Jleknun o crenkypey " Teopus npubiamxenmit”

[eiiT Boragumup 9MaHyUI0BHY

29.12.2008



CopepxkaHne

1 3Bapgauya YebbIimeBa 3
2 IlpusHaku cyIiecTBOBaHUs OJIMKaiiIllero 3jieMeHTa 5
3 O eauHCTBEHHOCTHU GJIMKANIIIEro 3JieMeHTa B CTPOr0O HOPMUPOBAaHHBIX MIPOCTPaHCTBax 9
4 Xapakrepusanus OJKalInX 3JIEMEHTOB B HEKOTOPBIX HPOCTPAHCTBAX 12

5 IlosauHOMBI, HAMMeHee YKJIOHSIOIIUECS OT HYJIsi co crapiumm Kosdduimuenrom 1 (B

MHTErpaibHONl MeTpuKe) 19
6 MeToa MakcMMaJbHBIX MOJUHOMOB B nipobsieme 3osiorapeBa 22
7 3akJirrouyeHue 25



1 3agauya YeObimena

I1.J1.YeObiiieB siBISIETCS OCHOBOMOJIOXKHUKOM TOM TEOPUH, & IIEHTPATHLHOE MECTO B HEl 3aHUMAET TIOHSITHE
"OamKaidiero" wiM HAMTY 9IIero anpoOKCUMUPYIOIIEro dJIeMeHTa. 3a1ada 1e0blineBa COCTOUT UMEHHO B
HaXOXKJeHUM 3Toro "oamxKaiinero” sjgeMenTa.

ITycrs X - nmneitnoe nopmuposanuoe npocrpanctso (JIHIT) vaz semecrsenubiv mosiem R a L # X -
ero cobcTeeHHOe nonpocrpancTso. s kaxaoro € X cyliecTByer, 09€BU/IHO, HEOTPUIATETBHOE YUCJIO
BHJIA

p=inf|z—y|,yel (1)

KOTOPOE MPUHSATO CINTATH PACCTOAHUEM OT T JI0 MOANPOCTPAHCTBA L.

Onpenenenne 1. Eciu i sjiemenTa T u3 HOAIPOCTPAHCTBA, L BbIIIOJIHIETCH PABEHCTBO
|z — 2| =p,z € X, (2)

TO T Ha3bIBAETCs OJIMXKAMIIMUM K T B LOAIPOCTPaHcTBe L.

IIpobGiemaTuka.
Hwuxe npencront:

1. BeigButh cBoiicrBa moampoctpancTsa L u nmpocrpancts X, oOecrednBaone CynecTBOBaHue 0u-

2Kajillero sjeMenTa B HuX K Jiobomy & € X (Teopembl CylIeCTBOBAHMS );

2. Haiitu ycioBus Ha L u X, npu KOTOPBIX ¥ Kaxka0ro ¢ € X He OoJsiee OHOTO OJIMKARIIEro 3IeMEeHTa

B L;

3. OxapaxTepu30BaTh MPU3HAKYU OJIMKAUIIUX JIEMEHTOB B T€X WJIM HHBIX TPOCTPAHCTBAX X W HA ITOM

OCHOBe pa3paboTaTh CIIOCOOBI MX OTHICKAHUSI.

Ipumep 1. Tycrs X = R% z = (z1,22), ||z = 2% + 23. Kaxkoe nerpuBnaabHOoe COOCTBEHHOE

nojnpoctpanctBo L C X - 0JHOMEPHO U 33/1aeTCA IPSIMOii ¢ YpABHEHHEM
Azri + Bxy =0,

npu 3Tom A # 0 uiu B # 0. Tpebyercst n1s npoussomabhoit Touxn (29, 29) & L waittu: p u 6mmrkaiimmii
sstemedT (Z7,Z3)

Permrenne:
B ‘Am? + Bgcg‘

VAT b7

N A

— B

Teopema 1. Mnootcecmeo bAUNCATWUT INEMENMOE K 00HOMY U MOMY dice T € X ABAAEMNCA BLINYKABIM.



Zoxasameavcmeo. Ilycts x nveer OmKaiime 3JJeMEHTHI Y1 U Y. Tpedyercs 10Ka3arTh, YTO BECh OTpe-
30K, COEIUHSIONTUN Y1 U Yo COCTOUT M3 OJIMAKANIINAX FJIEMEHTOB K .

TO4YKM ITOIO OTPE3KA UMEIOT BHJL
y=ty; + (1 —t)y2, tel0,1].

B cuny momymenusi 00 y1 u Yy, WMeeM, BO-TIEPBBIX,

ly1 — z|| = p,
a TaKzKe
ly2 — z[| = p.

Tenepsr mMeeM MOCTETOBATETHHO
o =yl = [tz —y1) + (1 =) (@ —g)l| <tz =yl + (1 —1) [z — gl = p,
" Bmecte ¢ Tem

|z —y|| > p, rak xak y € L.

Takum obpa3oM, JOKA3AHO, 9TO

lz =yl = p.



2 Ilpusuakm cyimecTBOBaHWA OJIM>KAMNIIIETO 3JIE€EMEHTA

IIpennoxenne 1. [lycmos L - npouseoavhoe nodnpocmpaHcmeo 6 AUHETHOM HOPMUPOSAHHOM TPO-
cmpancmee nad R. Tozda, wmobw, xaorcdvi snemenm x € X umen 6 L bausicatiwuid neobrodumo (a

6 HEKOMOPHLL NPOCMPAGHCMEBATr U 0ocmammmo) 3AMKEHYMOCTU L.

Zoxaszameavcmeo. Jloka3aTenbCTBO TPOBEIEM OT MPOTWBHOrO. IlycTh L He 3aMKHYTO, HO Y KaxKJOTO
x € X ects 6immkaiimmii B L ssement. 1o 10myImeHnio IpoOTHBHOrO: 3aMbIKAHIe TIOAIpocTpancTsa L # L

L=L+L' roe L' - MHOKeCTBO BCex IPEeNEIbHBIX TOUEK L
Hosromy, Jx € (L\L) u 3 nocieosarensuocts {y, oo, < L, Koropas cxoaures K T = klim Yk, TO €CTh
— 00

|z — yn|| — 0, mpu n — oo

OTciofia 1 B CHJIy OIpeesIeHns
p=inf ||z —y
inf [lo — y]
nMeeM p = 0, Tak Kax

O<p<lz=yall =0

IlycTh, MO MpPEamOIOKEHUIO Yy - OvKaifmmii 371leMeHT K = B L, Torma

[z = yoll = p=0

(x—y0) =0
T =1Yo-
Hox € L\L,a yy € L.
Tloygenmroe mpoTuBOpedne MOKA3BIBAET IPEITOXKEHHE. O

Bamenwarnue 1. B rumpbeproBoMm mpocrpancTtBe H 3aMKHYTOCTH MOAIPOCTPAHCTBA L TOCTATOYHO [1Jist

CYIIECTBOBAHUS B HEM OJIMKAMIIErO 3/IEMEHTa /I KaxKa0ro © € H

Ipumep 2. B upocrpancrse Cla, b] Bcex nenpepbiBabix DyHKumii © = x(t) Ha oTpe3ke [a,b] ¢ HOpMOIi

