1 Bsenenne (3adem Hy>kxHa dyHIAMEHTAJIbHASA
rpyuIa)

B sTom maparpade Mbl BecbMa OrpyOJIEHHO PACKAIKEM,dTO TaKoe (hyHIaMeH-
TaJbHAS TPYNIa ¥ KaK OHA, MPUMEHSIETCH.

JomycTiM, 9T0 KasKJI0MY TOTIOJOTMYECKOMY MTPOCTPAHCTBY X COTIOCTaBJIe-
Ha Tpynna, 6ygem o603nauaTh eé uepes F'(X). Ilycrb KpoMe TOTO, KaxKI0My
HETpepPHIBHOMY oToOpakeHuio f : X — Y ONHOTO MPOCTPAHCTBA B JIPYTOe
coomnoctaier romomopdusMm fi 1 F(X) — F(Y) cooTBETCTBYIOIMX T'PYIII.
Takoe coomocTaB/ieHNe TPOCTPAHCTBAM — TPYII, OTOOPaXKEHUSIM — TOMO-
MOpGU3MOB HA3HIBAETCS KOBAPUAHTHHIM (DYHKTOPOM M3 KATETOPHH TOIOJIO-
IMYECKHUX TPOCTPAHCTB B KATETOPHIO TPYIIN, €CJIM BHITIOJHEHB JIBE aKCHOMBI:

1.Ecmm f — ToxnecTBo, TO f, — TOXKe TOXKJIECTBO;

2.Eciu cynepnosunus fg onpenesiena, T0 (fg)« u fogs — m30MopdbHBI.

3amaua 1.1. /lokaxkute Teopemy: Eciam npocrpancrsa X u Y romeomopd-
Hbl, TO rpynnsl F(X) u F(Y) nzomopdHbL.

Ha 310it Teopeme ocHOBaH OJIMH M3 CNOCOOOB MpUMeHeHUs (DYHKTOPOB K
TOTIOJIOTHH: JOTMYCTUM, YTO HAM HYKHO BBISICHUTDb, PA3JIMUYHBI WU HET JIBA,
JNaHHBIX mpocTpaHcTBa X u Y. Bo3bmém kakoi-uubyas ¢pyukTop F' u cpas-
M rpynnsl F(X) u F(Y). Ecm F(X) n F(Y) pasnnunsl, To X n Y Toxe
paznmunbl. B crygae usomopduocrn rpynn F(X) u F(Y') npo npocrpancTBa
X m Y HUdYero ckasaTb HEJTb3d.

Taxum 06pa3om, 3HaHNE HEKOTOPOTO (DYHKTOPA W3 KATETOPUU TOTIOJOTH-
YECKMX TPOCTPAHCTB B KATETOPHUIO TPYMIN MO3BOJSET B HEKOTOPHIX CAydasx
JIOKA3bIBATh PA3JIMYHOCTb TMPOCTPAHCTB. XOTEA0Ch ObI, YTOOBI 3TOT (DYHK-
TOP OBLI JOCTATOYHO CJIOXKEH (B MPOTHBHOM CJIydYae, MPH TEPEXoJe OT Mpo-
CTPAHCTB K TPYMIAM TEPSJIOCh Obl CIIMIKOM MHOTO nHbopMaimn). C apyroii
CTOPOHBI, XOTEJOCh OBbI, YTOOBI 3TOT (PYHKTOP OBLI JOCTATOYHO TPOCT JJIst
dakTudeckoro npuMeHeruss. OHUM U3 yHOTPeONTETbHBIX (DYHKTOPOB TaKO-
ro TWMa dBAseTcd DYHKTOp HYHIAMEHTAJIBHOM TPYNNBI 71, KOTOPHIH KaXK-
JIOMY TIDOCTPAHCTBY COTIOCTABJSET €r0 (PYHIAMEHTATHLHYIO TPYIIY.

2 Omnpeaenenne pyHIaAMEHTAJIBHON I'PYIIIIHI

[IycTh mMeeTcs Tomosiormdeckoe mpocTpancTBo X . Boibepem B HeM mpowm3-
BOJIbHYIO TOYKY Lo, KOTOPYIO B JaJbHelimeM OyneM HA3bIBATh 0a3UCHOIM.

Onpenenenne. Ilernéit B mpocrpancrBe X ¢ 6a3ucHOM TOUKO# 1y Ha3HIBaA-
eTcs Takoe MPOM3BOJbHOE HempepbiBHOE oTobpaxkenne f : [0,1] — X, uro

F(0) = f(1) = zo.



3anaua 2.1. [Ipueanre npuMepbl TPEX PA3IUYHBIX METEIb B JIUCKe ¢ 0a-
3WCHOI TOYKOI B €€ IEHTPE.

Onpenenenne. [IBe netnn f v g HA3BIBAIOTCSA TOMOTONHBIMHU (0003HAUEHHE:
fg) , ecnm cymecTByeT Taxoe HenpepbibiBHOE oToOpaxkenne F : [0,1]x] — X,
uro jist mobbix z € [0,1]ut e

1.F(z,0) = f(z) 2.F(z,1) = g(x)
3.F(0,t) =z  4.F(1,t) = ,.

(3meck n B nasbHeitem depes I obosHagaercst orpesok [0,1]).

O6o3naunB udepe3 f;, 0 < t < 1, cyxkenme orobpakenus F' Ha cjoi
[0,1] X ¢, moMyunM HEpEPHIBHOE CEMENCTBO OTOOparXKeHuH, coennnsonee f
u g. Takum 06pa3oM, ABe METJH TOMOTOIHBI, €CJIM OJHY MOKHO "mpoaedop-
MHPOBATHL"B APYTYIO ¢ MOMOINBIO HENPEPHIBHOM JedopMaluy.

3anaua 2.2. Kakwne u3 Tpéx n300paKE€HHBIX HA PUCYHKE 1 TIeTe/Th Ha KOJIBIIE
S x I romoronnur?

3amaua 2.3. /lokaxkuTe, 9TO OCHOBAHME TOMOTOIHOCTH TETEIb SBJIAETCS
OTHOITIEHWEM 3KBUBAJEHTHOCTH.

