a4y 00 nHTerpuposannn JudQepeHnuajibHOr0 ypaBHe-
HUS K PABHOCHJIbHOI BapHAIMOHHOI 3a/1a4e, HOCAT Ha3BaHUE BapUAIMOHHBIX.
Yare Bcero mpuMeHdIoT MeToabl Purna u [anépkuna.

B ocHoBe pemenust KpaeBoil 3aJadd MeTOAOM Puria JeKuT mocTpoe-
e dyskiuonata F|u|, npuauMaioniero manmmenbiinee 3Ha4Y€HHE NPH OJI-
CTAHOBKHU B HErO pelleHus: KpaeBoii 3a/1a4u. Penenne BapuaiyuonHoil 3a1a4u

n
F[u]=min wumercs B Buje JuHEHHOH KOMOWUHAIMU U, = Y G;Y; C MOCTOSH-
i=1



HBIMU Ko3(dduiieHTaMn a;, COCTaBJIEHHON M3 N TEPBHIX (DYHKINI HEKOTOPO
BBIOpAHHO# mocseoBareabocT GyHkunu {y;}, Ha3bIBAEMbIX KOOD/INHAT-
ubivu byakuugmu. [Ipu nojcranoske u, dyunkunonan Flu| npespamaercs B
HEKOTOPYI0 (DYHKIMIO N MEPEMEHHBIX A1, A, ... Gy Flu,] = ®(aq,as, ..., a,),
MUHUMYM KOTOPOI HAXOIUTCS CTaHJAAPTHBIM METOI0M JuddepeHuabLHOro
ucauciennst 0P/da; = 0 (i=1, 2, ..., n). B pe3yabrare mosydaem cucre-
My YpaBHEHWI [Jisi ONpEeJeeHus ay, dg, ..., 4. llpumenssa meron Putna,
HEOOXO/IMMO PEIUTh BOTPOC: B KAKOW Mepe MOXKHO PacCMATPUBATDH U, KaK
npub/IMKEeHne K HCTHHHOMY PEIeHUIO BAPUAIMOHHON 3a/1a9u’!

Paccmorpum ypasuenune Au = f, rjge A - omeparop B rujib6epTOBOM
npocrpancree H (BooGiie rosopsi Heswneiinwiii), f € H. BriGepem mocie-
JIOBATEJbHOCTh KOODAUHATHBIX (GYHKIHHA Y1, Y2, ..., Y, € H. Wmem mpn-
OTMKeHHOe pellleHne ypaBHEHHs U, B Hoanpoctpancrse H, C H, nartgHy-

n
ToM Ha {Y1,Y2, -y Yn} : Up = Y. a;y;. TlogcraBus u, B ypaBHeHue, Haiijgem

=1
HEBA3KY Aun — f EcrecTBenno monniTaThesd caesaaTb e¢ MuHnMaJabHOoil. Me-

TOJ, HaXOKJeHud Kodddunuentos a; u3z ycaopus || Au, — f ||*= min na-
3bIBAETCS METOJAOM HAUMEHbINUX KBaJAparoB. O00o3HauuM depe3 L mepies-
JIUKYJISIP, ONyINeHHblH u3 Toukn Awu, — f Ha noanpocrpancrso H,. meem
| Au, — f || >||L]]. Kak nepssrit mar k mocruzkennto muanmyma || Au, — f ||
moTpebyemM, 9To0BI 3/1eCh JOCTUTAJIOCH PABEHCTBO, T.e. 9T00bl Au, — f ObLIO
nepreHauKyasgapao H,. Merox HaxoxjaeHus Kod3dQUIHEHTOB a; U3 YCJIOBHS
OPTOrOHATBHOCTH HeBA3KH Au, — f moanmpocrpancTBy H, Ha3LIBAETCS METO-
jgom lasiépkuna. B arom ciydae mnoJiydaem cucremy ypaBHeHWil Jijisi KO-
n

(I)I/H_[I/IBHTOB Qg : (Aurnyz) - <f7 yz) = O, (1:17 27 ) Il), rane uy, = Z a;Y;.
=1

Otaunumne metona [anépkuna or merona Puria 3akimodaercsa B TOM, 9TO
OH MOKeT ObITh IPpUMeHeH /11 HAXOXKIeHHsT TPUOTHKEHHOTO PeIleHns ypaB-
HEHU, He CBI3aHHBIX C BApUAIMOHHBIMU 33/1a4H.

2 Metron Purna

YuurbiBas UCKJIOUYUTEbHYIO BaxKHOCTbH 3ajiauu Jlupuxije jijisg ypaBHeHUs
Jlamaaca, Mbl HeOJHOKpaTHO OyaemM oOpalaTcst K 9Toit KpaeBoii 3a1a4e. I3y-
JeHue Metoja PuTiia HauneMm ¢ npumMepa.



2.1 TIIpumep cBegeHWs KpaeBoii 33jja9M K 3aJa9€ O MU-
HUMyMe (PYyHKITMOHAJIA.

IIycts Q C R? - orpanmdennad o06aacTb. Pacemorpum 3amaqy Iupuxie aaa
ypaBuenus Jlammaca B €2

Uy + Uyy = 0 1
uls = ¥(x,y), (z,y) € S =00, u € C?(Q) NC°Q). (1)

N3 xypca ypaBHeHUi MaTeMaTHIecKOit (pu3nke U3BECTHBI PA3HBIE CIIOCO-
Obl pernienus 1o 3aaun: Mero)i Pypbe, MeTos1 norennua oB. Mol pacemor-
pUM elrie MeToJl, pentenus 3a/1aun 1 - cBefénne eé K BapualnoHHON 3ajade.

Pacemorpnm dyrknnonan Flu] = [(u2 + uz)dQ, onpeJeJIeHHbII Ha MHO-

Q
KecTBe cbyHKu_I/Iﬁ Dy, y10BOJIETBOPSIONIUX YCJIOBUSIM:
1) ue CHQ),

[IpeamookuM, 9To BapuanuoHHnas 3a1ada F[u] = min nmeer perienue
ug € Dp. Joxazkem, uto ecam uy € C%(Q), To ug ABAAETCA PeITeHueM 33,129
HupuxJe 1.

[ycrs Flug] = min, ug € C*(Q). dna Yh € CL(Q), hls = 0, dynkuus
ug +th € Dp npu Vi € R, u onpenenena (yHKIUS OTHON MepeMeHHOi
O(t) = Flug + th]. dna Yt € R nmeem O(t) = Flug + th] > Flug] = ®(0).
[Tosromy ®(t) umeer munumy™m tipu t = 0, u, eciiu ¢ audpdepennupyema npu
t =0, o ®'(0) =0. Ho

B(t) = Flug + th] = / (o + th)? + (g + th)2)d =
Q

_ / (B2 + 12)dS2 + 21 / (tguhs + tgyhy)dSY + / (W2 + )= (2)
Q ) )
= At* + 2Bt + C.
Cuaenosarensho, ®'(0) = 2B = 2 [ (ugzhy, + ugyhy)dQ = 0.
)

Borancium $(0) Gosee sro. IlycTh jist mpocToThl 00J1aCTh ) paBHIb-
Hasi B Hanpasieauu Oy :



Y=¥,(X)

y=y, (x)

& & » s
O a b X
VuTerpupys mo 4acTsaM BTOPOI MHTErpaj B HOCIEIHEM PABEHCTBE C YUIETOM
hls = 0, nosyunm

b y2(x)
/uoyh dQ) = /da: / Ugyhy d§) =
b y2 ()

= / dx [uoyh

y2(z)
— Uoyy hdy} =
y1(z)

a y1(x)
b y2(z)
—/d:c / Upyyhdy = —/uoyyth.
a  y(z) L

Amnasornaso mpeobpasyeM 3HaUYEHHE /I IIePBOr0 WHTErpaJia

/uOIhde = —/u()mth.

Q Q

B pesysibrare 3mux npeobpaszoBaHuil Oy IUM

@’(0) = —2/ (Uogm + ony)th = -2 / AUOth = 0. (3)

Q Q



Jokaxkem, aTo ecan st HeKoTopoii dbyuknuu f(x,y)

/fth:()an Vh € C*(Q),h|s =0, (4)
Q

to f(z,y) = 0. lpeanonoxum, uro f(zg,yo) # 0, nanpumep, f(xg,yo) =
e > 0. Tak kak f menpepbiBHA B TOUKe (T, o), TO HAWJETCHA OKPECTHOCTD
9TOl TOUKM, B KOTOPOil f(x,y) > €/2. Bunimem B 5Ty OKPECHOCTH KBAJIPAT €
IEHTPOM B TOYKe (g, o), CTOPOHA KOTOPOTO paBHa 20, Tje § - JOCTATOYHO
MAaJIOe YUCJI0. DTOT KBAJApaT 33JaeTCI HePpABeHCTBAMI

{ |x — o] < 0
[y —yo| <9

(5)

[Tocrpoum dynknuio h(x,y), HOJIOKUTEJIBHYIO B 9TOM KBA/IPATE, PABHYIO
0 BHE KBaJpara, /I KOTOPOH mHTErpas paBeH 1. DTO MOXKHO CIeJaTh CJie-
ayrorM obpazom. Bosbmewm hy(z,y) = ¢(x — z0)p(y — vo), 1€

[ (22=6%)% nmpulz|<d
#(2) { 0 mu 1zl > §

D(2)

——
———

-0 O O z

Jlerko nposeputh, uto ©(2) € CY(R), ¢(2) > 0 npu |2| < d u p(z) = 0 npm
|z| > 4. losromy h(x,y) > 0 B kBagpare 5 u hy(z,y) = 0 BHe KBaapaTalo.
[Tonoxxum

C= / hy(z,y)dQ > 0
|z — o] <6
[y — ol <6
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Torna dbyuknus h(x,y) = hy(z,y)/C ynoBoserBopsier BceM TpedyeMbiM
yeqaoBusaM. /g dyukmun h moaydum

/hfdQ: / hfd > / th:%,

@ |z — x| <6 |z — x| <9
[y —yol <0 [y —yol <0

DO |

9TO IPOTUBOPEYHT 4.