= t
ol = ma |o(t)

Paccvorpum B X moanpocrpancTBo L BceX MHOTOWIIEHOB Py, (t) ¢ BelecTBeHHBIMI KO3 dUImeHTaMu Taxk,

aro L ecthb qmHeiiHAsS 060I09KA, MOPOKJACHHAS CTETIEHIMH MEPEMEHHOTO
2 n
L={1t¢...1,..}
VYrBepxkaenue 1. L nesamrxnymo 6 Cla,b] u dim L = 400

Jokazameavcmeo. Bo-neppirx, zambikanue L D Cla, b], B cuity cieyiommeii anmpoKCUMAITHORHOf Teope-
Mbl Beiteprtpacca:

Vo = xz(t) € Cla,b],Ve >0

Ing =ng(e, ) € N u pp,(t)



vt € [CI,, b] |1‘(t) _pno(t)| <6 Hx_pnoH <e€
Uecmme=1,k=1,2,..., 10

— 0

() = pny (D] <

&=

OTkyna cayaer, 9To

L # Cla, b]

MOCKOJIBKY CYIIECTBYIOT HEMPepPhIBHBIE Ha [a, b] dyHKmn (Hanpumep, x(t) = sint), KOTOpbIe He SIBJISIFOTCS

HOJINHOMAaMH. O

Sameuanue 2. Onnako, eciu B Cla,b] B KadecTBe L B34Th MOAMTPOCTPAHCTBO HE BCEX MOJMHOMOB, a MO/~
OPOCTPAHCTBO IIOJIMHOMOB CTEIIEHW He BbIIIE 3apaHee 3aJaHHoro n, 1o ectb degp(t) < n, To L Gyuxer
BaMKHYTbIM (B CUJLy KOHEYHOMEDHOCTH) U B HEM JUJIsl KAXK/IOIO 9JIEMEHTA IIPOCTPAHCTBA Byer CylecTBo-

BaTh OJIM>KANIITNH.
Teopema 2. Ilycmo

1. L - nodnpocmpancmeo 6 AuHetinom Hopmuposannom npocmpancmee X nad R, npuuem xoneunod

PABMEPHOCTNU;
2. Ilpu x € X\L noaazaem no npescuemy (6 coomeememeuu ¢ (1)) p = ing |z — yll
ye
mozda 3¢ € L maxod, wmo ||x — &|| = p, mo ecmwv £ - bausrcatiwuti anemenm.

Joxazamesvcmeo. B cuny ompeesieHust HIKHEH TPaHN MHOMXKECTBA Beex 1ucen |z — y||, ¢ € L
vneN Jy,eL:

1
p<lz=ynl <p+—,
n
TaK Kak (p + *) He ABIACTCA HUKHEH rpammieil Moxkectsa wicen |z —y||, y € L.
Bo3HUKIA OC/IE0BATETLHOCTD

{yn} 7= C L.

OKa3bIBaeTCs, YTO OHA OrPAHUYEHA, T.K.
1
lynll = llyn =z + 2|l < llll + llyn —2ll < llz]| +p+ — <zl +p + 1.
Nrak, mpu Bcex n € N numeem:
lynll <zl +p+1, (n=1,2,...).

Tak kak L - KOHEYHOMEPHOE TI0 yCJIOBUIO, & [TOCJIEI0OBATEIHHOCTD OrPAHNYEHHAs, TO U3 HEE€ MOXKHO BBIZe-
JIATH CXOZAINLYHOCS NOIIOCTEI0BATENBHOCTD { Yy, } (Teopema Bonpnano-Beitepmpacca). Ilogpasymesaem,
aTo ny < ng < ...

OxazeiBaercs limy,,, u sBasiercs O1mKaRINM 9/1€MEHTOM K & B IOJIPOCTPAHCTBE L.

B camowm nene,

1
p< e —ynll <p+—,
Nk



npuveM B CUJIy MOHOTOHHOI'O BO3PAaCTaHUA U OTPAHUYICHHOCTU CBEPXY

ny — 00.
k—oo

ITostozxum
k—oo
Torza, ycrpemiisid k — 00 B HEDABEHCTBAX U MEPEXO/is M0/ 3HAKOM HOPMbI K npejiesy (B CUly HEIPEepbIB-

HOCTH HOPMbI), OyJleM UMeTb
p<lz =€l <o,
lz =&l =p
Tak Kak KOHEYHOMEPHOE IIOJIIPOCTPAHCTBO 3aMKHYTO, TO0 £ € L (cM. HUXKe). O

CaencrBue 1. Ecau X = Cla,b] - npocmpancmeo nenpepuennr dynkyui na ompesxe [a,b], ¢ webovi-

wesckot HOpMOU

[fIl = max [f(#)],

te(a,b]
a 6 Kauecmee nodnpocmparcmes bepemca Ly, - MHOKHCECMBO 8CET MHOZOUAEHOE CMENEHU HE BBLULE, YEM
(n—1), mo 6 nem ecmo bausicatiwudl snemenm dasn ecaxot f € X.

E20 na3wi6a10m IMOJIMHOMOM HAWJIy9IIEro paBHOMEPHOro npubJsim>kenunsi pyHkoun f.

Teopema 3. Ecau L - samrnymoe nodnpocmpancmeo zuavbepmosa npocmparcmea H, mo Vo € H\L

cywecmeyem z € L, baustcatiwut aremenm x , mo ecmov
x —z|| = inf ||z —y|| = p.
| I = inf | |
Loxasameavcmeo. 1lo onpenenenunio dncia p nMeeM:
VneNdy, €L:

1
péllx—ynll<p+5 (3)

TeM caMBIM - CYIIECTBYET IOCJIEI0BATEIHLHOCTD {Yy, o, C L, 1y1s KOTOPOi
n=1 ’
[z = yull —— p. (4)
n—oo
JlokazkeM CXOIMMOCTD TOH MOCTIEI0BATETHLHOCTH
{yn} —— 2, z€ H.
n—oo

Torzma mo MpearnoIoKeHHI0 0 3aMKHYTOCTH OyaeM umerh L - z € L.
HocTarodro moka3arh PyHIAMEHTATHLHOCTD TOH IMOCIEI0BATETLHOCTH, TaK Kak H - 6aHaxoBO, TO OHO
IOJIHOE.
Bocmosb3yeMcsa TOXKIECTBOM IapaJljIeIOrPaMMa:
Va,b € H nmeem
la = bl + fla+ bl = 2 laf® + 2 [Ib] (5)



C nomompio (5) mosydaeM Ciemyrolee:

2 2
lyn _ymH =[[(yn —2) = (ym —2)||” =

2 2 2
=2y — @l? + 2 llym — 2]* = |-22 + g + yul|* =
1 1 2
2 2
= 2[lyn = 2" + 2 llym — 2l =4z = (Gyn + Sym)|| <
4
<2 lyn — 2l + 2llym — o[> = 4p* — 2 2 + 207 — 4 =0

Orcrona BeiTekaer (byHIAMEHTATIBHOCTD MOCJEIOBATETLHOCTH { Yy, }-

Ycrpemuwm B Hepasencrse (3) n — oo. Torma
Yn — 2 € L,

p <l =zl <p

DTO TOBOPHUT O TOM, UTO z - OJIMKANIINN SJIEMEHT K .