OTHoIIeHNe TOMOTOTTHOCTH TETeh PAa30MBAET MHOXKECTBO BCEX TETETb
Q1 (X, zy) Ha KJIACCH TOMOTOTIHBIX TIETEIb. MHOKECTBO KJIaCCOB TOMOTOIHBIX
nerenb (X, zg)/ ~ oboznaunm uepe3 w1 (X, o).

Takum o6pazom, GpyHIAMEHTATHHAS TPYIIa KAK MHOMKECTBO COBIAIAET
C MHOYKECTBOM KJIACCOB TOMOTOIHBIX TETeNb. JIpyrMMH CJIOBAMH, KaXKIbIit
3JIeMeHT (DYHJIAMEHTAJbHON TPYNOH 33a€TCAd TETNEH, TPUUEM JIBe TETIH
OTIPEIENAIOT OJWH W TOT K€ 3JeMeHT (DYHIAMEHTAJbHOW TDPYNNBI TOTJA W
TOJBKO TOT/A, KOT/Ia OHW TOMOTOITHHI.

Breném Ha MHOXKecTBe T (X, o) GHHAPHYIO OMIEPAIHIO, TO €CTh COMOCTA~
BAM KaXKJbIM JBYM saemeHTaM «,  u3 m1(X, xg) Tpernit snement af. dns
9TOTO JIJIA 3JEMEHTOB (v, § BHIOEPEM TPEACTABAAIONTHE UX TETIN
f, 9:[0,1] = X u paccmorpum nermio h : [0,1] — X, 3anaBaemyto dbopmy-
J0# (%):

f(2z), 0<2<0,5
(¥)h(z) :{ g((2:v)— 1), 0,5<z<1

DJeMeHT o TIO OTPEJIEJIEHUIO €CTh KJACC, cojep:xkaimuit newio h. Boi-
nenerHas (opmyna (k) MOKa3bIBAET, UTO METs h MONydaercs u3 nerau f, g
TIOCJIeIOBATEIHLHBIM TIPOXOXKIEHNeM CHAvaJIa TeTIn f, IOTOM g.



/

Puc. 2:

Sanaua 2.4. [Jokaxure, 9o orobpaxkenue h : [0, 1] — X, 3anaBaemoe bop-
MyJio#t (%), J€HCTBUTENHLHO SBJISETCS METIEH, TO €CTh YTO OHO HEMPEPHIBHO U
YTO TIEPEBOJUT KOHITHI OTPe3Ka, B HA3MCHYIO TOYKY.

3anaua 2.5. [lokakuTe, 4TO TPUBEJIEHHOE ONIPEJIeIeHEe KOPPEKTHO, TO €CTh
3JIeMeHT o He 3aBUCUT OT BHIOODA TeTesb - mpejacTaBuTeneit f, g.

TeHepb Hallla IIeJb COCTOUT B TOM, LITO6]:)I J0Ka3aTb, 9YTO OTHOCHTEJIb-
HO BBEJIEHHO} onepanun MHOXKeCTBO 71 (X, o) sBasieTcs rpynmoi. [IpoBepka
ACCONMATHBHOCTH onepaiyn (6yseM Ha3BBATH €8 YMHOXKEHWEM) COCTOWT B
TMPOBEPKE TOMOTOMHOCTH TIETEMb, CUMBOJNYECKN W300DarKEHHBIX Ha PHUCYH-
Ke 2:

JleBBit oTpe3ok m30bpaxkaer nermo ky = (fg)h, 3anaBaemyio dbopmy.oii:

f(4z), 0<2<0,25
ki(z) =< g(4z—1), 0,25<z<0,5
h(2x —1), 0,5<z<1

I[Tpaserit oTpe3ok m3obpazkaer nermio kg = f(gh).
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Sanaua 2.6. [Jokaxkure, uro newin k; u ko TOMOTONHBI (3aJafiT€ TOMOTO-
nuio HopMyJIoi ).

st TorO, 9TOOB! JOKA3aTh CYIECTBOBAHNE HENTPAJIHLHOTO JIEMEHTA, HY K-
HO €Tr0 YKa3aTh ¥ NMPOBEPUTD, YTO OH JEHCTBUTENLHO HENTpaJieH.

Sanaua 2.7. [IpoBepbTe, 9TO MOCTOSIHHAS TETIs (BCE TOYKH OTPE3KA OTO-
GpakaloTcs B Ga3MCHYI0 TOYKY) ONpeJessieT HEHTPAIbHBINH 3JIEMEHT B MHO-
xecTBe 71 (X, Tg) OTHOCHTEIHHO ONEPAINA YMHOMKEHMSL.

DJieMeHT, 06paTHBI{T TaHHOMY, TIOJTY9aeTCs TaK: HY>KHO B3STh TETJII0, TPE/T-
CTABJISIONIYIO JAHHBIN JIEMEHT, ¥ TPOUTH €€ B 0OpPaTHOM HAMPABJIEHUH.

Sanaua 2.8. JJokaxKuTe, 4TO 3JIEMEHT MHOXKeCTBA 71 (X, L), OTpeIessieMblii
mpoiineHnoit B 06paTHOM HANpABJIEHUN TPEJCTABJSIONEH neTnéit, obparen
JIAHHOMY OTHOCHUTEJbHO OTEPAIH YyMHOKEHUS.

WNTak, MHOXKECTBO 7 (X , :EO) OTHOCHWTEJIFHO BBEJAEHHOM OoTepaIy YMHOKe-
HUS SBJSIETCS TPYTNOi. DTa TPYINA Ha3HIBAETCA (DYHTAMEHTANIBHOM TPYTITIOi
npoctrpancTBa X ¢ 6a3ucHO TOUKOM Xg.

3 HezaBucumocth (pyHIaMEHTAIBHON T'PYNNbI
OoT BbIOOpa 06a3MCHOIT TOUYKM U WHIYIIMPOBAH-
HBIT TOMOMOP(MU3M TPyl

Onpenesenne. Tomosornaeckoe NPOCTPAHCTBO X HA3HIBAETCS JUHEHHO CBSI3-
HBIM, €CJIN KaXKJAbI€ JABE€ €0 TOYKH MOXKHO COCIUHUTDL HEIIPEPLIBHLIM IIYTEM.
(9ro o3Hawaer, yTO I JMOOBIX TOYEK Z1,ZTy € X JONKHO CYIIECTBOBATDH
Takoe HempepsiBHOe orobpaskenue s : [0,1] — X, uro s(0) = 21 n s(1) = z2).