[Tpumenss 310 yrBepxKaenne K dyaknun f = Aug, 1/ KOTOPOii BBIIO-
neno 3, noayuum Aug = 0, a Taxk kax ug € Dp, 10 u|s = ¥(z,y).

O6paTHO, IpeanosoKuM, 4To 3a1ada Jupuxie 1 uMeer penrenue ug €
C?*(Q)NCO(Q). TIposepuM, 4TO Uy ABIAETCH PENIeHIEM BAPHAIMOHHOI 33,12~
qu Flu] = min, ecim ug € C?(€2). B srom caryuae ' (0) = 2B = —2 [ AughdQ =

Q

0. Cnenosarennno ®(t) = At> + C, rne A = F[h], C = F[ug). Onpene-
maM h = u —uy € Dp, hls. Torma Flu] > Flug+h| = &(1) = A+ C =
Flu] + Flug| > Flue], 7.x. Flu] > 0 no onpenenenuto F'|u].

U3 pemennsi mocTaBieHHO 384491 MOXKHO CJIe/IaTh BayKHBIN BbIBOJL. Ecin
BapuanuonHas 3aja4a Fu] = min:

1) umeer perrenve,

2) 9TO pellleHHe JOCTATOYHO TJIaJKOe, TO OHO OY/eT pelleHneM KpaeBoii
3a/1a9H.

Eciu He BoInoMHSAETCs 1), TO MHOTIA OBIBAET BO3ZMOYKHOCTH PA3MIUPEHUST
obstactu Dy Tax, 4T0 pelieHre BapualnuoHHON 3aa49u Oy/IeT CyIecTBOBAT.

[pumep. F(z) = |z| 8 Dp = {x € Q: z*> > 2} ue nveer MunuMywma.
Onnako, ecim Dp 3aMkayTb B R, T0 F'(x) Oyser uMerb MUHEMYM B TOYKAX
r = +v2.

Eciu ycioBue 1) BBITOJNHEHO, a YCIOBHE 2) HE BBINOJHSIETCS, TO B 9TOM
cJIydae perieHre BApUAIMOHHOM 3a/1a91 HA3bIBAETCsI OOOOIIEHHBIM DEIeHIeM
KpaeBoil 3a/1a4u.

2.2 (Oo6ocunoBanue meroaa Puriia
2.2.1

Ob6ocHoBanne Merofa Purma mamum OymeT maHo s ypaBHeHus Buma Au =
f B ruabbepToBoM mpocrpancTtBe H, B KOTOPOM JefCTBYET MOJIOZKHUTETHHO
olpe/ie/IeHHBIA oniepaTrop A ¢ BCIOLY IJIOTHOI 00/1aCThIO onpeaesnenns Dy C

H.



2.2.2

[ToBTOpPUTE OCHOBHBIE TIOHATHS TIPEIETHHOTO TEPEX0/Ia B THIHOEPTOBOM MPO-
CTPAHCTBE, MOHSTHE ITOJTHOTHI I'MJIL0EPTOBA IPOCTPAHCTBA, HOHATHE IJIOTHO-
I'0 MHOZKECTBA B THJILOEPTOBOM ITPOCTPAHCTBE, ONPE/IEI€HNe CHMMETPUIHOTO,
MOJIOYKUTEIHHOTO, MOJOKUTETHHO ONpe/ie/leHHoro oneparopa no kaure C.IN
Muxmuna [1] (r1.1, §2, §3, ..., §6).

HeobxouMo yMeTh 3aluchbiBATh KPAEBYIO 33/1a9y B BHJE OMEPATOPHOIO
ypaBaenus Au = f.

[Ipumep 1. Sanucars B oneparopuoit popme 3amaqay 1.

Pemenne. I3 kypca ypaBHenuii MmaTeMaTuieckoil (pu3mku u3BECTHO, YTO
ecyti 061acTh ) 1 PYHKIHSA 1) TAKOBBI, IYTO 1) MOKHO IPO/IOJI2KUTD C TPAHUITEI
S kax dbynkmmo ¥ € C2(), To bynxmusa v = u — ¥ 6yaeT yI0BOJeTBOPATL
ypasaenuio Av = —AWV u rpannusomy ycsaoBuio v|g = 0.

O6osnaunm f = AV € C°Q). Torga sazaua 1 csegerca K 3ajade c
OJIHOPOJTHBIME TDAHUIHBIMU yCJI0BUsIMU (BYKBY U CHOBA 3aMEHHUM Ha )

(= ©)

u]g =0
C sajmadeii 6 MOXKHO CBsi3aTh oneparop A B rHIBOEPTOBOM MPOCTPAHCTBE
H = Ly(2) cne;:yfoumM obpaszom. Ilycrs Dy = {u € C*(Q) : u|s = 0}. To-

rta s Vu € Dy Au ™ —Au e CO%(Q) C Ly(Q). Crenobaresnnno 3a1aua 6
npuMeT BUI
Au=f,ue Dy, fE€H
[Ipumep 2. Joka3aTh cCHMMETPHIHOCTE oneparopa A 3amaun Jupuxie 6.
Permenne. 113 dpopmyasr 2 ciemyer

/(uxvx + uy v, )dQY = — /Au cvdQ), u,v € Dy.
Q Q
CraenoBaTenbHO A U,V € Dy

(Au,v) = —(Au,v) /Au ~odS) = / (upvy +
Q Q

+ uyv,)d) = — /v - AvdQ = (u, —Av) = (u, Av).

Q



Taxkum obpasom (Au,v) = (u, Av), 9T0 COBNAJAET ¢ ONpeIeJeHNeM CHMMeT-
PHYHOIO OIEPATOPA B MUJILOEPTOBOM IIPOCTPAHCTBE.

[Tpumep 3./lokazaTh MOIOKHUTEILHOCTE onepaTopa A 3amaun Iupuxiie 6.
Peienne. B upumepe 2 Oblia JjoKa3ana cuMMeTpudHocTb oneparopa A. Ocra-
JI0Ch nokKasarb, 4to Vu € Dy (Au,u) > 0, npuiem (Au,u) =0 <= u = 0.

[Mosioxkxum B ipumepe 2 v = u. Byuem nmers (Au,u) =

:—(Au,u):—/Au-udQ:/(ui—i—uz)dQZO
0 0

s Yu € Dy, npuaem (Au,u) = 0 upu u = 0.
Ecmn (Au,u) = 0, 0 vy = uy = 0 = v = C = const. Ho ulg = 0 =
C=0=u=0.

2.2.3

Bosee toro, oneparop A 6 obiazaer 3aMedare/bHBIM CBOWCTBOM IOJIOXKH-
TespHOi onpenenennoctn, T.e. Iy > 0:Vu € Dy (Au,u) > ~2||ull*.

KonKpeTHBII BI/T 9TOro HepaBeHCTBA /Td 3a1a4n Jlupuxie 6 Ha3pIBaeTCs
HepaperncTBoM Ppugpuxca

/(ui + ul)dQ) > 72/u2dQ,
Q Q

rae 7 = 1/, o - HanMeHbImag MUPUHA TOJIOCH, B KOTOPYIO MOYXKHO 3aK/IIO-
4UThH 001aCTh ().

2.2.4

BruuMaTebHO M3yunMTe A0Ka3aTeabCTBO HepaBeHcTBa Ppuipuxca B KHHUIE
C.I. Muxsmua [1] (rn.IV, §24).

2.2.5

Samevanne. OCHOBHBIE WJleH NIPU BBIBOJE HepaBeHcTBa Ppuapuxca ¢ He3HA-
YUTEJIbHBIMA U3MCHCHUAMH IEPEHOCATCH Ha HNCCAEIOBAHUE IOJOZKUTEIHLHO-
CTH ONEePaTOpPOB KPAeBBIX 3aJa4 I OOBIKHOBEHHBIX Aud dbepeHrnunaaTbHbIX
YPaBHEHU BUOA

Lu= 4 (s0) ) ~ e = fw)a < <,



a1 (a) + aul(a) = A, (7)
B’ (b) + Bu(b) = B,

" KpaeBbIX 3aJa4 JJId ypaBHeHHﬁ B 9aCTHBIX IIPOU3BOJHLIX BHIa

Lu= —j; a% (AJR(P)%> + C(P)u = f(P), (8)

IIpHU Kpa€BbIX YCJIOBUAX OJHOI'O U3 TPEX THUIIOB

u]s = 0,

rIe
n

ou
N(u) = Z AJ’“(P)a_m cos(v, x;).
jk=1

06 sTux u Apyrux npumepax MoxHO npountarh B Kaure C.I. Muxsmua [1]
(v, IV) u B xuure B.IL demumosuua, 1.A. Mapona, 9.3. Illysanosoii [6]
(r1. VI).

2.2.6

PacemorpuMm B BemiecTBeHHOM rujibOEpTOBOM HpocTpaHcTBe H oneparopHoe
ypaBuenune Au = f, B Koropom oneparop A onpejesieH Ha BCIOLY MJIOTHOM
aunease Dy C H.

Omnpenennm dyukmuonan Flu] = (A,u) — 2(u, f), KoTOpBIil HA3BIBAETCS
dbyurnmonasom suepruu. Hemocpeacrenno u3 popmysist dbynknunonana Flu)
craemyer, uTo obsactu onpenenenns D, omeparopa A m Dp dyHKImOHAIA
Flu] coBnagaor.