3 O emmHCTBEeHHOCTU OJIMXKAMIIIETO 3JIEMEHTa B CTPOTO HOPMHUPO-
BaHHBIX ITPOCTPAaHCTBaX

IIpengoxxenne 2. B npou3eosbHOM AUHETHOM HOPMUPOSaHHOM npocmpancmee X dasa N,y € X umeem

lz =yl < llz]l + ||lyl], npusem snax pasencmea umeem mecmo 3a6€0omo 6 8YT CALOYWUUT CAYHAAL:
(a) no xpaiinets mepe odun u3 eexmopos pasen 0 € X ;
(b) odun uz eexmopos, nanpumep y = ax, 0as HeKomopozo o > 0.

Joxasameavemeo. ().

[[z]] + 0] = [lz + 0]

]| = ]

(b). y = ax
lz+yll = [z + axl| = (a4 1) [|]|

el + lyll = [lz]l + laz| = (a + 1) ||

O

Omnpenenenne 2. Jluneiinoe HOpMUPOBAHHOE MPOCTPAHCTBO X Ha R HA3BIBAETCS CTPOTO HOPMHUPOBAH-
HbIM, ecim Jus Va,y € X pasencrso ||z + y|| = [|z|| + ||y|| Moxker BBIIOIHATHCA TOMBKO B JABYX CIIyYasx

- (a) wiu (b).
IIpennoxkenne 3. [uavbepmoso npocmparncmeo H nad R aasemces cmpozo HOPMUPOSAHHBIM

Zoxazameavcmeo. B camom mese, mycThb 171 HEKOTOPBIX T,y BBIIOJIHAETCS
e +yll = llzll + [lyll

npudeM x u y oba orauuabl 0T 0. C OHOI CTOPOHBI, BO3BEIs MPEIBIIYINEe PABEHCTBO B KBApAT, OyaeM
nMeTh

2 2 2
[z +ylI” = 21" + Iyl + 2 [l ly] -

A ¢ gpyroii cTOpOHbI

|z +yl* = (@ +y,2+y) = |=]* + lyl* + 2(z, ).
W3 nByx mosmy4eHHBIX PABEHCTB CJIEIYeT, ITO
(@,9) = [z lyl| > 0.
PaccmoTpum KBaJpaTHBIH TpeXUaeH
[tz + y)|* = £ [|=]|* + 2t(z,9) + lyl*, (t € R).

Oka3zbIBaeTcst, 9410

F<0: ity =0



OTKyna BUIHO, 9TO

Y
oIl
]
a CJIe/I0BATEIbHO
|tz +y|| =0
N36apBnsasack or 3HaKa HOPMBI TTOTY Ia€M
tr+y=0.
Takwum 0O6pa3oM mMeeMm, 9To
y = —tx.
O
Cuneacrsue 2. IIpocmpancmeo 12, cocmasaennoe us ecex © = (T1,...,Tn,...), 20e 6ce T, € R, npuuem
[e’¢) 2
2
lz = { Y an ] < +oo,
i=1
ABAACMCA CMPO20 HOPMUPOEAHHDLM.
JHoxazamesvcmeo. MOKHO BBECTH CKAJISIPHOE IPOM3BE/ICHIE
Y= W1, - s Yny--.)
o0
(@,9) = Tnyn-
i=1
Orcroma ciiemyer, 9To ero MOYXKHO TTPEBPATUTH B TMJILOEPTOBO. O

Bameuarue 3. Bee [P ipu p > 1 9BAAIOTCA CTPOrO0 HOPMUPOBAHHBIMU. A Tipr p = 1 3TO HE Tax.

Teopema 4. B AuHeliHOM CMpPoz20 HOPMUPOSAGHHOM npocmparcmee X Y 6CAK020 dneMeHma T He boaee

001020 baudicatiusez2o 6 awbom nodnpocmpancmee L C X.
Zloxasameavcmeo. Ilycrs
p=inf Jlo—yl,
U TIYCTH Y1, Yo - Tapa OIUKANIINX K T JEMEHTOB, TO €CTh
2 =1l = [l — vl = p.

Paccvorpum 2 caygas:

1). p=0

2). p>0

B unepsowm cayuae, T = y; u T = Y2, TO €CTb Y1 = Ya.
OTcCro/ia BHITEKAET €TMHCTBEHHOCTD.

Bo Bropom cityuae, MOCKOIbKY MHOXKECTBO BCEX OJIMKANUIMINX IJTEMEHTOB K & B L sIBISETCS BBIMYKJIIBIM,

10



TO DJIEMEHT Y = % - Tak¥ke Oymxkaimuit K ¢ B L. Tem cambim

Y1+ Y2 1 1
= —_ |l = ||= — — — <
p Hx 5 HQ(x i)+ 5@ —12) ’
lz =l | lz—wl 1 1
< = — -0 =
5 + 5 2er 2p P

Orcrofa uMeeM 3HAK PABEHCTBA B BBINIEYKA3aHHOM HepaBeHCTBe. [losTomy

I =y1) + (2 = y2)ll = llz = gl + [l = 2|l

A suauwrt, BBUAY T — y1 # 0, £ — yo # 0, OyZIeM UMeTh mpu HEKOTOpOM « > 0:

(x —y1) = a(z — y2),

T — Y1 = axr — oy,

(1—-a)r=y1 — ays.
€CJIM OKA3aJIoCh, YTO o = 1, TO OyJIeM UMETh eIUHCTBEHHOCTh, MMOCKOJIbKY W3 PABEHCTBA & — Y1 = T — U2
nMeeM Yyip = yYa.
A npu « # 1 nosyyaem

(1 —a) =y — ays.

Hork . ypy € Luy, € L, 01
_ N —ay

T e L.
1—«a
Taxum 06pa30oM TPUXOIUM K BBIBOLY, UTO
p=0
Tlonyyennoe nporTuBopedne JI0KA3bIBAET YTBEPXKIEHUE TEOPEMBI. O

IMomuepkuem, uro npocrpanctso Cla,b] Bcex mempepwiBabix dbynknuii o = «(t), ¢ mopmoit ||z| =

max |z(t)| He ABISETCS CTPOrO HOPMHUPOBAHHBIM.
a<t<hb

11



4 XapakTepusanusd OamKaMImmx 3JEeMEHTOB B HEKOTOPBIX IPO-

CTPaHCTBaX

Teopema 5. [lycmo L - 3amknymoe nodnpocmpancmeo 6exmoprozo 2usbbepmosa npocmpancmea H,
nycme x € H. Tozda, wmobv, anemenm z € L 6via bavoicatiwum ¥ x < (x—z,h) =0 Yh € L, mo ecmo

wmobv, pasnocms (v — z) 6viaa opmozonaavra nodnpocmpancmey L.
Zokasamenvcmeo. (<)
lz =2l = o =242 = h|* = |lz — 2" + ||z + o|* >
>|z—z|° Vhel

Orcoga nmeeM

le bl > o -2l VheL

A 3pauuT 7 - OIUKAWIIKUIT JIEMEHT.