Teopema. Ecim npocrpancTtso X JIMHEHHO CBA3HO, TO JJId JIOOLIX TOYEK
%1, %o € X rpynunsl 71 (X, z1) u m1(X, z2) n3oMopbHbI.

Jnsg mokasaTeJbCTBa BHIOEPEM TYTh S, COCAMHSIONTHN TOYKY T C TOY-
KON z, m onpeneaum orobpaxkenne ¢ : m(X,x1) = m (X, z2) caeaywommv
obpasom: ¢(a) = [s7'as|, e @ — TeTIA, TPEJCTABAIONAN JIEMEHT «,
a [g] osHauaer kmacc, conepxkammii mermo g. ObparHoe orobpaxkeHue 1 :
m(X, x3) = 7 (X, ;) monydaercs aramormuns obpasom: (8) = [s8s7).

3anaua 3.1. [lokakuTe, 4TO OTpe/ieJiIeHNs OTOOPaXKEHWH (p U ) KOPPEKTHHI,
T.e. HE 3aBUCAT OT BHIOOPA TIPEJICTABISIONIAX TETENTb.



3anauva 3.2. [lokaxkure, 94TO OTOOPaYKEHUS (¥ W ) TOMOTONHBI U OOPATHHI
ApPYT ApyTy.

L IPOCTPAHCTBA, He SIBJSIONIETOCS JUHEHHO CBA3HBIM, (DyHIaMEHTATh-
Has TPYIIa, BOOOIIE TOBOPS, 3aBUCUT OT TOTO, B KAKOI KOMIIOHEHTE JIMHEIHOM
CBA3HOCTH B35Ta 0A3WMCHAS TOYKA.

[Iycth mMmeeTcst HempephiBHOE oToOpakenue f : X — Y onHOTO MpocTpan-
CTBa B JPYroe, COXpaHsioiee 6a3ucHbie TOYKH (T.e. mepeBojsinee GasuCHYIO
TOYKY mpocTpaHcTBa X B GasucHy0 TOuKy mpocrpancTBa Y). Ompemennv
orobpaxenne f, : m(X) — m(Y) crexyromnm obpasom: fi(a) = [fé@] (ma-
TIOMHMM, 4TO & 0603HAYAET TETIIIO-TIPEICTABATEb IEMEHTA (v, 8 | f &) — ame-
MeHT (DYHIAMEHTAJBHON I'PYIIbI, onpeaessiembrii nerieit fé). [IpencraBurh
3T0 cebe MOXKHO TakK: KaxkJoit meriae B X COMOCTaBJsSeTCS Ta TETas B Y, B
KOTOPYIO OHA TMEPEXOIUT TpU OTOOPaKeHNN f.

Sanaua 3.3. [JokaxkuTe, 94TO 9TO ONpEJEJIEHNE KOPPEKTHO (T.€. HE 3aBHCHT
OT BHIOOpA TIPEICTABISIONIEH MeTIn ().

3anaua 3.4. [lokaxkure, 9T0 oToOpakeHue f, ABJAsSeTCI TOMOMOPdU3IMOM
TPYIII.

3anaya 3.5. [IpoBepbTe, UTO TOXKIECTBEHHOMY OTOOPAXKEHUIO TPOCTPAHCTB
COTIOCTABJIAETCS TOXKJECTBEHHBII TOMOMOP(U3M TPYIH W YTO CYNEPIO3UIAS
0TOOpaXKeHMl OTBEYAET CYTEPIO3UIINA TOMOMOP(U3MOB.

TakuMm o6pa3oM, COTOCTABIEHNE KaxK/IOMY TPOCTPAHCTBY C OTMEYEHHOM
Oa3ucHOl TOUKOM ero DYyHIAMEHTAJIBHON TPYNNHI ABJAsSETCS (PYHKTOPOM n3
KATETOPUY TyHKTUPOBAHHHIX (T.e. ¢ OTMEUYEHHON 0A3MCHOI TOYKOI) TOMOIO-
TUYECKHUX MPOCTPAHCTB B KATETOPUIO T'PYIIL.

4 Ilpumepbl BbIUUCIECHUA

Jlerko BUJETH, 9TO (DYHIAMEHTAJNbHASA TPYIIA TPOCTPAHCTBA, COCTOSAIIErO
13 OJHOM TOYKM, TpUBUAJIbHA. JloKaxkeM, uTo (yHIAMEHTATbHASA TPYIIa OT-
peska [0, 1] rak:ke TpuBmagabHa. eitcreurenbro, ecm f @ [0,1] — [0,1] —
npon3BosbHas meras, o dopmyna F(z,t) = t + (1 — t)f(z) onpenensier
TOMOTOTIMIO ITOH MET/IM B TMOCTOAHHYIO TeTNI0 (B KadecTBe GAa3UCHON TOYKH
oTpe3ka B3sTa ToYka {1}). D10 o3Hagaer, uro ([0, 1]) cocTouT U3 omHOTO
SJIEMEHTA.

3anaua 4.1. [lokaxkurte, 94T0 (PyHIAMEHTAIbHAS TPYNNA JIOOOTO BHITYKJIO-
TO TIOJIMHOXKECTBA, €BKJINIOBA TPOCTPAHCTBA, TPUBUAJIBHA..
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Puc. 3:

HoxkaxkeM, 4To byHIaMEHTATbHAA TPYTIA OKPYKHOCTH W30MOpdHA Tpyn-
ne menbix uncen Z. Ilyers S! — enuHAWYHAA OKDPY’KHOCTH Ha TIOCKOCTH C
IEHTPOM B HadaJjie KoopamHaT. B kauecTBe 6a3mcHOl TOUYKH BO3bMEM TOUKY
(1,0). Iycrs f:[0,1] — S' — merna. IIpn msmenenun napamerpa ¢ ot 0 10
1 Touka f(t) Gyaer ABUraThCs O OKPY’KHOCTH W B KOHEUHbBIH MOMeHT ¢ = 1
BepHeTca B GasmcHylo Touky. Hampmmep, memiss m3o0paskeHHass Ha pHC. 3
(1151 HATVIIZHOCTH OHA HEMHOTO CIBMHYTA C OPYKHOCTH), coBepiiaer (—1)
000pOT BOKPYT HadaJsa KoopAwHaT. HeTpyaHo BuieTh, 94To 0binee uncyio 060-
POTOB He MeHsieTcst mpH jgedopmanun (TOMOTONNH) TeTau. JleficTBATeNBHO,
DY HENPEPHIBHOHN edopMaIiy NeTyIn YACJI0 000POTOB JIOJIKHO U3MEHATHC
TaK>Ke HEMPEPHIBHO, & TaK KaK YUCJIO 000POTOB BCET/A TIEJI0€e, TO OHO 065I3aHO
OCTaBAThCSI TTOCTOSTHHBIM.