2.2.7

OxkasbIBaeTCs1, 9TO ecJim oneparop A MoJI0KUTEJIBHBIN, TO:

1) Oneparoproe ypaBuenne Au = f MoxkeT uMeTh He 6OJiee OJHOTO pe-
IIIEHUS.

2) D10 pemenne noctaBuseT MEHEMYM (yHKIHOHATY F|u].

11



3) DaemenT, peannsupyomuii MuHEMYM dyHKIMOHaIA Heprun Fu], yio-
BoJieTBOpsieT ypaBHenuto Au = f. Takum 06pa3oM, BapHalnuoOHHAsI 3a/1a9a
F[u] = min nys mosoxkuTeasHOTO onepatopa A MoxKeT umerhb He Gosiee oji-
HOT'O PelleHus.

3yunte 9KBUBAJIEHTHOCTDH penrennii ypasuenns Au = f u Bapuanuon-
Hoii 3amaum Fu] = min gng nonoxkurensuoro oneparopa A no xkaure C.T.
Muxsuna [1] (o, II1, §14).

2.2.8

Samevanue. Permennsa 3a1a4, yKazaHHBIX B IIyHKTe 2.2.6, MOTYT He CyIe-
CTBOBATH, €CJIH OepaTop A ONpe/Ie/IeH Ha HEJOCTATOYHO IMUPOKOM JIMHEAPE
Dy.

2.2.9

[Tycrs A - nonoxurenbHbiii oneparop. Onpegennm Ha obsactu D4 HOBoe
CKaJISIPHOE MPOU3Be/IeH e | , |, HazpiBaeMoe sHepreTudeckuM: [u, v] = (Au,v),
u,v € Dy.

JIerko 1npoBepuTh 10 OIPEIEJIEHUIO, YTO IHEPIreTUIECKOEe CKAJISTPHOE 11PO-
U3BeJIeHNE YI0BOJIETBOPIET aKCHOMAaM:

1. [u+ v, w] = [u,w] + [v, w],
2. [Au,v] = A[u, v],
3. [u,v] = [v,u],

4. [u,u] >0, [u,u) =0 <= u=0

A€ R, u,v € Dy.

CkassipHoe miponsBesienne | , | onpegensier wa obsactu D4 dHepreTnde-
ckyto HOpMY |u|, = 4/[u, u]. OTHOCHTEIBHO 9TOiT HOPMBI IPOCTPAHCTBO D4
MOZKET OKa3aThCA HEIOTHBIM.

[Tonosmenne H 4 npearninbepToBa MpocTpancTBa [y M0 SHEPreTHIeCKOi
HOpME€ Ha3bIBaCTCA SHEPreTUYeCKUM HPOCTPAHCTBOM IOJIO2KUTEJIBHOT'O Olle-
paropa A. Eciu oneparop A sBisieTcs I0JI0KATEJIHHO OIPEIEJeHHBIM, TO
Hy C H (em. xaury C.I. Muxunna [1], rrasa 11, §9).

2.2.10

B mynkTe 2.2.8 66110 0TMe4eHO, uTo pemenns 3a1ad Au = f u Fu] = min
MOT'YT He CYIIecTBOBAaThH B o01actu Dy = Dp.
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Oxa3bIBaeTCH, YTO JJId MOJIOKUTEIBHO ONpe/leleHHOro oneparopa A dpyHk-
muoHas SHepruu F'[u] MOKHO IPOIO/IZKUTH HA SHEPTETHYECKOE TPOCTPAHCTBO
H 4 rak, aro 3ajaga F[u] = min Bceryma Gymer nmers perrerne uy € H 4, Ko-
TOPOE Ha3bIBaeTCst 00OOIIEHHBIM pellieHneM ypaBaenus Au = f.

2.2.11

Nzyunte 00600IIEHHOE pelieHne 3a1a9i 0 MUHEMYMe (DYHKIIMOHAIA SHEPTUN
no kaure C.I'. Muxsmna [1]|(riasa I11, §14).

2.2.12

Samevanne. B mporecce usyuenns mynkrta 2.2.11 ybexmgaemcs, 9TO 0000-
[IEHHOE PeIlleHne 33/a9u 0 MUHUMYyMe (DYHKIIMOHAIA YHEPIUU MOXKET ObITh
npejicraBieHo psgjaom Oypbe B 3HEPreTHIECKOM pocTpaHcTre H 4

o0

Up = Z (fa wn)wn

n=1

IO TIOJIHO¥ CYeTHOl OPTOHOPMUPOBaHHOI cucteme {wy, }, w, € Ha. D1OT poin
CXOIUTCA K Ug B Hy u B H.

2.2.13 Ilepexoaum HemOCpPEeACTBEHHO K meTony Purna.

CHauasa BCIOMHEUM CBOiicTBa KoopuHaTHbIX dbyHkmmit {¢,}, ¢, € Ha:
1) Vn 31eMeHTHl @1, ..., @, JUHEHHO HE3ABUCHMBI,
2) cucrema {p,} nonna B Hy.
Mmem npubsmkennoe pentenue u, 3agadu Flu] = min B noanpocrpan-

n
CTBE, HATSHYTOM HA 01, ..., Pn: Up = Y a;p;. Toraa
i=1

n

Flu,] = Zak%, Z%‘%’ -2 Zai(fv pi) =
k=1 i=1

j=1

n n

= leepilara; =2 (@i, fai = (o1, pilal +
k,j=1 i=1

n

+ ) lem pilacai + Y [er pilaia; — 2 aier, f) =

ki j#i i=1

13



OFu,
8([1. | = 2[p;, pila; + Z [on, @ilar + Z i sl —
i k#i JF#i

— (i, f) = QZ [pi, pjla; — 2(pi, f) = 0.

Utak, nna Hen3BecTHBIX KO3(MDMUIEHTOB a; MOIYYUIH JUHEHHYIO CHCTEMY

YPaBHEHUI
n

Z [807;7803']@]‘ - (901'7 f) (Z = 1,2, 7n) (9)

=1

2.2.14

N3yunTh 10Ka3aTETbCTBO €IMCTBEHHOCTH PellleHnsl CUCTeMbl YpaBHEHUIT Me-
Toma Putma m BOmpoc O CXOAUMOCTH TOCTETOBATETHHOCTH MPUOTNKEHHBIX
pemennii {u,} K TOUHOMY pemIeHuIo ug. Y0eUTeCh, 4TO NPUOJNKEHHOE Pe-
IeHNe U, COBNAJIAET C YacTUIHOW cymMmoil psga Pypbe, KOTOPHIit ObLI pac-
CMOTPEH B IIyHKTe 2.2.12

2.2.15

SamMeuanue. BuiOop mocseaoBaTeIbHOCTH KOOPJAUHATHBIX (DYHKIHI CHUIBHO
BJIUSIET Ha CJO0KHOCTH BCEX HaJbHEHINUX BbhIumucaeHuil. [Ipu HeyIauHOM BBI-
Oope KOOp IMHATHBIX (PYHKIMH JJIsT JTOCTHKEHUS TPeOyeMOoil TOYHOCTH [IPU-
XOANUTCSA OpaTh OOJIBIIOE N - YUCI0 KOOPAWHATHBIX (DYHKIINI, BXOMSIIUX B
COCTaB MPUOJIUKEHHOTO PEMIeHUsT Uy,. JTO MPUBOAUT K HEOOXOIMMOCTH pPe-
IaTh CUCTEMY ypaBHeHHil MeTona Purna ¢ OOJBIIUM YHCIOM ypaBHEHHUIA.
Eciu ke koopauHaTHbIe (DYHKIIUN BEIOPAHBI VAAUHO, TO YaCTO BBICOKAA TOU-
HOCTb JIOCTHIAeTCs PU N = 2 Win jaxe n = 1.

2.3 Pemenne meTtogom Purna kpaeBbIX 331249 AJIs OOBIK-
HOBEHHbBIX JuddepeHnmaabHbIX ypaBHEHU

PaccmorpuMm KpaeByto 3ajady

- @(x)j—i) gl = fz), a <z <b,



B’ (b) + Bu(b) = B,
B KoTopoii ¢dyukuuu p, p', ¢, f HempepblBHBI Ha oTpe3ke |a,b], p(z) > 0,

q(x>§OHpHa§x§b7 04120; ﬁlZO; ‘Oé|—|—|051|7£0, ’/6’+’/61’7é0
st ykazannoii 3aaun pyHKIMOHAJI dHeprun nupu o # 0, B # 0 paBen

Flu] = ]%T) [24u(a) — au’(a)] — % [2Bu(b) —

b

— Bu*(b)] +/ [p(at:)u’2 — q(z)u* + 2uf] de.

Ecmu o = 0, 81 # 0, 10 3a F[u] Mmoxxno npunsarn

p(b)

=5

b
[2Bu(b) — pu*(b)] + / [p(x)u’2 — q()u® + 2fu} dx
Ecm o = 31 =0, 10

b

Flu] = / [p(:z:)u’2 — q(z)u® + 2fu] dx.

a

['paHuYHbBIE YCIOBUS ONMPEETSIIOT BBHIOOD MOCJIET0BATETLHOCTH KOODIU-
HATHBIX (DYHKITHIA.

Ecin rpanmunbie yciaosus 3agadu umeror suj u(a) = A, u(b) = B, 1o
NPUOJIMZKEHHOE DENIEHUE U, UIETCS B BUJIE

Up = @o + /ai%,
i=1

re @; - JJobas JTOCTaTOYHO TIaiKas (PYHKIUS, YA0BOJIETBOPSIONAs yKa3aH-
HBIM TPAHUIHBIM YCJIOBUAM, HATTPUMEDP

B-A

wo(x) = A+ —_

(.T—(l),

a KOOpJAWHATHBIE beHKHI/H/I ©Yi - JIIO6BI€ AOCTATOYHO IVIaJKUE, He3aBUCUMbIE
dbyukumn, yaosonaersopsronme yeaosuaM @;(a) = ¢;(b) =0 (i =1,2,....n).
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Hanpumep, B kauecrBe dbyukiuii ¢;(i = 1,2,...,n) MOXKHO B3Th

i =(z—a)'(z—D)

. L —a
; = sin | 7@ )
14 b—a

Eciu rpanuunbie yciaoBus umetor suja v’ (a) + au(a) = 0, fiu/(b) +
Bu(b) = 0, ToO MOXKHO B3ATH

o1 = (z—a)’ [:c—b— plb—a) 1’
|

nJjim

s = (z =) [x—a—

vi=(r—a)(x—=0), (i=3,4,5,..,n).