(=) HJonycrum nporusnoe. Torna 3h € L :

(x—2z,h)=a=#0

Paznenus 310 paBencTso Ha ||h|| momy4awnm:

<x_zfl>_<1
"|In|l ([~

O6o3uaunm:
h
ELLE—
17l
@
— =4
IRl
Takum obpazom:
(x—2h) = B#0

OkagzbiBaeTcs, 910 z + Gh; PACHOIO)KeH CTPOro OJmKe K T, 9eM Z.

B camou zeie,
2= (2 + Bh1)|| = ((z = 2) = B, (z — 2) — Bh1) =
= [lz — 2] = 2(x — 2, Bln) + |8 |* =
= [lz = 2II* + |80 ]|* — 28% =
= lz— 2| + B2 (Im ) - 2) =

tak kax ||hy || = 1, To momyuaem

=|lz - z|* = 8% < [z —=2|”
Tlonyawnu mpoTuBOpedne ¢ T€M, 9TO 2z - OJTHKANUIINAA JTEMEHT. O

Xapaxrepu3aruio O/IHKANIINX SJIEMEHTOB B IOAIIPOCTPAHCTBE IIOJIMHOMOB CTEIeHH, He O0JIbIIeil, Yem

N, JTOCTABJISAET CIeAyomas reopema debbimena;

12



Teopema 6. IIyemov f € Cla,b], |f]l = rila§b|f(x)\ U NYCMy an2ebpauveckuli NOAUHOM D UMEEM
a<z<

cmenens degp < n u e2o paccmosnue do f (06osnavum ezo A = ||f —p|| > 0). Tozda, wmobwv p Gvia

baustcatiwum % | cpedu ecex noaunomos p degp < n < I ne menee (n+ 2) mouku a < xop < 11 <

... < ZTpy1 < b, 8 KOMOPBLIT
(a) f(xi) —play) = (—1)"A, aubo
(b) f(z) —plar) = (DDA, npuk =0,n + 1.
3amevanue 4. TOUKH T), HABBIBAIOTCS MOUYKAMU YEOHULLECKO20 AALMEPHANCA.

Joxasamenavcmeo. (<) IlpeanookuM MpOTUBHOE: XOTA U BBINOJHEHBI penonoxkenus (a), (b), ogHako

D - ue Gumxkaitimmii. To ecrs Ip(degp < n):

If =l >If =pl-

ITycts mmeercs (a). YcraHOBHM, 9TO

sgn [p(ar) — Blzx)] = (-1, k=0,n+1, (6)

UCIIOJIB3ydA TpeaCTaBJICHUE:

p(xr) — plar) = [f(zx) — plaw)] — [f (2r) — plar)] (7)
Jlemma 1. Ecau |a| > |b| dasa sewecmsennniz a,b € R, mo sgn(a —b) = sgna

Jloxasameavcmeo. (a—b) =a (1—2), e 2 < |2 <1

To ecrp, (1 - 3) >0 O

ITo monymrenuio TPOTUBHOTO:

If = pll = A = [f(zx) = plax)| > [ f(2) = p(2)]| = [f(2x) = p(z1)]

TosTomy (6) moxkazamo.

TlocTpoum mpoTuBOpedwne:

k=0:

(p — p) Ha orpeske [rg,x1] MeHsteT 3HaK. OTCIONA CJIEYeT, 9TO HA STOM OTPE3KE €CTh KOPEHb.

k=1:

Amanormuano (p — p) Ha [z1, T3] MEHsIET 3HAK, A 3HAYAT U HA 3TOM OTPE3Ke eCTh KOPEHb.

TTpoBOMM AaHANIOTWYHBIE PACCYKIEHUS BILUIOTH 0 OTPE3KA [Ty, Ly41] BKIIOUUTEIHHO.

Urak, pasuocth (p — p) uMeer 1o KpaiiHeil Mepe (n + 1) KopeHb Ha OTpe3Ke [a,b], SABIAAACH MOJHHOMO-
MCTEIeHN MeHbImeit, 1ubo pasuoit n. [lomyunmu mporuBopetne.

YrBepxkaenue (=) B paMKax JaHHON pabOThI OCTaBUM (€3 JTOKA3ATENHCTBA. O

IIpennoxenue 4. Ecau gynxyus f € C[—1,1](mo ecmo [ 3adana na ompesre cummempuurom omHo-
cumeavno 0) u asasemca wemnol (hewemunot), mo eé bauscatwud p,(x) (degp < n) moowce wemmwvid

(newemmwii).

13



JlokazaTeabCTBO MPEJIOKEHNS 4 TPOBeJeM MOCe CJIEAYIONel TeOPEMBI.

Teopema 7. Beaxas gynxyus f € C [a,b] umeem eduncmeennvili NOAUHOM HAUMEHDULEZO PABHOMEPHOZO

npu6/Lu9fcesz 6 nodnpocmpaﬂcmee NOAUHOMOEB CTmeENeHU HE 8BLULEM T1.

Joxasameavcmeo. Ilycrs P(x) n Q(z) - mapa MHOTOUIEHOB CTENEHH He BBIIE, YeM 7, KOTOPBIE SBIISIOTCS
OruKaRIIAME K TPOM3BONBHO 3anannoil dyuxmuu f(z) € C [a, b].
Hycrs ||f =Pl =p=[f - QI

& P(z)+Q(x)
Bo-mepebix, momycymma GmuKaimmx ——5---

WMeEET CTeTeHb He BBITIE N ¥ TOXKE SIBJISIeTCsT OIIMKaimmm
K f, MOCKOJIbKY MHOXKECTBO OJIMKAMINNX BBIITYKJIO.

TTo reopeme Yebbiiesa (6) 06 ajnbrepHance cyliecTByer o Kpaiineil mepe (n + 2) Touku Ha orpeske [a, b]
a<2<r <...<Tps1 < Db,

7151 KOTOPBIX

Flaw) — P(zy) ‘; Q(zx) _ f(@k) ; P(zy) + f(@k) ; Q(zx) _ (_1)1@[), k=0,n+1 (8)

Mpb1 HaMepeHBI 10Ka3aTh, uto P(z) = Q(x) Ha [a, b], ycranosus copnanenve P(x) n Q(x) Bo Bcex (n+2)-
YX TOYKAX AJIbTEPHAHCA.

Paccmorpum 3zech B (8) k-derHbre.

Torna
flzy) — Plzy) L flax) = Qar) p
2 2
OxaspiBaeTca
flaw) — Plxy) _p
2 2
flze) = Q) _ p
2 2

3amernm, 9TO U3

flax) = Plag) < [f(xr) — Plap)| < |If = Pl =p

ciejyer
f(zx) ; P(xy) <

NI

AHajoru4yHo mosydaem

flaxx) = Q) _
2 ~

[NVl st

A TaK KaK B CyMMe OHN ,Z[aIOT p, TO HOJIy‘{aeM Hy)KHOQ.
f(og) — P(ay) = f(or) — Q)

P(zy) = Q(zk)
I k-JeTHBIX
Ilycrs Tenepn k-nevernoe. Torma

f(xy) — P(xy) n flzr) — Qzx)
2 2

=(=Dp
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P(xy) — f(xx) n P(xy) — f(xk)
2 2

P(xy) — fzr) < |P(xr) — fze)| S | f = Pll=p

=p

Taxkum obpazom mosiydaeMm HyKHOe. 0

Zoxasamenvcmeo. (Ilpenoxkenus 4)
Oycrs f(—x) = f(x) Vz € [-1,1] u uycrb p - Gumkaiimmil Kk f cpeiu BceX NOJMHOMOB CTEIIEHH HE
OoJIbIEH N.