3amaua 4.2. JlokaxkuTe, 9YTO COMOCTABJIEHNE KaxKI0it metyie uncaa ee 060-
POTOB BOKDYT HadaJia KOODJWHAT ompesenser n3omopdusm rpymms 71 (Sh)
Ha Tpynmny Z.

B kadecTBe CJIeJICTBUS TOJBKO 4TO JokKazaHHoro dakTa 71(S') = Z noka-
JKeM JIOBOJIbHO TIIYGOKYIO TeOpeMy O HETIOIBMKHOM TOUKe.

Teopema. Jlio6oe HempepbiBHOE 0TOOpaXKeHME Kpyra B ceOs WMEET Hemo-
JBUKHYIO TOUKY.

JokasniBaTh GyaeM oT npoTuBHOro. Ilycth D? — equHUYHLIN KPYT ¢ 1eH-
TPOM B HadaJe KOODAWHAT M TycTh oTobpaskemue f : D? — D? me umeer
HETIOJBUKHBIX TOYEK, T.€. TAKAX TOUYeK Z, uto f(z) = z. Onpeneaum HOBOE
orobpaxenue g : D? — S! cnenytomum o6pasom: Touka ¢(z) mo ompemesne-
HHIO €CTh TOYKA MEPEeCeveHns Jyda, UAYIero u3 Touku f(z) B , ¢ OKpyxX-
HOCTBIO, ¢M. puc. 4. HerpyaHo BHaeTh, 94To 0TOOpaskeHWe ¢ HENpPEepPHIBHO,
4TO BCe TOUKH OKpYXKHocTH S ocTaioTcs mpu oToOpaKeHHH ¢ Ha MecTe.

3anaua 4.3. [lokaknTe HENPEPHIBHOCTb OTOOPAXKEHUS (.

Sanaga 4.4. [okaxwure, 910 g|s1 = Id (ToxkmecTBo).
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Puc. 4:

ITycTh 4 03HAYaET TOXKIECTBEHHOE BJIOXKEHHE OKPY’KHOCTH B JMCK, TO-
ria oueBuaHO, uTo gi = Id. [locne mpumenenus byHKTOpa DYyHIAMEHTATH-
HOH TPYNOBI TOAYYaeM, 9TO CyTEPIO3UIHs TOMOMOP(MU3MOB iy M gx, TOMO-
MOPOUEM g,i4, TOKIECTBEHEH. DTO HEBO3MOXKHO, Tak Kak mi(S') = Z m
71 (D?) = 1. [lofy4enHoe MPOTUBOPEYHE JOKASHIBAET CyNIECTBOBAHUE HETIO-
JBW2KHOU TOYKH.

5 Konpejcrapienus rpynn

YTo6bI HAYYNUTHCA BHIYUCAATH (DYHIAMEHTAJIbHBIE TPYIIBI 00Jee CIOXKHBIX
TMPOCTPAHCTB, HAM HY>KHO HAy4IHUThCA 337aBaTh rpynnbl. QUM U3 HanOO-
Jiee PACIpPOCTPAHEHHBIX B (P DHEKTUBHBIX CIIOCOO0B 33 JaHUS TPYIN ABIIETCS
cnocob 3aJ]aHUs C TIOMOITHIO KOTIPE/ICTABIEHTI.

[Tycrs A — npou3BoILHOE KOHEYHOE MHOXKECTBO. BynieM Ha3hIBaTh €ro aJ-
daBuTOM, a ero 3memeHThl — OykBaMu. CjaoBoMm B aJipaBuTe A OyneM Ha3bI-
BATh MPOU3BOJILHYI0 KOHEUHYIO HOCIE0BATeILHOCTh CHMBOJIOB BUJA 0, 4 ',

rne a € A. IIpuMepsl cioB B andasuTe U3 AByX O6YKB a, b: aa~'ba, ababbab™!.

3amaua 5.1. CKOJBKO Pa3JIMIHBIX CJIOB JJIMHBI 2 MOXKHO HaMKUCATh B ajada-
BUTE U3 ABYX OyKB?

Y10o06HO TPUHATH CJAeAYIONIHEe COIJIAIEHUs: CUMBOA a", TAe 7 — HaTy-
paJbHOEe YUCJI0, 0003HAYAET CJIOBO (d...0,, CAMBOJ ¢~ " CIYAKHUT COKPAIIEHHOM

n
3aIHUCHI0 CJIOBA a_la_l...a_l, cuMBO 1 mpuMeHsieTcsa A 0003HAYEHUS Y-
—_—

n
CTOT'O CJIOBA.

[Iycts Ry, Ry, ..., R, — HEKOTOpHIE CJIOBA B ajdabure A, cOCTOANEM U3
OYKB a1, G2, ..., Gp. MBI OIUIIEM KOHCTPYKITMIO, KOTOPAas YKA3aHHBIM JAH-
HBIM (OYKBaM @y, Qg, ..., G, KOTOPHIE HA3BIBAIOTCS ODPA3YIOIIMMH, CJIOBAM
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Ry, Ry, ..., R,, KOTOpBIE HA3BIBAIOTCS ONPENEJISIONMME COOTHOIIEHUSIMHA) CO-
mocTaBjsgeT rpynny (G, 0603HaYaEMyI0 TaK:

< ay, 0y, ...,am|R1 = 1,R2 = 1, 7Rn =1>.