[Tpumep 4. Haiitu pemenue ypasuenus u” + (1 +22)u+1 = 0), ynosoe-
TBOpsitolee KpaeBbiM ycsoBusM u(—1) = u(1) = 0.

Perenne. 3a cucremy KOOpJUHATHBIX (DYHKIIHIT BO3OMEM HOJTHHOMBI, T.€.
PACIIONIOKeHHEIe IO CTeHeHAM 22, YI0BOIeTBOPSIONINe OTHOPOTHEIM TPAHH-
HBIM YCJIOBUSM

wo(r) =001 =1— x2,g02(a:) =1-2zt v pn(z) =1— .

JL1st IPOCTOTHI BHIKJIAJIOK BO3bMEM JIB€ KOOp/IMHATHBIE (DYHKIUH, T.€. Oyjiem
UCKATh NMPUOJINZKEHHOE pellleHre KPaeBoil 3a/1a4u B BUJIE CYyMMBbI

uy = a1(1 — 22) + ag(1 — ).

CocraisieMm J1j1s1 JaHHOM KpaeBoii 3a/1a9n (pYHKIINOHAT SHEPTUN

Flu] = /1 [u’2 + (1 + 2*)u® — 2u| dx.

-1

[ToxacraBnssa B dpyHKIHOHAT F [u] BBIpazKeHHe JJId Usg, IOJIYYIaeM
1

Flup] = / {arz + 4as2®)® — (1 + 2%)[a1 (1 — 2%) +
-1
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+ax(1 — ") — 2[ai (1 — 2°) + as(1 — 2*)]} du.

YacrHble TPOU3BOIHBIE gf , gTF MOZKHO HaiiTu JuddepennupoBaniemM nHTe-

rpana F[us] mo mapamerpam aq, as :

= / {42(2a12 + 4agz®) — (1 4+ 2%)2(1 — 2°)[ay (1 — 2%) +

-1

or
8a1

38 4 1
+ax(1 —2")] —2(1—2%)} do =8 <ﬁa1 + g2~ §> :

oF

9as /1{8x3(2a1x + dagx®) — 2(1 4+ 23 (1 — 2)[ay (1 — 2?) +

4 2488 2
+ay(1 —a")] —2(1—2")} dov =8 (§a1 + TV 5)

[IpupaBHSAB 3TN NPOU3BOHBIE K HYJIIO, MOJTyIaeM CHCTEMY ypaBHEHUI

38 L 4 1 4 . 2488 2
—a; + — —a as = —
105 9" T3 9" T 3a45" T 5
OoTKyJa HaxomuM, 410 a1 = 0,988, as = —0,054. IloactaBigasa HaiigeHHbIE
3HAYEHUS A1 U Ao B (POPMYIY JJIs Us TOJyUaeM TPUOINKEHHOE BbIparKeHHe

AJId KICKOMOI'O pelIeHUA:

uy = 0,934 — 0,988z% + 0, 0542

pyrue npumepsl mpuMeHeHus MeTona PUTHa K KpaeBbIM 3aJadaM st
0OBIKHOBEHHOT'0 JirbdepeHnajibHOro ypaBHeHs MOZKHO HOCMOTPETh B KHU-

re
C.I". Muxsmua [1] (r1. IV, §22, §23).

2.4 Pemenne meronom Puria kpaeBbIX 3aa4 IJd aud-
depeHImaabHbBIX YPABHEHUI B YaCTHBIX IPOU3BO/I-
HBIX

[TycTs, HapuMep, B KOHEUHOIH ofosracTu ), OrpaHUYeHHON TOCTAHOYHO TJIaI-
KIM KOHTYpOM S, 33J]aH0 YpaBHEHHE SJLIAITHIECKOTO THIIA

(puz)s + (Puy)y + qu = f,
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npu OJHOPOJHBIX T'PAHUYHBIX YCJIOBUAX OJHOT'O U3 TUIIOB

0
u|s = 0 smbo ah —o.
on|g

Buech p, q, f - gocraTouno riajxue GyHKINT B 3aMKHYTOH obsactu €,
p(z,y) > 0, q(z,y) > 0, n - BEemHEag HOpMah K rpanune S. Cayuail meos-
HOPOJIHBIX T'PAHUYHBIX YCJIOBUH MOYXKET OBITh CBEJIEH K PacCMaTPUBAEMOMY
U3BECTHOII 3aMeHOil HICKOMO#T (pyHKITHH.

Jlna namuHoit 3a1a4un (hpyHKIIMOHAT SHEPTUU 3aNUCLIBACTC B BU/IE

Flu] = / {plu? +ul] — qu® + 2 fu} d.

Eciiu pemraercs 3ajaua Helimana, T0 Ha peleHune HaJIaraloTcst JIONOJIHU-
TeJIbHbI€ YCJIOBUA

/u(x, y)dQ =0, Q/f(x,y)dQ = 0.

Q

YHUBEpPCATBbHBIX PEKOMEHIAINI 110 BBIOOPY CUCTEMbI KOOPJANHATHBIX (DYyHK-
Uil TpHU peleHnd KpaeBbIX 3a/1a4 /11 YpaBHEeHU B YaCTHBIX IIPOU3BOIHBIX
HET, TaK KaK Ha 9TOT BBHIOOP OKA3BIBAIOT BJIMAHNE KAK THUI IPAHUIHBIX YCJIO-
Buii, Tak u popma obaacru 2. B kaurax C.I. Muxsuna [1] (r1. X), B.I1. Te-
muosuaa, U.A. Mapona, 9.3. Hlysasosoit [6] (ru. VI) umerorcst psj npu-
MepOB C PAa3JIMYHbBIMU THUIIaMU I'PAHUYIHBIX yCJIOBI/Iﬁ 1 pa3/IMYHbIMU BUJaMU
obJtacTeil. 3/1eCh JIUIIL OTMETHM, YTO IIPU PEIIeHUH MepBOi KpaeBoil 3a1auu
CHUCTEeMY KOOPJMHATHBIX (DYHKIUI MOXKHO BBIOPATDH CJIEIVIOIIHM O0OPa30oM:

©1 = W, Py = TW, P3 = Yw, P4 = T, Ps = YW, Ps = TYW, ...,

e w - Jobas HenpepeiBHO juddepeniupyemas B obsactu ) byHKIMS,
VJI0BOJIeTBOpsitolas ycaoBusaM w|s = 0, w > 0 B €.

[Ipumenenne meTona PuTna K pemeHnio KpaeBbIX 3a7a4 J71d YpaBHEHUI B
YACTHBIX TPOU3BOJTHBIX, KAK MPABUJIO, MPUBOIUT K TOCTATOYHO I'POMO3TKIM
BbIYUCJICHUSIM.

Pacemorpum wactubiit ciy4daii - 3aga4dy Jupuxiie jis ypasuenus Jlaria-

ca (cMm. myHKT 2.3)
—Au = f
U|S = 0
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[TpubanzkenHoe perenne 3agaan F[u] = min wmem B Bue

n

i=1
[Toacrapisisi B DyHKIIMOHA SHEPTUN

Flu] = / (u? +ul — 2 fu)de,
Q

IIOJLy YUM

F[“n] = / {(Z ai%’x)2 + (Z az‘%‘y)z —2f Z ai%} das.

[Tonbepem koapunuentsr ay, as, ..., a, TaK, 4rodbl pyHkus F umesa
MUHUMYM. [Ij1g 3TOr0 HEOOXOMMO BBITIOJIHEHUE YCJIOBHIT

OF u, “ “
85 | = 2/ [(Z aiPiz) Pz + (Z aipiy)pjy) — fioj| dQ2 =0,
J 0 i=1 i=1
(j=1,2,...n)
nJjin
a1le1, 1] + aalpa, 1] + .o+ anlen, 1] = (f, ¢1)
a1[p1, 2] + a2, o] + ... 4 anlpn, 2] = (f, ¢2)
ar[p1, on + a2lp2, on] + ..o+ anen, 0n] = (f, on)
riae
[%’, @j] = /(%x@jx + %y@jy)dQ
Q
mpuIeM
[i, 05] = [@5, @il

W3 nocaeaneit cucrembl ypaBHeHU onpeje/siorcsd KodpdunuenTol ay, as,
ey Q.
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[Mpumep 5. Haiitu dyukmmio u, rapmorndeckyio B objgactu ) x >
y > 0, x +y < 1 u ymooserBopsitomniyto Ha rpanure S: v = 0, y =
x4y =1 yeaosmo u|s = 2% + y>
Pemenue. 3amenoit v = u—r? —y? npuxoanm K 3agade —Av = 4, v|g = 0.
BribepeMm cjieiyIoniyio cucteMy KOOPJAMHATHBIX (OYHKITUI:

0,
0,

or=ay(l —x—1y), 0 =22yl —2 —y), 3 = 2*(1 —x —y), ...
U COCTaBUM JIMHEHHYIO KOMOUHAIUIO
v3 = arzy(l — 2 —y) + apr’y(1 — 2 —y) + aswvy*(1 — 2 — y).