JlokayKeM 9eTHOCTH P.

Jlemma 2. Ecau ¢ us C[=1,1], mo [l¢(@)[l o1, = le(=2) o211

p(x) + p(—=x z) — plx x) —p(—x
o< |y - B@ B ||| 1@) =) | fe) =)l
2 2 2
1 1
< S I =B+ 5 I (=2) —p(-2)| < p
Takum 06pa3oM NPUXOIUM K PABEHCTBY:
1f(=2) = p(=2)[| = p
CrenoBarebHO,
p(z) + p(—=)
2
- MOJIMHOM HAWJIYYIIEro YKIOHEHWSI.
Ilo Teopeme 7 - Takoii TIOJMHOM €IWHCTBEHEH, TO €CTh
p(z) + p(—=x ~
GRS, CO
" Takum obpasom
p(z) =p(—2).
O
Teopema 8. (/icercon)
Ecau sewsecmeennasn pynryus f nenpepwena na [—1, 1], mo cywecmsyem moavko odur eexmop (50, e ,§n) €
R ¢ ycaosuem
1 1

_/llf(x)—(éox"+...+§n) dr = (50,,__?§S)f€R,,L+1_/1|f(x)—(fo:c”+-..+£n)ldz

3amenwanue 5. MoxKHO 10KA3ATDH, 4TO B TEOPEME 8 4€THOCTD Dy (X) = o™ +. . .+E,, COBIALAET C YETHOCTHIO

f(x), cM. HIKe.
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[ycts 3amam0 N - Hesoe Heorpumateabnoe, [ € N u Touka (Ag,...,A;_1) € R, Ay = 1. Ilycrs

COOTBeTCTByKHHHﬁ:HOHHHOM

Roqi(z) = Rpqu(2, Ay, Apmy) = 2™+ A"+ o+ A 2™ "+t ag, (9)

MMeeT HANMEHBINyI0 HOpMy B mpoctpancTe L [—1,1] 3a cder BbiGOpa (ag, . . ., Qj4n).
Torma p = —(a;z™ + ... + aj4p) - TOJIMHOM HAWMJIYHIIero npuoimKenns B Merpuke L [—1,1] dyskimn
flz) =a" 4 Ayt A2 (10)

ABAIOmIeica crapueil yacTpio noauHoma Ry (x) u3 (9).
ITo reopeme IzkekcoHa p(x) CyIIeCTBYeT M eIuHCTBEHHBINH. OTCIONA CIIeyer, YTO CYIIECTBYET eInH-
cTBeHHBIH R, y;(r), HauMeHee YKOJHSIOIUICA OT HyJisi B MHTErPAILHON MeTpuKe, jjis Jiioboil crapuieit

gacru f(z) uz (10)

Yrepxkaenue 2. /s nosunoma Ry y(x) naumenvwezo yxaonenus om nyan (9) umeem

41
/xk sgn Ry (z)de =0 (11)
1

npuk =0,1,2,3,...,n, M0 ecmb 3HaK IKCTMPEMAADLHOZ0 NOAUHOMA OPTNOZOHANEH K cmeneHam ¥, 1, 12, . ..

Joxasameavcmeo. Tlo mpeamomnoskennto 06 (9) dbyHkimst
1

J(&os ... &n) = / 2"+ A" L G+ G L+ 6| da (12)

-1
nMeeT MEHIMYM (eamHCTBeHHBI) Ha R mpm & = a;,...,&, = a;4,. Torma wacTHBIE TPOM3BOTHBIC
gé =0 B rouke (aj, ..., n),% = 0,n. Juddepenuupys noz 3HAKOM MHTErpaja MO/LY/Ib U yMHOXKas Ha

TIPOM3BOIHYIO MO & OT BBIPAXKEHUS IO, MOJIYJIEM, TIOJIYIaeM:

+1
oJ ; ,
% = /sgn Ry(x)z"de =0, i=0,n,
fg
410 coBuazaer dbaxkruiecku ¢ yrsepxkaenuem (11). O

VYrBepxkaeHue 3. sxcmpemanrvrvil nosurnom Ry (x) 6 (9) umeem na unmepsase (—1,1) ne menee,

wem (n+ 1) nepemeny snaxa, no ne bosee wem (n+1).

Joxasameavemeo. JonyctuM OTHOCUTENBHO R, () MpOTMBHOE: y HEro TOIBKO m < n TO4eK —1 <
a1 < ag < ... < apy < 1 nepemen 31aka Ha (—1,1). Yrobbl npuiitu K abcypiy, PACCMOTPUM MOJTHHOM

qg(z) = (x — a1)(x — a2) ... (z — ayy) Tenenu m < n, seaeacrsue dero (cm. (11)) umeem:

+1
/(x—al)(x—ag)...(m—am) sgn Ry (z)dx = 0. (13)
21
Ho nonuuowm ¢(x) MeHsieT 3HAaK TOJBKO B TOYKAX A7, . . . , G, HO3TOMY sgn ¢(x) = (£1) sgn R, (z). 3naunr

Jutst neBoit gactu B (13) nmeem:

41 +1 +1
[ a@)sen Rusa@ldo = = [ ata)senata)de == [ laa)|de 0

-1 -1 -1
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CaencrBue 3. Ilpu |l = 1 sxempemanvhods nosurnom 6 (9) umeem mowno (n + 1) nepemeny snaxa Ha

unmepsase (—1,1), cm. [1].

B camowm pzese, 1o yrBepxKaenuto (3), srux nepemeH 3Haka mpu Jiobom [ - we menee (n + 1)-oii u
ne Gosee, uem (n + 1), Tak Kak BCAKAs LEPEMEHA 3HAKA $BJAETCH BEIECTBEHHbIM KOpHeM R, i, (z). A
MIOCKOJIBKY €ro cremeHb (n 4 ) To u KopHeil Takux JoJKHO ObITh < (n + 1). Cremyroiee yTBepKIeHne

oboraer To, KOTOPOe MMEETCsl B YTBEPKICHUH 2

VYrBepxkaenue 4. ITycmov daa f(x) us (10) u mexomopozo noaunoma p(z) = — (@™ + ...+ anyp)
umeem:

+1

/xksgn[f(:b)—p(x)]dxzo, (k=0,1,...,n), (14)

21
mo20a p(x) - NOAUHOM HAUAYHULE20 UHMEZPANLHO20 NPubAUXCcenu i f(x), mo ecmb pasnocms [f(z) — p(x)]

- 91O NOAUHOM, HuMenee YykionAowutca om nyass muna (9) co cmapwed wacmovro (10).