Beenem ma MHOXkecTBe W Bcex cjioB B aJipaBuTe A OTHOIIEHNE 3KBUBA-
JIEHTHOCTH CJIETYIOIIMM 00Pa30M: CKaXKeM, UTO CJIOBO W1 SKBUBAJEHTHO CJIOBY
Wa, €CTN OT CJIOBA W MOXKHO TIEpefTH K CJIOBY Wo C TIOMOIIBI0 KOHEYHO! T0-
cyieioBaTeIbHOCTH TpeobpasoBanmit Buaa I, I u 1.

I. BeraBka 1 BRIYEDKHBaHME NAphl BUJA Q;0; L

I'. BcraBka n BhIYepKMBaHUe Taphl BUIA G La,.

II. Beigesienne n BeIYEPKABAaHKE B CI0Be TOJCI0BA [Y; nan BCTaBKa TaKOTO

TOJICJIOBA.

Banaua 5.2. [Iycts A = {a, b}, m mycTh MHOKECTBO cooTHOMEHMH a?h™> = 1
u aba = b. Jokaxmure, uTo ciosa a?ba3ba’b, ab'?, a° skBUBaIEHTHEL.

3amaua 5.3. /lokaxkuTe, YTO BBEJIEHHOE OTHOIIEHHE JIEHCTBUTEIBHO SBJSI-
eTCs OTHONTEHNEM 3KBUBAJEHTHOCTH.

Ha muoxecrBe W/ ~ KJIaCCOB S9KBUBAJIEHTHOCTH BBEJEM OMEPAINIO yMHO-
JKeHUs, mosiarasd af = [o?ﬁ]. 31ech & 0603HAYAET CJIOBO-TIPEJACTABUTEA KJIaC-
ca a, [@f] — xmace, comepKammmit c1oBo &5. JPyrEMU CIOBaMH, IS TO-
IO LITO6I>I IIepeMHO2KUTL [Ba KJiaCCa, HY2KHO BbI6pa,Tb A4 KaKJ0T0 U3 HUX
MPEJICTABJISIONIEE €70 CJIOBO, MPUINCATH BTOPOE CJIOBO CIIPaBa, M B3ATh KJACC,
COoZIepzKaIuil TOJIy4YeHHOE CJIOBO.

3anauva 5.4. [loka)kuTe, 9TO MPUBENEHHOE ONpPEJeJIeHNe YMHOKEHUS KOp-
PEKTHO, T.€. He 3aBUCHUT OT BBHIOODA TPEJCTaBUTEIE!.

Sanaua 5.5. [Jokaxkure, uro MHOXKeCTBO G = W/ ~ OTHOCHTEIBHO BBEJEH-
HO# ollepanun ABJgeTCA TPYUIION.

Jlomyckasi HEKOTODPYIO BOJBHOCTh, MOYKHO CUMTATh, 4TO Tpymma (G Kak
MHOKECTBO COCTOMT W3 BCEX CJIOB B ajidapure A, mpmdeM JBa CJI0Ba OMpe-
JIEAI0OT OAWH W TOT 2Ke JIEMEHT TPYNNBI TOTJA W TOJABKO TOT/ia, KOTJa OHU
SKBUBAJIEHTHHI.

3amaua 5.6. /lokaxkure, 4yTo rpynna G He M3MEHHUTCH, €CJM OTHO U3 CO-
otHOmeHNit R; = 1 3aMeHWTHh HA €r0 CONpSKEHHOE, T.e. HA COOTHOIIEHWE
wRyw™ =1, rae w — HeKoTOpOE CI0BO B ajdasuTe A.

[Tycts w — HEKOTOPOE ¢10BO B andaBure A. CKaxkeMm, 4TO COOTHOIIEHHE
w = 1 BHIBOAMMO M3 cooTHoImenn#t R;, 1 <= 1 <= n, ecJIu CJIOBO W OTpee-
JSIeT eTAHUYHBINA IEMEHT B rpynne < di,...,an|Ri=1,..., R, =1 >.



Bagaua 5.7. [JokaxkuTe, 9T0 cooTHomeHne z° = 1 BHIBOAMMO B IpymIe
<z zlzRzzTl =1, 20%2-1=1>.

3anaya 5.8. [lokakmrTe, 4TO Tpynmna He U3MEHUTCS, €GN K CITUCKY COOTHO-
meHu# 106aBUTH HOBOE COOTHOIIIEHNE, BRIBOIMMOE U3 OCTAJIBHBIX. JloKaxkuTe,
YTO TPYINa HE U3MEHUTCSA TaKKe U IPU yJAAJEHNN COOTHOIIEHNS, BHIBOIUMO-
T0 N3 OCTAJbHBIX.

3anauga 5.9. [lokaxkmre, 4TO TpyNNa He M3MEHUTCS, €CJIM K CIUCKY 00pa-
3YIOIUX €€ KONMPeJCTaBJIeHUs M00aBUTh HOBYIO 00pA3yIOIIYIO0 a, & K CIIMCKY
COOTHOIITEHMH OJHOBPEMEHHO JTOOABUTH HOBOE COOTHOINIEHNE BUJIA ¢ = W, T/
W HE CONEPKUT G.

JlokaxxuTe, 9TO TPYINa HEe W3MEHUTHCA TaKKe W TPH YJIAJEHUW TaKo
TIaphl.

Jlerko J0Ka3aTh, 9TO €CJIM KOUPeICTaBIeHUST
< e yopB =1 . Ry, =1>u<b,... Q1 =1,...,0, =1 >
33/1410T OJIHY W Ty e TpyNiy (iam u30MopdHbIe TPYTIH ), TO OT OJHOTO KO-
TIpeJicTaBJIeHAS MOXKHO TepefiTH K IpyroMy IpH TIOMOITH ollepaliit 106aBe-
HU WIW yJaJeHusl COOTHOIIEHM, cM. 331.5.8, 1 nobaBjeHuit i yaaJieHus
napsl (06pa3yIONTHil 3EMEHT, eT0 BhpasKeHne 4epe3 OCTaIbHbIE), CM.3a1. 5.9.
Opnaxo, TONCK KOHKPETHOH Toc/Ie0BaTeTbHOCTH oNlepaliiii BechMa, 3aTpy/I-
HHUTeJIe .