st cocraBienus: cucreMbl MeTosia Purna mojacuaurbiBaeM Koddduimen-
THI TIPU HEU3BECTHBIX G, (g, A3 U CBOOOJHbBIE YJIEHBI

o101 = / / [y — 20y — )% + (& — 2 — 209)?] dudy,

(01, 2] = [2, 1] = // [(y — 22y — y*)(2xy — 3a*y — 221%) +

+ (z — 2% = 2ay)(2® — 2° — 22%y)] dady,

(o1, @3] = [p3, 1] = // [(y = 2zy — y*) (¥ — 229° — °) +

(z — 2% = 2zy) (2zy — 22°y — 3xy®)| dzdy,

(02, 2] // (2zy — 32’y — 2xy°)* + (2° — 2° — 22%y)?] dudy,

(02, @3] = [i3, 2] = / / [(2zy — 32%y — 2xy?) (y* — 22° — ) +

(2 — 2° — 22%y) (2zy — 22%y — 3zy”)] dady,

3, 3] = // y? —2zy® — y°)* + (2zy — 22y — 3xy?)?] dady,
(fip1) =4 // (zy — 2y — 2y®)dxdy,
Q
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(fop2) =4 [| (%y — 2’y — 2°y*)dzdy,
f

(frps) =4 [ (z? — 2*y* — xy’)dady,
f

Pesynprarsl BeIUHC/I€HAN TPUBEIEHBI B TaOJIHIIE.
SnaveHns Kod3pOUIueHToB Ipu HEN3BECTHHIX:

J | e, @5 | [o2, 05 | lws, 5] | LS, 5]
1 1 1 1
90 252 252 30

9| _L 3 1 1
252 1120 70 90

3] L 1 3 1
252 70 1120 90

Orcroa JinHeliHAsT cucTeMa YpaBHEHUI st onpeseieHusi KoM uinenTon
a1, Gy, Q3 3AMUMIETCS B BHJIE

1 1 1 1
9001 T 3502 T 35303 = 35

1 3 1 _ 1
3301t T2 T 7543 = g
1 1 _3 _ 1
3301t 7502 T Txpd3 = g

Pemas cuctemy ypaBHeHmil, HaX0IuM

3031 56
— 220~ 3,0401; — g = —— &~ —0,0562.
=gy TTHL @7 gy ’

[ToxcraBnsis HaiileHHbIE 3HAYEHUS A1, Ao, a3 B (DOPMYIY I U3, THOJIYIaeM
IpUOIUZKEHHOE pellleHne 3a1a49u

u=12"+y* +ay(l —z —y)[3,0401 — 0,0562(z + y)] .

[Tpumepsn! pemenus 3a1a4 MeXaHUKH MeTOI0M PHTIA MOKHO NPOYATATH
B kaure C.I. Muxumna [1](rr. X).

2.5 BapmarnmoHHOe orpeejeHne COOCTBEHHBIX 3HAUECHUIA

2.5.1

Metoa Putna mMoxker ObITH TPUMEHEH JJIsi OTHICKAHUsI COOCTBEHHBIX 3HAYe-
HHUI TOJIOKUTEIBHO OIIPeaeIeHHOro omeparopa A.
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B knure C.I. Muxuuna [1](r1. 111,§16) moxasamno, 1to obmacts ompeje-
JIEHHSI TOJIOXKHUTETHLHO OIIPeIeJIEHHOTO omeparopa A, J1eficTBYOIero B ruib-
O6epTOBOM IpOCTpaHcTBe H, MOXKHO PACIIHPUTH C COXpaHEeHHEeM CBOICTBA II0-
JIOZKUTEJILHOM OIIPEIEeICHHOCTH TaK, YTO HPOLOJIZAKEeHHbIH oneparop A nmeer
nuckperubiii cuektp. [lociennee o3nadaer, 910 cOOCTBEHHBIE 3HAYEHUST OTIe-
paropa A WMeT KOHEYHYI0 KPATHOCTH, & COOTBETCTBEHHBIE COOCTBEHHBIE
BEKTOPBI 00pa3y0T CIETHYIO MOJHY0 OPTOHOPMHPOBAHHYIO CHCTEMY B I'HIhb-
OepToBOM IIpocTpaHcTBe H | KoTopas Oy1eT MOJTHONH U OPTOrOHABHON B SHEP-
reTuYecKOM pocTpancTse H 4. DTO paciiupenne Ha3bIBACTCH PACIIUPEHUEM
110 PpuIpUxCy MOJOKHUTETHHO OIPEJIEJIEHHOTO OIePATOPA.

2.5.2

I/I3yane BOIIPOCHI O CYIIE€CTBOBaAHUHA COOCTBEHHDIX 3HAYECHUI MOJIOKUTEILHO-

ro onpejejaentoro oneparopa B kaure C.I Muxsmua [1] (rur. 111, §16, rur. IV,
§40).

2.5.3

Haunmenbitee cobGcTBeHHOE 3HAUEHHUE TOTOKHUTETHHO OIIPeaeIeHHOTO Olepa-

Topa A, yJI0BOJIETBOPAIOILEr0 YCJIOBHAM B HyHKTe 2.5.1, MOXKHO HaiiTu u3

periennst BapuauonHoii 3agaan (Au,u) = min npu ycaosun (u,u) = 1.
Minem MuauMyM dbyaknunonaia (Au, ) Ha IOIIPOCTPAHCTBE, HATAHYTOM

n
Ha KOOpJAUHATHBIE DYHKIUA ©1, P2, -y Pp. IIYCTh U, = Y a;p;. Torma
i=1

(At un) = Y ajan(Agy, @r); () = Y ajan(), or)-
Jk=1 Jk=1

VC10BHBIT MUHUMYM HUIIEM METOJI0OM HEOIPee/IeHHbIX MHOKuTe 1ei JIaH-
rpaza

n
L= ajax[(Apj, o) = Mgy, 1))
joh=1
HO MeTOﬂy ﬂaHI‘pa)Ka Hy}KHO INpUpaBHATL K Hy.HIO YJaCTHBI€ IIPOU3BOJHLIE

byukun L:

oL
a0 2a; [(Api, i) — Mwi, pi)] + Z aj [(Ap;, pi) —
' i#i
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= M o)l + Y ar [(Agi, o) — Mer, 1)) =
ki

=2 a;[(Apj, ) — Mg 00)] =0, (i=1,2,...n).

J=1
B pesysibrare mojiyaum OJHOPOJIHYIO CHCTEMY 70 JIMHEWHBIX yPaBHEHUI ¢ N
HEU3BECTHBIMU @

n

S ai[(Apj 00) = Mg )] =0, (i=1,2,..n), (10)

Jj=1
KOTOpAasl UMeeT HeHY/IeBOe PellleHne, ecjii e€ OoNpee/INTeb paBeH HYJ/I0, T.€.

(ASOb 901) - )‘(%; 901) ------ (ASDm <P1) - A(‘Pn; 901)

(Ap1, on) — AM@1,0n) oo (Apn, n) — M¢n, ¥n)

Ecau packpbITh onpe/ienTe b, TO MOTYINM ajJredpandeckKoe ypaBHEHUE CTe-
mepu 1 OTHOCUTETBHO A, KOTOpOe Ha3bIBaeTcsd XapakTepuctuieckKuMm. [lo-
CKOJIbKY MaTPHUIA OJHOPOIHON JTHHEIHOM cucTeMbl ypaBHEHUN 1 KO3 u-
IIUEHTOB @; fABJSeTCA CUMMETPHUYHON, TO BCe KOPDHU XapaKTePHCTUYECKOIO
YDABHEHHUsI SIBJISIIOTCST BEIeCTBEHHbIME ducaamu (cM. B Kaure B.A. Vibuna,
D.I". Tozansika (r1. V, §5, n. 4). HanmeHnbinuii KopeHb XapaKTepPHCTHIECKO-
ro ypaBHEHUS A JIaéT pUO/INZKEHHO HaUMEHbIee COOCTBEHHOE 3HAYEHUE
oneparopa A ¢ u30BITKOM.

2.5.4

Nsyunre no xuure C.I. Muxsmua [1] Bompoc o cxoxumocTu A TOYHOMY
cobcTBeHHOMY 3HaveHuio oneparopa A (ria. VI§42).

[Ipumep 6. Merogom Putna onpe/ie/iuTh HauMeHbIIee COOCTBEHHOE YUCJI0
oneparopa Au = —u” ¢ obiaacTbio onpeeaeHus

Dy ={ue C*0;1) : u(0) = u(l) =0}.

Pemenne. I3 kypca ypaBHeHuii MareMaTu4deckoil (puU3MKN TOYHOE pelleHue
II0CTABJICHHON 3aJaui: A = 72, a COOTBETCTBYIOIIAS ITOMY COOCTBEHHOMY
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3HAYEHNIO coOCcTBeHHast (pyHKINs u = sin wz. CpaBHUM TPUOJINKEHHOE 3HA-
YeHne HaWMeHbBIIero COOCTBEHHOTO YHCTa, MOTydYeHHOe MeTonoM Putna, c
TOYHBIM 3HAYEHUEM.
B kadecrBe KOOpJMHATHBIX (PYHKIIMIT BO3bMEM CJIe/LYIOIIHE:
— _ 2 _ .n
¢l_x(1_x)7 P2 =T (1_'17)7 vy P =2 (1_'17)7
Orpannanmcst TpeMst iepBbIiMu (pyHKIUIMU. Byiem nvers

1 1

1 1
(1, 1) = /952(1 —x)*dr = 30° (1, 02) = /333(1 — x)’dx = 60’
0 0
(@17@3) - @7 (@27@2) - ﬁ7 (@2,@3) = @, (@3,@3) = ﬁ’
/ 1
(Ap1, 1) = (=91, 1) = 2/17(1 —x)dx = 3
0
1
(Apr, 02) = (Apz, 1) = o (Apr,03) = (Aps, 1) = 35
(Aga02) = =, (Agz, 03) = (Apa,2) =~ (Ags,s) =
Y2, P2) = 15 Y2, ¥3) = (AP3,P2) = 10 ¥3,¥3) = 35

[Ipu n = 1, T.e. npu UCIOJIHL30BAHUHU TOJIHKO OJHOM (DYHKIUHA (01, XapaKTepH-
CTUYecKoe ypaBHeHHe TPUMeT BU/I,

1 1
(AS017901) —>\(<,01,g01) :O, T.€. g—A% =0= )\=10.