Joxazamesvcmeo. s ykmonenus: f(x) OT IPOU3BOILHOIO BEIIECTBEHHOTO HOMHHOMA pe(z) = Eoa™ +

...+ &, nMeem:
+1 +1

/If(x)*pg(x)\dI:/[f(l’)*ps(w)] sgu [f(z) — pe(x)] dx >

—1 -1

+1
- / (@) - p()|do
O

ITpn TpUMEHEeHNW MEeTOIWKY TPAKTHIECKOTO TIOCTPOEHUsT TOIWHOMOB Ry, 1(x), HANMEHee yKIIOHSIO-
[muxcst or Hynst B MeTpuke L[—1, 1], miist mpon3BoabHbIX crapiiux dacreii f(x) ocoboe BHUMaHWE JTOJIKHO
ObITh YIEJIEHO TeM IKCTPEMAIbHBIM MOJMHOMAaM B (9), y KOTOPBIX YMCIIO epeMeH 3Haka Ha (—1, 1) coBna-
Jaer ¢ ux crenensio (n+1). Okazanocs [1], aro npu | = 1 970 Tak Ha3bIBAEMblE Y€ObIIIEBCKUE LOJTHHOMbL

BTOpOro pona Up,41(x), KOTOpBIE COMEP:KUT CIIEAYIOIIee yTBEPIKICHNE.

YrBepxkaeHue 5. Bupaosicenue

sin(m + 1)t
2mgint

Un(x) = , t=arccosxr, v =cost, m=0,1,..., (15)

ABAALMCSH NOAUHOMOM NOPAIKG T, NO CINENEHAM T €O CMAPWUM KoIPPuyuemom pasrvim 1, npusem
1
Unmio(x) = 2Up1(z) — ZUm(I)’ (m=0,1,2,...). (16)
Joxazamesvcmeo. OHO OyIeT mOTydeHO, KaK TOJBKO MbI JoKaxkeM (16), MOCKOIbKY OY€BHAHO, UTO U3

omnpenesenus (15) Gyzer, BO-IepBbIX,

sin 2t

U()(.T) = 1, Ul(ﬂf) = m

=cost = x.
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Orciona mo (16) mpm m = 0 mveem nanee Usz(x) = xUi(z) — jUp(z) = 2? — } n rax ganee. Jas

nokasaresibersa (16) npuBegem npaBylo 4acTb oTTyaa ¢ yderoM (15) K JieBoii:

1 sin(m+2)t 1 sin(m+1)t
U1 (2) 1 m(z) = cos om+1gint 4 2mgin ¢
_ 1 tsin (m +2) — = sin (m + 1)t| =
= Smrigyy |Costsin(m 5 sin (m =

! F (sin(m + 1)t + sin(m + 3)t) — % sin(m + l)t] -

T 2mtisint |2
_sin(m+3)t
= Dmizgmg - Omr2(d)
O
3amenanue 6. 3BecTHO cremennoe pasimoxkenue s (15) Buga
1 m=p _ m—1 o (m=2)(m—23) _
_ _1\p_—_ m—=2p _ ,m __ L am—2 Cam—4
Un(x) = Z (-1) I x =z — e R TR ce
0<p<m/2 p
VYrBepxkaeune 6. Jlis 4ebbue6CKUT NOAUHOMOS Nepeozo poda euda
t
To(x) = %, t = arccosz, x =cost, (m=1,2,...) (17)

CNPaBedAUBE AHANO2UYHASA POPMYAG

1
Ty2(v) = 2Ty () — ZTm(x):

20e
T (z) = =z,
cos 2t 2cos2t —1 1
T = = = 2 — =
2@) = =5 2 Ty

18



5 HOJII/IHOMBI, HanmMeHee YKIIOHAIIIneCd OT HYJid CO CTapIinM KO-
s dburmenTom 1 (B nHTErpasIbHOl MeTpUKE)
Ilycts B mosmHOME CO crapiuM KoddduinmenTom 1
Roi(2) =2 +ap2™ + ...+ ans + angy (18)

Tpebyercsa nomobparh BEMECTBEHHbIE 3HATEHUS A1, . . . , Ap 41 BBIOPATH Tak, 9ol L [—1,1] - HOpMa MHO-
rousiena (18) Obuta Hamenbinedi. COOTBETCTBYIONMIA ITOMY BBIOODPY G; MOJTMHOM, HA30BEM IKCTPEMAJIb-

HBbIM.

Teopema 9. (Kopxun, 3osomapes) [1]
Ixempemanrvuolli 6 (18) noaurom, mo ecmv ¢ HAUMERDWET UHMELPAALHOT MEMPUKOT, €CMb

sin(n + 1)t

Ryy1(z) = Unya(z) = S tlging

2de t = arccos x.
1 MoKa3aTeIbCTBa ITOM TeOpeMbI MOTPEOYIOTCS TPU CJICAYIONTHE JIEMMBI.

JIlemma 3. Bupasicenue (19) cnpasa, asasemes noaunomom muna (18). Tounee, nycmo

sin(m + 1)t
2m sint

9

Un(z) =

2de t = arccosx, m=0,1,2,....
Tozda
1
Un2(@) = 20 (@) — U (). (20)

Ora seMMa OblIa JOKa3aHa B MpeJblAylieil IjaBe B Kauecrse yTBepxKienus (5)

Jlemma 4. Ilpu k € N swipasicenue

k
(cost)* = B + Z B, cos mt, (21)

m=1

mo ecmbv ABAAEMCA YEMHBIM MPULOHOMEMPUYECKUM TLOAUHOMOM nopﬂﬁmz < k.

Zloxaszameavcmeo. Jloka3aTenbCTBO MOTyIaeTcs WHAYKInei mo k.
Cayuait k = 1 (6a3a nnaykiwn )-rpusnaieH. [lycrs (21) BepHo (TpeAnosoKeHne WHAYKIH ), PACCMOTPUM
crepyrommii (k — 1)-it mar:

k
(cost)FH! = Z By [cos(mt) cost] + Bcost =

m=1
kg k1
= Bcost + Z Tm[cos(m + 1)t + cos(m — 1)t = B’ + Z B! cosmt.
m=1 m=1
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Jlemma 5. Hmeem mecmo pasaosicenue 6 mpuzoHOMempuyeckull pao:
. 4 . I
sgn(sinz) = —(sinz + 3 sin3z+...), Vx €R
™

6 wacmuocmu npu x = (n + 2)t, umeem

. 4 . 1.

sgn(sin(n + 2)t) = —(sin(n + 2)t + 3 sin 3n+2)t+...)
T

Joxasameavcmeo. Tlo veuéruocru, muddepenuupyemoctu (njisa x # km, k € Z) u 27 -NepuojgnIHOCTH

pazmaraemoit QpyHKIIN:
o0
sgn(sinz) = E B,, sinmax,
m=1

rae

2 2
B, =— /sgn(sin x) sinmadr == (
T

s

= = (1= (-D)").

1 —cosmm\" 2
o Tm

m
Orciona B, pasuo 0, ipu m-4érubix - B, = 0; a npu m-He4ETHBIX - 3HaYeHUE B, = % . OkomuareapHO

OyZeM MMeTh PA3JIoKEHHUe IO CHHYyCaM HEd9EéTHON KPATHOCTU

4 = sin(2k — 1 4 1
sgn(sinx)zﬂkzlbm;k_l)xzﬂ(sinx+3sin3x+...)