Ml TIpuBesieM JBa TIpUMepa Paclo3HaBaHWs TPYIIH, 33 aHH0# 06pasy-
IOITMMH ¥ COOTHOMenuaMHu. 1o pacrno3HaBanieM TPYIIB MBI TTOHUMAaeM JI0-
Ka3aTelbCTBO ee M30MOPGHOCTH OJHON U3 M3BECTHHIX Ipynm. OTMeTHM, 4To
MHOT/]a. COOTHOIIEHNs yA00HO 3aIMcaTh B BHJAE W = Wy BMECTO wiwy & = 1.
Hanpumep, coornomenne rz2z2~ 1 = 1 MoXKHO 3anucaTh B BUje T2°T = 2, a
nBa coorromerns a?(ab) > =1u a3 =1 — B Buzge a® = (ab)™° = b%.

ITpnmep. Pacnosnats rpymnmy
<a,b,c,deld=¢€*bda=1,ab"'c=1acb ' =1,de=c>.

Pemenne. Vcnoab3yeM epBoe COOTHOIMEHNeE 14 yajleHne 06pasyIomero
d. TTony4gaeM KoUpeacTaBJIeHTe
< a,b,celbe?a=1,ab"'c=1,ac7'b™! = 1,3 = ¢ >. C nomompo nocsenHe-
TO COOTHOIIEHUSI YOUPAEM C:
< a,b,clbe’a = 1,ab7'e® = 1,ae73b™! = 1 >. C momMomp10 COOTHOMEHAS
b = e’a, 3KBUBAJEHTHOTO BTOPOMY, yOoupaem b:
< a,eleae’a = 1,ae3a7'e ™3 =1 >, wm < a,e|edae?a = 1,e%ae® = a >.
3anmuchiBad mepBoe cooTHOIIeHUe B Buje eae’e la = 1 u 3amenas e3ae’ na
a, HoJaydaeM KOIpe/CcTaBJeHue:

< a,elae”la = 1,e%aed 3ae3 =

=a > wm < a,ele = a® eae® = a >. [lanee



youpaeM 00pa3yIolyio € ¢ MOMOIIbI0 TEPBOTO COOTHOIIEHUS, TOJYYUM KO-
npejcraaenne: < ala®aa® = a >, re. < ala'? = 1 >. Jro nmkIHIecKas
rpynna nopsjka 12.

IIpumep. Pacnosmars rpynmy G =< a,bla® = * = 1,a%b = ba >.
Permenne. Bo3zbMeM mpon3BoJIbHOE CJI0BO B adaBuTe ¢, b —

w = a® b’ ... a%bP* n nonnITaeMcs ero yIpocTHTh, HOIb3ySCh COOTHOIITEHH-
saMu. Bo-TiepBBIX, ¢ TOMOITBIO TIEPBBIX JIBYX COOTHOIMEHW MOXKHO TOOUTHCS,
grobbl §; = 0,1 u oy = 0,1,2. Bo-BTOpHIX, TPEThE COOTHOIIEHUE TIO3BO-

JiseT JOOWThCA TOTO, YTO BCE BXOXKJeHWA b OynyT B KoHIE cjioBa w. Ta-
KnNM 06pa3oM, CJIOBO W 3KBUBAJEHTHO cJoBy Buaa a®b?, rme o = 0,1,2 u
8 = 0,1. CnenoBaresbHO, B Halmeit rpymnme He Oojee 6 3aemenToB. Eann-
CTBEeHHas HeabeseBa TPyMIa W3 6 3JEMEHTOB €CTh CHMMETDPUYECKas T'PYINa
S3 crenenn 3. HeTpyiHO MpOBEPUTH, UTO TIPH COTIOCTABJIEHNE JIEMEHTA, ¢ TIOJT-
cranoBku (231), smemenry b — noncranosku (213), coornomenns a® = b? = 1,
a’b = ba mepexoAAT B BepHBIE PABEHCTBA B rpynme Si3. JTO 03HAYAET, UTO
9TO COMOCTABJIEHUE TTPOJIOIZKAETCS 0 ToMoMopdu3ma, ¢ : G — Ss. Tomomop-
dbuszm ¢ — smumopdusm, T.K. nogcraHoBku (231) u (213) mopoxaaer rpymnmy
S3. IHBEeKTUBHOCTb TOMOMODPGDU3MA, ¢ CIEAYET U3 €r0 IMUMOPEGHOCTH U TO-
ro, 4TO B rpymme S3 Bcero 6 3jeMeHTOB, a B rpynne G — He Oojee 6. Takum
obpazowm, rpynmna G usomopdHa, S;.

Banaua 5.10. [lokaxkwure, uro rpymna G =< z,y|ry’c = y,yz’y = = >
n3oMopdbHa GuHApHOH rpymme Terpasapa < a,bla? = (ab)® = b3, a4t =1 >.

6 AOesieBbl Tpynnbl

KompencraBaenne abesieBHIX TPYHN yA00HO 3alUCHIBATH aAATHBHO W TPH
9TOM HE IHUCaTb COOTHOIUICHHA KOMMYTAaTUBHOCTH, HAIIpHUMED
< a,bel2a+3b—c=0,b+2c=0,a+3=0,a+4b+2c =0 >. I10
KOTIPEJICTaBJIEHNE TIOJIHOCTBHIO OTpeieJiseTCd CBOeil MaTpulei:

-1

= = O N
= W —= W
N O N

Sazaua 6.1. Yro npousoiimer ¢ MaTpuIeil KOIPeICTABICHUS, €CJIU OJHO CO-
OTHOIIIEHNE 3aMEHNUTh Ha ero cymmy ¢ apyrum? (I'pynmna npu Takoii omepanuu
HE MEHSeTCs. )
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Sagauva 6.2. Yrto mpomsoiiser ¢ Marpuieid KoopeacTaBJeHUs, eI 00pa-
3yIoIme a, b 3aMeHWTh COOTBETCTBEHHO Ha a; = a + b u by = b, cnenas

COOTBETCTBYIONIYIO 3aMeHy B cooTHomenusx? (['pynma npm Takoii omepanuu
HE M3MEHUTCSI. )

3amaua 6.3. Yo mpounsoiiieT ¢ MaTpUIlel KOIPEACTABIEHU, €CTH CMEHUTD
3HaK cooTHoImeHus! OOpa3yolyio a 3aMeHuTb Ha a1 = —a? VI3MeHuTh mo-
PATOK 00Pa3yIONX U COOTHOIIEHM#?