[Ipu n = 2 xapakTepuCTUUECKOE ypPABHEHUE 3AIUIINETCS B BUJIE

R
__)\é 2 _ 3L

6 15~ ‘105

=0.

Hawumenbmuit kopeus sroro ypapuuaus A = 10. [Ipu n = 3 noxyanm

l_)\% 1 _ L1 L _y\L

10 1
S R T v T G )
6 60 15 105 19 gs |
Ly L L _ L S5 _ . L
10 105 10 105 35 252

Hawuwmenwmuit kopeas 3Toro ypasaerus A = 9, 8716. [lorpemaocts B TpeThem
npubanzkennn pasaa 0,002, T.e. npubausureasno 0, 02%.
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Brorauciaenust noaTBepKIaloT yKazanue B MyHKTe 2.5.3 0 TOM, 4YTO MeTO-
oM Putna cobcTBeHHbIe 3HaMEHHS oniepaTopa A BBIYHCIAIOTCS ¢ H30BITKOM.

[Ipumep 7. Metogom Putina BBIYHCIUTH HaUMeHbIIee COOCTBEHHOE 3HA-
genne oneparopa Jlamiaca A B kpyre 22 + % < 1 upu rpaHEYHOM yCJIOBHH
w(x, Y)|s24y221 = 0.

Pemenne. B sTom nmpuMepe TakzKke M3BECTHO TOYHOE 3HAYECHUE HAUMEHbB-
Iero cOOCTBEHHOTO YHCJIa, KOTOPOe SBJSIeTCsS HAUMEHbBIINM KOPHEM ypaBHe-
HIUSI Jg(\/X) =0, tne Jy - dynknusa Beccensg HyneBoro mopsjaka, u mpuo/n-
KenHo paBHo A = 5, 778... (cm. B kuure C.I. Muxumna |2| ru. 15, §3).

B kadecrBe KOOpAMHATHBIX (DYHKIIMIT BO3bMEM:

pr=1-0—y", s = (1-2>=y")(@*+¢?), @s=(1-2"—*)(@*+*)*, ..

Boruucaum

T

(b1, 1) = // (1—2® —y*)’dady = 3
x24+y2<1
™ ™
o= [[ ==+ Pndy = T (o) =
x24+y2<1
(Aprpr) = (—Ap1, 1) = // 41 — 22 — y?)dzdy = 2,
x24+92<1

2 2
(A('Dl, 902) = (A9027S01) - §7T7 (A(,DQ,SOQ) = gﬂ'

[Ipu n = 1 XapaKTepucTHUeCKOe YpaBHEHUe IPUMeT BIJI
T

Bropoe npubsinzkenue nojiyaum npu n = 2

_z 2.
2m SWAA 77T | 20 = 302 4 128\ + 640 = 0,
5T A 5T—3

Haumenbimuit koperb 3roro ypapauaus A = 5, 781.... Ilorperraocts Bo BTO-
pom npubuzkenuu pasna 0,002, r.e. upubiausurennno 0,04%.
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3 Metoa l'ajepkuna

3.1 Meroa 'anepkuHa AJisd CTaIlMOHAPHBIX 3a1a4.

OcnoBnas nnesd metrona ['anépkuna usnoxkena Bo Beegenun 1aHHOro MeToIu-
4qeckoro nocodus. Tam ke Obljia 1OJIyUYeHa cucTemMa ypaBHenuit Jijist Kodddu-
n

IUEHTOB @, BXOJAAIINX B IIPUOJUKEHHOE PEIICHUE U, = Y 4;{; YPABHUHAA
i=1
Au = f:
(Aup, i) — (f,0i =0, (i=1,2,...,n),

e ¢ - KOOp/JMHATHBIE (DYHKIIHUH.

N3yuenne merona IanépknHa HaUYHEM ¢ IPUMEPOB.

[Ipumep 1. Meromom l'anépkuna pemurs ypapauane Au = f, rme A -
JIMHEHHBIA onepaTop B IMILOEPTOBOM IIpOocTpaHcTBe H.

n
Pemenne. Pentenne ypasHuHES WIIEM B BUJE U, = Y a;(;. TaK Kak ome-
i=1

n

patop A siBisiercs uHedHbIM, TO Au, = Y a;Ap;. Tlojcraiss BeIpazkKeHe
i=1

st Au, B cHCTeMy ypaBHHHHN MeTofa [anépKuna, moaydum

n

> ai(Api @) = (fe),  (=12..n). (11)

i=1

Ecin marpuna (Ap;, ;) He BbIpOkK/eHA (9TO BEPHO sl 1IOJIOKUTEJIbHbIX
onepaTopoB), TO cucTeMa ypaBHeHHH st KOdDUIMEeHTOB a; uMeeT ejinH-
CTBEHHOE pelleHue.

CpaBHuBas cucteMmbl ypaBHHHUN 9 um 11, IpUXOJUM K BBIBOIY, 9TO Me-
ton [anépkuna pemenns ypapuunusg Au = f ¢ nuneiitnsiM oneparopom A B
ruib6epTOBOM HpocTpaHcTBe H j1aér TOT Ke pe3ysbrar, 9ro u MeTon Pur-
na. Ogaako meron [ajmépkuHa MOXKHO NPUMEHSTh U B TOM CJIydae, KOraa
ypapuuane Au = f He CBOAUTCS K BapUALMOHHON 3a1ade.

[Ipumep 2. Meromom [anépkuHa HaiiTH COOCTBEHHBIE UHCJIA JHHEHHOIO
oneparopa A B runbbeproBoM npocrpancrse H.

n
Pemenne. Mmem perrenne ypasauausg Au = \u B Buge u, = » , a;p;. Tak
i=1

n

Kak omneparop A sBisiercst JuHeHHbIM, T0 A, —Au, = > a;(Ap;) — Ap;. Co-
i=1

ruiacHo metroy [asépkuna, HeBsska Au, — A, J10/12KHA ObITh OPTOrOHAJILHA
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nojpoctpancTsy H, C H, HaTgHyTOMY Ha KOOpJMHATHBIE (DYHKIINH (01, P2,
ey Pp. CHemoBaTETLHO

n n

D A =2l 05 | =D ail(Api ¢5) — Mei, )] = 0,

=1 =1
(j=1,2..n).

Takum obpa3oM, cOOCTBEHHBIE 3HAYEHHS A JIHHEHHOro omeparopa A Haxo-
JATCS U3 CUCTEMbl ypaBHUHUM

Zai [(A(:Oiv ‘pj) - A(Qpia 90]')} =0, (] =1,2, vn) (12)

CpapuuBag cuctembl ypaBuuaHil 10 1 12, IpuX0oauM K BBIBOIY, UTO Me-
toji [ayiépknHa HaXOXKAeHUs COOCTBEHHBIX 3HAUYEHUH JIMHEHTHOrO oreparopa
A seiicTByIoniero B ruib0epToBOM HpocTpancTse H 1aér TOT Ke pe3yJbTar,
910 1 MeToj Puria.

3.1.1

3yunTe I0CTATOYHBIH MPU3HAK CXOAUMOCTH MeTofa [anépKuHa 110 KHHUTe
C.I. Muxumna [1] (. XI, §94) u ero npusokeHusi K PEIIEHUIO KPAEBBIX
3a/a9 i1 00bIKHOBeHHOTO Juddepenimanbroro ypasaunaus ( ria. XI, §95)
u s/nnrrdeckoro ypasaunus (ria. XI, §96).

[Ipumep 3. Pemmuts MeTomom [anépkuna KpaeByo 3a/1ady

0
Au—l—xa—z:2x2—|—2y2+2x2y2—2x2y—a:y2—|—xy—2x—y

O<z<l1
O<y<l1

U|S:0, S = 090Q.

Perrenue. B 3rom npumepe u3BecTHO TOUHOE pelieHue 3a1aun u(r,y) =
zy(x—1)(y—1). B nanpHeiiem cpaBHEM NpUOIHZKEHHOE DEIIeHHe, 0Ty YeH-
noe MetooM [amépkuna ¢ TognbIM pernenneM. Kpome toro, mpumep oba-
JTaeT CJeIYIONIel BayKHON 0COOEHHOCTBIO - K HEMY HeJTb3s MPUMEHITH MeTO]T
Purna, T.K. oneparop KpaeBoil 3a/la4u He SABJISIETC MOJOKUTEJIbHO OIIpe/ie-
JleHHbIM. [IeficTBUTE/IBHO, 110 ONPe/IeIeHUI0 JTNHEHHbII onepaTop A Ha3biBa-
€TCd MOJIOXKUTEJIbHO OIIPE/IeJICHHBIM, €CJIU OH ABJIdeTCd CAMMETPUYHLIM, T.€.