Hoxasamesvcmeo. (Teopema 9)
CornacHo KpuTepus KcrpeManbHocTy (eM. [1]) ZocTaTrodHo J0Ka3aTh, 4T0 HMEIOT MeCTO caemyume (n+1)

paBEHCTB

1
/xk sgnUpi1(z)dx =0, k=0,n (22)
21

T.x. 0 < arccosx < 7 , To 3Hamenaresb B (19) — Heorpunaresen. 3HauuT jaesas 4acth B (22) ecthb

i T = cost
/xksgn(sin(n + 2) arccos x)dx = =

“ dr = —sindt

0
/ (cost)*sgn(sin(n + 2)t)(—sint)dt =

™ k
= /(B + Z B, cosmt) sintsgn(sin(m + 2)t)dt =
0 m=1
1] R 1
=— / (B/ + Z B/, sinmt)(sin(n + 2)t — 3 sin3(n+2)t+...) =0

e
0 m=1

B CUJIy HEPaBEHCTB

m<k+1l1<n+l<nt+2

Paccemorpum cienyrommii mpumMep:
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IIpumep 3. B mosHOM COOTBETCTBUU C JOKA3AHHONW TEOpeMoil 9 , OyaeM mMeThb:

1 1
. 9 9 1 1
min [ |2 — (ax +b)|dz = [ |2* — ~|dz = =
a,b 4 2

1 —1
Jokazkem, 9To 4ETHOCTH MOJIWHOMA HAMJIydIero mpuoankennsi B L[—1, 1]-merpuke coBnagaer ¢ 48THO-

crpio mpubnnkaemoit Gyskmun (cMm. 3amedanue (5)).

Zoxasameavcmeo. Ilycrs f(x)-uérnaa nenpepbiBaas dbyskius, o ectb f(x) = f(—x), xorma —1 <
x < 1. HonoxuMm e, = ||f(x) — pn(x)]. JTerko yBugers, uro e, = ||f(—z) — pn(—2z)|| B cuiy paBencrsa

1
en = [ |f(z) — pn(z)|dz. Tak kax (p,(x) — pp(—2))1 - crenenu ne Bbue uem n,
1

Pn(2) = pn (=)

2. <9 H fz) =2 = || f(@) = B + f(—2) — Br(—2)]| < 2en

2

Tlostowmy,
2) — o (—
|1 - ),

Torma mo Teopeme eTuHCTBEHHOCTH (/IKEKCOHA), BHIYUTAEMbINH MOJWHOM - HAMJIYYINHN, TO €CTh PABEH
pn().
3uaqur,

Dn(x) —Dp(—x)

o) Fl)

OTKy/Ia,

Pn(=2) = —pa(2),

TaK 4uTo p, () - dyukms veuérnas. Ciyuail, korga npudamkaemas ynkims f(x)- uérnas, paccmarpu-

BAaETCSA aHAJOTUYHO. [l
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6 MeTtoa MmakCUMaJbHBIX MOJUHOMOB B ITpobJieMe 30JI0TapeBa

Ilycts [ € Nyn € Z, n 3aganst BemecrBennbiit Ag = 1, Ay, ..., Aj_1, Tpebyercs HANTH G, Q141 - - -, Qi4n €
R ¢ ycmoBuem
1
/ |x”+l + AT AT .+ an_H’ dxr — min. (23)
-1
9ro kiacuyeckus npobiema 3osorapesa B obuieil mocranoBke g npocrpancrsa L[—1,1], o noucke
[IOJTMHOMOB

Rn+l($) = RnJrl(.'I}, Al, e ,Alfl),

HauMeHee YKJIOHAOIUXCA OT HyId B MHTErPAJbHON METPUKEe U MMEIOIIUX Halepe/] 3a/JaHHyI0 CTapIIyIo

qaCTb

flz) =" 4 A=t A2t

W3 obmieit Teopnu Hamaydmmx npubmKennii [3, 4] n3BecTHO, 94TO perneHue 3amadn (23) cyuiecTByer,
€IMHCTBEHHO W 9TO 9KCTPEMAJIbHbINA MOMHHOM Ry, 4(x) umeer ua (—1,1) ne menee (n + 1) nepemen 3ua-
ka. C apyroit croponbl, 9TUX HepeMeH, o4esuiHO, He Gouee, dem (n + ). dust ueseit 0603penust Beex

9KCTpPEeMAaJsIbHBIM TIOJIMHOMOB, aBTOD [6] BBeJ ciezyrolee oOmpeeseHue.

Omnpenenenne 3. Ecnim npu manmbix | € Non € Z, n Ag = 1,A4,...,A;—1 € R coorBercrByionuit

HOJIMHOM, HAMMEHee YKJIOHAOMUIICa OT Hysisi, umeeT TO9HO (n + i) nepemen 3naka Ha (—1, 1) Buzga
“l<ar<as<...<apu <1, (1<i<l), (24)

7o nipu § < [ oH OyzeT 0003HAIATHCS Ri:fli) (w,Aq,...,A_1),aecim i = [, Towepes R (x, Ay, ..., A1),

1 HA3BIBATBCA MAKCUMAALHDBIM.

Hanpuwmep, cornacuo (1] npu [ = 1, R (z) = Upq1 () - gebbrmiesckuit nommuoM II pora (cM. Taksxe

[3], crp. 81-82). 9.M.Tasees [2]| nepeorkpbli HAKTHIECKH TOJTHHOMBI

A 2
25 (0 A1) = Unsale) + i) + (5 ) Una)

(cm., nanpumep, B [4], crp.99).

max

Pasywmeercs, nia permenus obmieit mpobiemsr 30/0TapeBa HEOGXOIMMO, B 9aCTHOCTH, 3HATH Bee 1.

Okaz3ajoch, 9T0 B HEKOTOPOM CMBICJIE 9TOTO U JIOCTATOYHO, KAK MOKA3BIBAET MPUBOIMMAsT HUKE CTPYKTYD-
nas Teopema 10, onuceiBaomas (GOPMy MPOU3BOJIHHOIO IKCTPEMAIHHOTO MOJUHOMA C MOMOIIBI0 MAKCH-

MasbHbIX. IIpu 3roM skcrpemasbHbiil B (23) - 910 Besikuil pa3 oguH U3 | OJMHOMOB: Rf;fll) (1<

max

- Tak 9TO MAUHUMU3AIHST (24) w3 BBesEHMS I KOHKPETHOTO 33JAHHOIO BEKATOPA

i < 1) wm
(1,A Ai—1) e Rl e Goi 6

VAL A BEJIETCS, B KOHIIE KOHIIOB, K CPABHEHH. MeXKJy 00Ol BenmuduH He Oojee, 4eMm
[ nurerpasnos u3 (23). Ormerum, 4ro K 3amade (23) OOIIEU3BECTHBIM CIIOCOOOM CBOAUTCS 001ast Hpobiie-
Ma HAWJIYYIIero MPUOJIMKEeHNsT TPON3BOIBHOIO MHOTOWIEHA B MeTpuKe L[—1, 1] mocpencTBoM TOJMHOMOB

MEHbBIIEH CTEeNeHMN.
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(n+1)