Pe3ynbTaThl 9TUX TPeX 33J1a4 MOKA3bIBAIOT, 9TO TPYIIIA HE M3MEHUTCS IPH
CJIEIYIOMINX IEMEHTAPHBIX TPE00PA30BAHNUSX MATDPHIB: CJIOXKEHHE CTPOK
(cTo610B), MEpeCTaHOBKA CTPOK (CTOJIONOB), CMEHA 3HAKOB B CTPOKe (CTON6-
1e).

Mo>KHO TTOKa3aTh, 4TO J1I0Oas MeJOYNCIeHHAs MATPUTA, TTIPHBOIUTCSA YKa-
3aHHBIMA TPEOOPA30BAHUAMHE K JUATOHATBHOMY BHJY, T.e. K BHUJY, KOTJIA HE
HYJIM CTOSIT TOJIBKO Ha JumaroHayu. [IpoBepuM 5T0 Ha TpUMepe:

2 3 —1 0 —3 —1 1 3 0 130
01 2 0 1 2 0 1 2 01 2
130 |71 3 of 7o -3 -1 005 |
14 2 0 1 2 01 2 00 0
100

oo
00 5
00 0

Taxum obpasom, rpynmna
< a,b,c)2a+3b—c=0,b+2c=0,a+3b=0,a+4b+ 2¢c = 0 > uzomopdHa,
rpynme < ag,b,cila; =0, =0,5¢; =0 >, r.e. rpynne Z, & Z, & Zs = Zs,
T.X. 41 = 0.

3anaua 6.4. [IpencraBbre Tpynmy
< a,bcla+b+c=0,a—b+3c=0,2a —4c =0 > B BUse IPAMOIi CyMMBI
IIUKJINYECKHX.

3amaua 6.5. J[okaxkuTe, 4YTO B CJIydae KBaAPATHON MATPHIIHI COOTHONTEHMH
MOJIyJIb €€ ONpPEJIeJINTENS PaBeH TOPSJIKY TPYNIH WM HYJIO0, €CJIM TPYTIa
OeCKOHEYHA.

JlobaBaenne K COOTHOIEHUSIM TMPOW3BOJBHOTO KOMPEICTABJIECHUS TPON3-
BOJBHOI TPYNIBI COOTHOIIEHNIT KOMMYTHPOBaHNA, TPABOJIUT K HOBOH TDYII-
e, yke abesieBoit. ITa omepanust Ha3bIBAETCI KOMMyTUpoBaHueM. Ecau mpo-
KOMMYTHUPOBAaTh M30MODPQHBIE TPYIITIHI, TOJYIUM N30MODPQHBIE TPYIITIBI, XOTS
obpaTHOE HE BEPHO.

Banaua 6.6. [lokaxnre, 9ro rpynnsl < a,bla?b3a"'b = 1,abab® = 1 > u
< z,ylz7lry = 1, 2%yz?y~® = 1 > pasnuunsL
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Puc. 5:

7 Teopema Ban-Kamnena

Teopema Bar-KamneHna mo3BoJsieT BHIYHCINTH (DYHIAMEHTAIbHYIO TPYIIY
obbenuHeHNs ABYX mpocTpancTB X U Y mo m3BeCTHHIM (DyHIAMEHTATHHBIM
rpynmam npocrpaHcTs X, Y m Z =X NY.

Teopema. Konpencrasienne rpynnst 7 (X UY') (B ciaydae JuHERHOTO CBSI3-
HOTO TIPOCTPAHCTBA Z) MOXKHO MOJYYHTh Tak: 1. Bemmucars oGpasyromme
rpynn 7 (X) n m (Y);

2. Boimucars coorromennst rpynm 71 (X) u w1 (Y);

3. HamucaTh emé cepuio COOTHONIEHUH — TO OTHOMY JJId KaxKJI0ro 06-
pasytomiero snemenTta ¢ rpynnsl 71(Z). CooTHoIeHne s 00Pa3yIoOIIEro ¢
rpynnsl 71 (Z) BHIIAAAT Tak: @;1(c) = @a(c), Tre ¢;(c)— Bbiparkenne o6pasy-
I0IIEro ¢ 4epe3 obpasywoiue rpymubl 7 (X), a @o(c)— ero BeIpaykenune 4epes
obpazytonue rpynnsl 7 (Y)

JlokazareshcTBO TeopeMbl Ban-Kamena M0XKHO TOCMOTpPETh, HATIPUMEP,
B KHHTe [2].

3anaua 7.1. Haittu dpynmaMenTaabHYIO TPYNTY BOCBMEDKH.
3anaua 7.2. Haiitu dpyHmamMeHTa IbHYIO TPYNNY TPOEKTUBHON TIJIOCKOCTH
3anaua 7.3. Haiitu dpyHmamMenTa IbHYIO TPy TOPA

B kaudecTBe mpumenenns Teopembl Ban-Kamnena qokaskem, 4ro y3en "Tpu-
JIUCTHUK  He Pa3BA3BIBaeTCI — (DAKT, W3BECTHHIN KaXKJIOMYy W3 JUIHON Ma-
HUTYJISATAA CO TITHYPKAMH.

Teopema. 3aMbIKaHHe JOTOJTHEHNS K CTaH/IaPTHOMY TIOJTHOMY TOPY B cdepe
S3 romeoMopdHO TOJHOMY TOPY.

12
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Puc. 6:

Puc. 7: ¥Y3en K; — TpMJIMCTHUK

JlokazaTenbCTBO COCTOUT B PUC. 5 — OT BpallleHust Kpyra, A OTHOCHTENHHO
ocu [ moaydaercs mosHbI Top. Ero gomoaHeHne mapaMeTpHu3yeTcs TOYKAMM
ocu [ (d4To BMECTE ¢ TOYKON OO JaeT OKPYYKHOCTH), IPHUEM Hepe3 KaKIYIO
TOYKY OCH | TIPOXOJUT JWCK, TOJYUAIONINiiCS BpAIeHneM ~'COIeHONIATBHON
JIyTH BOKPYT OCH [. 3aMeThM, 4TO MEPUINAH BHYTPEHHETO TOPA COBIAIAET C

IIapaJiJieJIbl0 BHECITHETO U HaO60pOT.