27



(Au,v) = (Av,u) ayis Yu,v € Dy u BeinoaHsercst HepaBeHcTBo 3y > 0 ¢
(Au,u) > ¥*||ul?, w € D4. B namem npnvepe Au = Aju+ Asyu = Au+ 2%,
Dy ={ueC*Q):u|ls =0} uoneparop A Gyaer HecUMMeTPHIHBIM, T.K. He
cuMMeTpudeH oneparop As:

11 1 1
(Agu, v) //:v%vdxdy = /dy/:c%vdx =
ox ox
00 0 0

1 1

11
:/dy uwv[é—/u%(zv)dm = —//uvdx—
00

0 0

11 11
— //'zwdxdy // udxdy # (Agu,u) //xg—zudxdy.
0 0 00

Onnako mpu m3ydeHuu nyHkTa 3.1.1 ormedaem, uro meron [anépkuna ais
Hamel KpaesBoi 3a1a4n ¢xoauTcs, T.e. |u—u,|4 — 0. B kauecrBe koopaunar-
ubiX QyHknuit Meroga [amépkuna Bo3zpmem sin ke - sinlny, k1 =1,2,3, ...,
KOTOpBIe 00paIarTcs B Hy/Ib Ha CTOPOHAX KBajpara S. OrpaHddInMcs dre-
HaMu, 171 KOTOphIX k + [ < 4. Torma npuban:keHHOEe pelreHne KpaeBoil 3a-

Jma4qn OyJieT UMeTh B/
Ug = a1 SIN7X - SINTY + a9 sin 27x - sin 7y + agsinwx - sin 2wy +

+ a4 sin 37z - sin my + as sin 2wx - sin 27y + ag sin 7w - sin 37y.

Ypasueuus [aji€pkuna B JJAHHOM IPUMEPE TAKOBDI:

2 1 1 3 4,
<?+8> CL1+3CL2+1—6G4— 6(97’(’ —8>,

1 N 52+1 +3 9
——a -7 —lay+ -a4 = ——
3t \4 g) 5™ o
5 1 1
(Zﬂz + g) as + §a5 =0,

3 3 (5 1)
-— ——a2—i— -+ = a4y =

4972 —
5t 3 (497 8),

2776
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1 1
—§a3 + (27T2 + g) as = 0,

5, 1 4 )
(571' +§) 'LL6:277T6(497T —8)

Pemenne st1oit cuctemsr ypaBuenuit a; = 0, 066553, as = 0,000014499, a3 =
0, ay = 0,0024528, a5 = 0, ag = 0,0024648. Ham n3BecTHO TOUHOE peIeHne
3a/1a491, MO9TOMY HETPY/IHO OIEHUTH HOTPEITHOCTh HPUOJIMKEHHOI'O PEIIeHU S
Ug. DHEPreTHIeCKass HOpMa 3TOi MOrPENTHOCTH Oy1eT paBHA

1/2

1 1
|u — ugla = //[(ux — Uge)? + (uy — u6y)2]dxdy =0,00729.
0 O
DHepreTnveckas HOpMa TOYHOTO PENieHnsl PaBHA
11 1/2
// (22 — 12(y — ) + (& — 22 (2y — 1)2dady b =0, 149.
0 O

OTrHoOCHTEeIbHAST TIOIPENTHOCTL (B 9HEPreTHYecKoi HOpMe) Hpub/IHzKEeHHOTrO

pemenus ug coctasaser 0,00729/0,149 - 100% = 4, 9%.

3.2 Meroa 'anépknHa B HECTAI[MOHAPHBIX 3aJadax

Pacmorpum runbbeproBo mpocTpaHcTBO H u feiicTBytomue B HEM JIHHEl -
Hbie oneparopbl Ag, Aj, ..., As, obacru oupeesnenust Koropbix Da,, Da,,
..., D4, mmeror Bcroty mioTHOe nepecedenue Dy. Pacemorpum “abctpakTHOE

oObIKHOBeHHOE JudhepennuaibHoe ypaBuenue”

i dlAlu
=ft), t>0 (13)
l
Lo dt
HpI/IHaqaﬂbeIX yCﬂOBI/IHX
dl
d—::wl, 1=0,1,.., 51, (14)

rJe W - 33JlaHHble 3jIeMeHThl npocTpanctsa . Urobsl pemuth 3aaa4y Korm
13, 14, 3amaauM KOOpAMHATHYIO cucTeMy (byHKIUi ©1, Y2, ..., BXOJLANIYIO B
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Dy. TTpubmxkennoe perienne OyjieM UCKaTh B BUJIE

0 =Y alt)or (15)

KoaddbunuenTsl ay mMogauauM cucTeMe JTHHeHHbIX qud depeHnuaIbHbIX ypaB-
HEHHIl ¢ TOCTOAHHBIME KO3 MUIITEHTAMI

L d' A, ,
=0

[TojcraBuB 3nadenue u, 1o ¢popmysie 15 B cucremy ypasuuuuit 16, nosydum

3 a0 o), (17)

=0 k=1

e o = (Aior, @5), fi = (f(t), ;).
CI/ICTeMy ypaBHeHI/II'?I 17 Hy}KHO ,ZLOHO.HHI/ITB Ha4vaJIbHbBIMHU ycﬂOBI/IHMI/I, KO-
TOpre MOZKHO Hoﬂqu/ITb TaK:
n

[Tonoxum wy, = Y ayypr 1 nogdepem kKo3bGunuenTsr oy TaK, 4ToOb!
k=1

|win — wi|| = min. (18)

OueBuIHO, TIPH 3TOM Wy, OYAET MPOEKIUEil S7IeMeHTa w; Ha MOAIPOCTPAHCTBO,
HATSHYTOE HA JEMEHTHI (01, P9, ...,(0n. Yca0BUE 18 JTaéT CIeIyIONIYIO0 CUCTEMY
JIJIST HEU3BECTHBIX (v

Zak‘l(wkvgpj) = (wlvgpj)v (] = 1,2, 7”) (19)

Haityiem u3 cucrembr 19 31u HeusBecTHbIE U TIOCTPEOYEM, YTOOBI

dlak (t)

= Qy, (l:();la"'as_l)a (k:1,2,,n) (20)

t=0

Pemus cucremy nuddepennuajibubix ypaBHenuit 17 npn HadaIbHBIX YCJIO-
BuaxX 20 U mojicTaBUB 3TO B (popMyry 15, MOTyInM HpUOIUZKEHHOE pellleHue
3agaqm 13, 14.
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MoOKHO JIOTYCTUTH U TOT CJIydail, Koraa oneparopbl A; 3aBUCAT OT BpeMe-
HU, €CJIM, HalpuMep, 00JIaCTH ONpeJieIeHns He 3aBUCAT OT BpeMenu t. B sTom
ciydae KodpPUIUeHTH o OyIyT He TOCTOSHHBIMY, a (DYHKIUAMI BpeMeHn
t.

[Ipumep 4. Paccmorpum ypaBHeHHE TeILIONPOBOIHOCTH %—? = Au B Ko-
HeYHOI objactu () TMepeMeHHBIX X1, To, ..., T,. Ha rpanume S obmactu ()
IOCTaBJIEHO KpaeBoe yCJIoBHe U|gs. Beinmucars cucremy ypaBHeHuit meroja ['a-
JEpPKHUHA.

Peuenue. 3ech s = 1, equHcTBeHHbBIH oneparop A - 910 oneparop 3aja-
qu lupuxiie, B kauecrse H M0xkHO B3sTb Lo(£2). BeiGupaem KoopuHaTHY O
cucremy {p,P} Tax, arobn dbyukmmm o, € C*Q), ¢nls = 0 u cucrema

{¢n(P)} 6bi1a moana B H. Vmem perierne MOCTABICHHON 331291 B BHJIE
u(P.t) = an(t)on(P).
k=1

g ko3bdunuenToB ag(t) moayduM CHCTEMY YPABHHHUIT € HOCTOSTHHBIME
K03 dunuenramu

Z{Ckkjm“st(t)—Fﬁkjak@)} :0, (j = 1,2,...,n),

k=1
rje
g = (Y, p5) = /@k(P)%‘(P)an
Q

Brj =[x, @5] = /(gradwk(P),gradgoj(P)) dQ.

[Tpumep 5. Pemenne ypapuunaus Hasre-Crokca merogom [amépkuna.

Pemmenne. J/Ipnxkenne neckuMaeMoit BA3KOM KUJIKOCTU ONMUCHIBACTCS YPaB-
nenneM Hapwe-CroKca, ypaBHEHHNEM HEPAa3PBIBHOCTH W YCJIOBUEM IIPUJIHUIIA-
HUS JACTHIL XKUJIKOCTH K TPAHUIE S OrpaHudeHHoil obmactu (2

%+ (0,V)7 = F — grad? + vAv
divi =0

U'S = 67 Ult:O = 1707
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—

rje p - JaBJeHue, P - TJIOTHOCTh KUJIKOCTU, F' - BEKTOD MaCCOBBIX CWUJI, [4 -
K03 dunuenT KuneMaTuIecKoil K IKOCTH. BOCI0Ib30BaBIINCH TOXK IECTBOM

v
(U, V)T =0 x 17— grad;,
rjge & = rotv, nepemnumeMm ypasuenune Hapne-Crokca B dopme I'pomexn-
JIamba
Uy = U x & — grad ~t + F + pAv. (21)
P

BribepeMm mnocsie1o0BaTeIbHOCTH KOOPJMHATHBIX BEKTOPHBIX TOJIEH
G € C*(Q) - div; =0, @&|g = 0.