Teopema 10. [Iycmo umeemcsa nosurnom R, , 1 > 2 co cmapweti wacmwio f(x) = 2" 4 Ajpnti=l 4

n+l
oo+ A2 mozda npu nexomopwiz py, ..., pi—1 €R
R (2, Ay, .o, Asy) = RIS (2, pu, i1 )i (), (25)
ede
(a) qi—i(x) ecmv wacmmnoe om desenus f(x) na RIVT(x,p1,...,pi—1) U 0no doadicHo coTpanams 3Hax
a (—1,1) das smuz p1,...,pi—1;

(b) ocmamox npu makom deaenuu

Tnyio1(®) = rogi—1(x, A, oo, s, -0 pic1) = rox™ Tl 4 T L
doastcen umems cmenens < N, MaK 4mo pi, . . ., Pi—1 6vipasicaromes weped Ay, ..., Aj_1 u3 cucmemot
’I‘j = ’I"j(Al, .. .,Al_l;pl,. .. 7pi—1) = 0, (0 g] g 7 — 2) (26)
(n+i) _ p(n+i)
Aoxasamenvemeo. llycrs cymecrsyer R, 7 = R, (z,A1,..., A1), TOrJa O LPEANOIOKEHUIO 00
(24)
n+i
i
R%zz) () = | ]| (@ — j)q-i(z), (27)
j=1
a Takxke (CM., Hamp., [3]), BBUAY 3KCTpEMATBLHOCTH Rf:fli)(sc),
+1
/xk sgn Riﬁji)(x)dx =0, (k=—-,1,...,n) (28)

e

Hokazkem, uro g;—;(x) coxpansier 3uaK Ha (—1,1). Ecam 661 HeKoTOpOe xo € (—1,1) okazanock TOUKOM
HepeMeHBl 3HaKa Js §j—;(x), To T # a; (1 < j < n+ i), HOCKOIBKY IPH Ty = «j JIeBas IacThb (27)
He uMesia OBI (vj TOUKOil mepemensl 3HaKa. Ho ecam x¢ # o mpu Beex j u3 (24), To xg - emmre oxHA TOUKA
LepeMeHbl 3HaKa lpoussegenus (27), 4T0 IPOTUBOPEYUT LPEALOIOKEeHUIO (24) O TOM, YTO ITUX TOYEK
posro (n + 7). ITo nokazaHHOMY, HcKIoYast To9kn x € (—1,1), B kKoropbix ¢—;(z) = 0, umeem

n-+i
sgn RS:;Z)(:E) = +sgn H(w — ), (29)

j=1
rJie OJMH ¥ TOT ke 3HaK (+) man (-) obcayxusaer Bee x € (—1,1). 3Ha4unT nepsbiii COMHOKATETH B (27)
9TO IOMMHOM mopsaka (n + ), uMmeromuii To4Ho (n + ) nepemed 3Haka Ha (—1,1), npudem B cuay (29) u
(28) on manmenee ykmonsercs or myas. Torma sto ects R} (x,p1,. .., Pi—1) C HEKOTOPBIMH D1, ..., Di—1,
samaBaembivu (24). Tem cambim, (27) nepenucbiBaercs B Tpebyemoe cooTHoienue (25), KOTopoe B CBOIO

0dYepesib €CTh PABEHCTBO

flx) = Ry (e, pry - pic1)qi—i(2) — (@12™ + .o+ apqy) (30)

U nockosbKy BTOpOE ciaraemoe B (30) cremenn < n, TO OHO SIBJISIETCS OCTATKOM OT jejeHus f(z) Ha
it a q—i(r) - sactnoe. C apyroil CTOPOHBI, TaK KaK JEJHTETb UMEET CTeleHb (1 + i), TO 0CTaTOK
U3HAYAILHO MMeeT BuJ, ykasauHblil B 1. (b). 9ro mokassiBaer (26). Teopema (10) ycraHoBieHa; Jaerko

MOJIyYUTh €€ 00pallleHne, HO OHA HaM TOKa, HE TIOHAJ00UTCS. O
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Samevwanue 7. Ecium i = 1, To yreepxaenns (25), (a), (b) Taxxe umeror mecto npu RWY = Upy1(x), 6e3
npuBJedeHns Kakux-1ubo p;. OrmernM eme, uto KoaddunuenTsr octarka fpni;—1(x), B3ATbIE ¢ IPOTH-

BOILIOJIOZKHBIMM 3HAKAMU, UpU yciaoBusax (a) u (26) manyr UCKOMbBIE ay, . . ., Q)4+, B 3a1a4e
Pemenue 3agaun 3omorapesa s AByX crapuiuX KO3(hQHUIMEHTOB, TO ecTh KOraa | = 2 omuchiBaeT

crenyionas reopema (cM. [5]).

Teopema 11. (Teponumyc)

IIyemoy A1 € RY, a R, yo(x, A1) - coomeememeyrowuti sxcmpemaavrvidi noaurnom. To ecmo

Roio(x, Ay) = 2™ + A" dapx™ + .. 4 apo
N —

f(z)

u umeem naumenvwyro L[—1,1] nopmy 3a cuem ewbopa (as, ..., ant2). Tozda

1). npu |A1] =2 1 umeem
Rpy2(x) = RUY (@) = Upga (2) - (2 + Ay);

2). npu |A1| <1 umeem

Roia(a) = R25() = Unya(o) + AiUnia(e) + (5 Unla)
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7 3akJiroueHue

B nammoit pabore paccmorpena Bocxozasmias K dedbineBy u 3010TapeBy npobiieMa OTHICKAHUS BCEX aJl-
re0pandeckux MOJMHOMOB, HAMMEHee YKJIOHSIONUXCA OT HyJis B TON WJIM WHOW METPUKE, [0 U3BECTHBIM
3HAYEHUSIM WX CTAPIUX KOI(DDUIMEHTOR, 3apaHee 33JaHHBIX B HEKOTOPOM KoJmdecTBe [. V37103KeHo pe-
IIeHune 3Toit 3a7a4un B npocrpancTee L[—1,1] mpn [ = 2.

Takke B JaHHON pabOTe PACCMOTPEHBI IPU3HAKH CYIIECTBOBAHUS OJIMKANIINX 3IEMEHTOB. 3aTeM MPHU-
BE/IEHBI HEKOTOPbIE (DAKT O €AUHCTBEHHOCTH OJIMZKARIIErO SJIeMEHTA B CTPOrO HOPMUPOBAHHBIX [IPOCTPAH-
crBax. IIpoBenena xapakrepu3anus OJUKAWIIAX 3JIEMEHTOB B HEKOTOPBIX MTPOCTPAHCTBAX HAM mojeM R.

Pesynbrarsr manaoit paboThl MOTYT OBITH MCIIOJIB30BAHBI B KadecTBE (hparMeHTa METOIUIECKOTO MO-
cobus npu usydennn cuenxypca "Teopust npubimKkenuii".

Asrop BhIpazkaet riry6okyio 6Garomapuocts Jderoxkckomy Aumpeio OJieroBudy, KOTOPbIH OCYIECTBUI

Ha0Op TEKCTa M KOMITBIOTEPHYIO BEPCTKY, B CBsA3H ¢ paboroii [7].
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