B kadecTBe J; MOKHO B34Thb IOJHYI0 OPTOHOPMHPOBAHHYIO CHCTEMY COO-
CTBEHHBIX BEKTODPOB omeparopa A, meiicTByIOIero B mpocTpancrse V, Ko-
TOpPOE OLPEJIEJIEHO CJIe/LYIOIMM 00pa3oM:

Vo = {Ue C(Q) : divi = 0,7S = 6},

V' - zambikanue Vy B npoctpanctee Lo(2). Onepatop A ompesenen Ha 1mpo-
crpancrBe Vo pasencrBom Au = —V4u. Oueparop A upeacrapisier coboit
pacmmpenne no Ppuapuxcy oneparopa A (mepasercrso Ppuapuxca, moka-
3BIBAIOIEe IOJIOXKUTEIbHYIO OIpeeIeHHOCTh oneparopa A, mokasbiBaeTcs
CJIOYKEHUEM COOTBETCTBYIONIUX CKAJSIPHBIX HEPABEHCTB). BeKTOpHbIE MOJIst
W;, BOIOpAHHBIE TAKIM 0OPA30M, SIBISIOTCSI OPTOHOPMHPOBAHHBIM.
n
Nmewm ranépkuuckue npubaumkennst B Buje U, = » a;(t)d;. Mocae noa-
i=1
CTaHOBKH Uy, B ypaBHEHHE 21 M CKaIAPHOIO YMHOMKEHHS Ha W;, IOy IHM

n n

Zai < @'i,&j > = Z a;ar < CUZ X rotc_u’k,cﬁj > —
i=1 ik=1
P, vn -
— < grad (— + ?n> ,(Dj >+ < F,(Dj > —IMZGZ < Aﬁi,&j >.
p :
i=1

o o - - o d -
Nnmeem < &, W >= 05, < W; X 10tWg, J; > ] Cikj, < grad (i—j + %) ,Wj >= 0,
tak Kak div fJ = fdivd+grad f,d, no divd = 0n [ divf&@dQ = [ (f,d),7dS =
Q S
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0, Tak KaK J|g = 0 u 3HAUMT

/<gradf,c3>dQ:O,
Q

. - = . _d
< AG;, Wi >= N\ < W, W >= \idyj, < F,d; >§f i

B utore momyunm

dj = Z Cz’jkaiak_Ajaj_'_fj? (]: 1,2,...,71,)
Byt (22)

CL]'(O) =< 1707“?7‘ >

Cucrema ypaBHeHmii 22 TpeacTaBsgeT co00i HETUHEIHYIO CUCTeMY 72 OOBIK-
HOBeHHBIX JudpepeHnuaIbHbIX YpaBHeHuii. 113 Teopun 0ObIKHOBEHHBIX Jud-
depeHnuabHbIX YPABHEHUN U3BECTHO, YTO OHA MMEET €JUHCTBEHHOE Perire-
HUE, yI0BOJIETBOPSIONIEe HAYAJIHHOMY YCJIOBHIO MPHU JTOCTATOYHO MAJIbIX 3HA-
qeHusix Bpemenn t. [lokazkem, 910 Ha caMOM JieJie eé pereHnst HeorPaHuIeH-
HO IPOJOJKAITCA. 1 9TOro yMHOXKIM ypaBHeHHe 22 ¢ HOMepPOM j Ha a; U
MPOCYMMHEPYEM TI0 J, MOy IHM

n

Z dj(lj = Z Cikj Qi A5 — I/Z _j = 1")\jaj2 + Z ajfj. (23)
j=1 J=1

i,k,j=1

Nnmeem )
n

L.
S ) =5l

Jj=1

N | —

n
E Jaja; =
j=1
n

n
E CikjAiQpA; = E < & X rotdy, d; > a;apa; =
i,k,j=1 i,k,j=1

n n n
( E CLZC@) X I‘Ot( E ak&k), E ajd)'j =
i=1 k=1 j=1
=< 1, X rott,, v, >=0,

n

2 - - 12
E Aja; =< AUy, U, >= |U,]3,
Jj=1
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n n

n
Zajszzaj <ﬁ7g_jj > =< ﬁ,Zanj >=< ﬁ,ﬁn > .

j=1 j=1 j=1

Torna ypaBuenwne 23 3anumniercsd B BHUIE

1d . =
5%“””“2 = _V‘Un‘,%}‘{' < F, v, >,
AIn
Ld, 2 oo = -
S 7 + ey =< F i >< | F) - ] <
-1 1 _ . 1 S .
<N fiula = I Vil < g PP - Vol <
1 - v
< F||? + =|3,]3.
< 5l FIP + G103
OKoHuYATEJILHO J .
%Ilﬁnll2 +u|tL3 < EHFIIZ' (24)

Bozbpmém VI > 0 u mokazkeMm, 9TO peleHne CHCTeMbl ypaBHEHUN 22 1IPOI0.1-
xkatorcs Ha orpeske [0, T]. ToctarouHo moka3arh, 4T0 BCe K0P OUIUEHTDI
a;(t) orpannvensl Ha 5T0M orpeske. VlHrerpupyst HepaBeHcTBO 24 1O 1epe-
mennoit 7 or 0 1o ¢ € (0, 7], nomyuum

t
— — 1 =
Il = Nl < o= [ WFIPar
0

n TeéM CaMbIM

n n
10> = ZCZ? = |a;| < ZCﬁ = ||#,]|* < C = const.
j=1 =1
I3 mocieiHero HepaBeHCTBA ¢ ydeToM HepaeHcTBa Beccens ||ty ||? < |70
caesyer, a0 Bee hyHkuuu U, (t) paBHOMEPHO OrPAHUYEHbBI KOHCTAHTOIL, HE 3a-
BucsIeii ot n. Inrerpupys HepapeHcTBO 24 ¢ 0OTOPOIIEHHBIM MePBBIM YJICHOM
B J1eBoii wactu, ot 0 g0 7', moayunm, uro MHO)KeCTBO (pyHKuuit {U,(t)} orpa-
HudeHo B mpoctpancTse Lo(0;71; H4) (nmpoctpanctso dyukuumit [0, 7] — Hy).
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Ho orpanmyennoe MHOXKeCTBO B I'mJIMOEPTOBOM TPOCTPAHCTBE CJ1abo mpei-
koMIakTHO. CIie10BaTeIbHO, U3 IOCIeI0BATEIbHOCTH { U, (1)} MOXKHO BBIIE-
JIUTH MOJOC/IeI0BATEIBHOCTD, ¢1abo cxomsiyiocs B Lo(0; T, H,). TIpu no-
MOIIH METOI0B (PYHKIMOHAIBHOI'O AaHAIN3a OTCIOA MOYKHO BBIBECTH, YTO CO-
OTBETCTBYIONINI 1TPeJIesl siBIsieTcsi 000OIEHHBIM PeleHneM Halieil 3a/1a4un B
CJIETYIOIIEM CMBICJIe:
. d . I o o
Vi € Hy pr <UD >=<TXJ,d>—v[U,d+ < F,d > .

Bompoc, koryma obobmennoe permrenune ypasHennit Hapbe-CrTokca sBisgercs
OObIYHBIM pereHueM, jio cux 1op e penter (em. kuury 2K.-JI. Jluonca |4]

ri. I, §6).

4 3ajaHusg HA CAMOCTOATEJbHYIO paboTy

1. Haiitu obiacrs oupejesienus omeparopa D 4, Tak, 4ro0bl onieparop A ObLi1
CUMMETPHIHBIM.

2. JlokasaTh MOJIOKUTEIBHYIO ONPEIEJIEHHOCTE oneparopa A.

3. Beibpathb B obs1actu D 4 B KadecTBe KOOPIMHATHBIX (DYHKIUIl TPHU IIPO-
cTefxX moJuHOMA (¢ yUeTOM IPAHUIHBIX YCIOBHHA U CAMMETPUIHOCTH MPa-
BOIl YacTu) u HaiiTu npubiuzKeHHoe perienne ypaHenust Au = f meromom
Purna. Haiitn naumenbinee cobcrBenHoe 3Hadenue oneparopa A.
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O6sacTb

Ne | onpenenenns Au f ['panuvnbie ycioBus
M1 byHKIUN JIEBBII MpaBbIi
u(x) KOHeI| KOHelI|
1 [1;2] —zu” —u 4 u 1 w(1)=0 uw(2) =0
2 [—1;1] —z?u” — xu’ 22 W (=1)=0] ¥(1)=0
3 [1;3] —u" 4+ (x + Du x u(l) =0 uw'(3) =0
4 [1; 2] —u" +2(x — 1)u 1 w(1)=0 u(2) =0
5 [0; 7] —u" + sinzu 1 w0)=0 | v(m)=0
6 [0;1] —u” 4 e®u e | W0)=0 | u(l)=0
7 [—2;1] —z*u" — 2zu’ + zu 2 [ u(=2)=0 | «(1)=0
8 0; 2] —(x 4+ Du" =’ x | J0)=0 | ¥(2)=0
9 [0; 3] Vo + T — e 1 | 40)=0 | «/3)=0
10 [—1;1] —(z* + Du" — 220/ 1 [ W(=1)=0] ¥/(1)=0
11 [1;4] —u"+Inx-u x u(l)=0 u(4) =0
12 2; 3] —zu” —u + 2Pu 2 | W(2)=0 | u3)=0
13 [1;2] —2zu” — 2’ x | W(1)=0 | ¥(2)=0
14 [1;3] —(z*u/1 + 5u 22 | u(l)=0 | ¥(3)=0
15 [0; 4] —e u" — e—xu/ z | W(0)=0 | v/(4)=0
16 [—%; 7] —u" + coszu | u(=5)=0]| u(3)=0
17 [—2; —1] o’ +u + 2 r | uw(=2)=0 [4(-1)=0
18 [2; 5] —Vr—Tu' — = tu| 1| u@)=0 | u(5)=0
19 [%: 7] —sinx - u” — cos zu’ L | W(5)=0 | «'(5)=0
20 2; 3] —1—2)u" —u +u | u?2)=0 | W3)=0
21 [—1;3] —(+ 1 =22 +u | z | W(-1)=0] u2)=0
22 [1;5] —Vou' — 3=+ Vrou [ 1] w(l)=0 | W/(5)=0
23 [—1;1] —u"+ (2 + 1)u 22 | W(-1)=0] ¥(1)=0
24 [—1;2] —(z+2)u" —u 4 2u x u(l)=0 | ¥(2)=0
25 [0; 7] — cos zu” + sin zu’ 1 u(0) =0 u(3) =0
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