Teopema. Y3sen "rpunnctuk”’ He pasBs3biBaercss (CTporo: jomonHeHHe K
rpunctHUKyY (K1) u k TpuBnagbHOMY y3uay (Kj) He roMeoMOpdHEI).

WNnea nokaszaTeancTBa

1.Berancimm 7 (S*\ K1) u 7 (S*\ K)).

2. Tokaxewm, uro 71 (S3\K) n 71 (S3\K)) ne nsomopdHusI.

Tax xak S°\ Ky romeomopdHO 0TKpHITOMY TOPY, T 71 (S°\K)) = Z. Pac-
TMOJIOKUM TpUAUCTHUK K, Ha Tope 17 W mycTh 15 — 3aMbIKaHWE €ro Ji0-
nonuenns, cm. puc. 6. Torna mpocrparcTBo S*\ K MOXKHO pasGuTh Ha JBA
nognpocrpanctsa 11\ K; u Tp\ K, mepecekaiommecst Mo OTKPHITOMY KOJIbILY.
O6pazyromuit (pyHIaMEHTAILHON TPYTIIHI KOJbIA UMeeT THI m°p 2, Tae my,
P1 — MepUINaH u mapaJiens Topa 1;. [Ipumenas reopemy Ban-Kammena, mo-
ayaaem, aro m1(S3\K1) = (p1, pe|p2® = p1?), ne p1 w p2 = my — mapaenn
BHYTDEHHETO W BHEITHETO TOPoB. Jlokaxkem, uto rpymmna 71 (S>\K;) e m30-
MopdHa rpynne Z. JocTaTodHO J0Ka3aTh, YTO OHA He a0esieBa, a JJs 3TOTO
JIOCTATOYHO YBWJETh, 9TO TPYTNa MOJCTAHOBOK crenenn 3 S3 = (a,bla® =
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Puc. &:

b = 1,a%b = ba) sBngerca eé stmMOpGHBIM 06pazoM. InuMOphHU3M 33,TaET-
csl IPABUJIOM Pg — @, p; — b.

8 KieTroyHble KOMILJIEKCHI

Yrobsr mpuMmenuTh Teopemy Ban-Kawvmmena, Hy»KHO yMmeTh pa30mBaTh TpO-
CTPAHCTBO Ha O0Jiee TPOCTHIE KYCKH,KasK bl N3 HUX — HAa elre 60Jee TpoCcThie
KyCKM M T.JI. TOYHBIM pa30MeHneM TaKoro THIa 00aal0T KJIETOYHbIE KOM-
miekchl. Hy bMepHBIit KJIETOUHBIH KOMILJIEKC — 3T0 00bheTNHEHNE HECKPOTh-
KHUX TOYeK (BepIWH). 1-MepHBIil KJIETOUHBI KOMIIJIEKC TIONYYaeTCs U3 HYJIb-
MEPHOTO TIPUKJIEMBAHUEM HECKONbKHX JyT(1-KJjerok)(cM. puc. 8)

2-MepHBI# KJIETOYHBIH KOMILJIEKC TOJydYaeTcsd W3 1-MepHOTO TpWKJIenBa-
HHMEM HECKOJBKHUX 2-MEPHBIX KJIETOK (JIMCKOB) 10 HEKOTOPHIM OTOOPAKEHUSIM
WX TPAHWYHBIX OKPY KHOCTeit. Bosiee 0611e, n-MepHBIit KJIETOYHBIH KOMTLIEKC
noayvaercs u3 (n— 1)-MepHOTO IPUKJIEMBAHNEM HEKOTOPHIX 7-KJIETOK (I1apoB
Pa3MEPOHCTH 71 )TI0 HEKOTOPHIM OTOGPaKEeHNM NX rpaHudHbIX cep. [Ipume-
HeHme TeopeMbl Bar-Kamnena k o0beImHEHNIO TPOCTPAHCTBA X 1 2-MepHOit
KJIETKHW TIOKa3bIBAET, UTO IPU MPHUKJIeliKe 2-MepPHOH KJIEeTKH K KOTPeJICTaBJIe-
HIO DYHIAMEHTATbHON TPYyNnbl J0OABISETCS HOBOE COOTHOIIEHUE, KOTOPOE
TMOKA3BIBAET, KAK TPAHWYHAS OKPYXKHOCTb 2-KJIETKH 0TOOparkaeTcs B MPO-
crpanctBo X.TouHOo Tak ke, Teopema Ban-KammeHa moka3biBaeT, 4TO TIpH
npukiaeiike 3—u 60nee MepHO# KyeTKN dyHJAMEHTAIbHAS TPYINa POCTPAH-
cTBa He MeHseTca. OTCI0/Ia OJYyYaeTCsl CJIEAYIONTHH aJrOPUTM BbIYUCIEHUS
dbyHIaMEHTATBLHON TPYNTH KJIETOYHOTO KOMIJIEKCA:

Yro6b! BHIYUCIUTH (PYHIAMEHTATBHYIO TPYTY CBA3HOTO KJIETOYHOTO KOM-
miekca K, HyKHO:

1.B 1-mepHOM ocToBe (00beMHEHNH KJIETOK pa3MepHocTH < 1) BHIOpaTh
MaKCHMAaJIbHOE JIEPEBO (MAKCUMAJbHBIHA MO BKIKOYEHHIO rpad 6e3 IHUKJIOB).
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Puc. 9:

Bce ocrapimmecsa pébpa opHeHTHPOBATH M 0003HAYNTH OYKBAMH. IDTH OYKBHI
n 6y1yT obpasyoonmmMu GyHIAMEHTaTbHOW TPYTIIIH.

OKBUBAJEHTHBIH COCO6: HYXKHO paspe3arh pébpa (0mHOBpeMeHHO 060-
3HAUas NX OYKBAMU U yKa3bIBasl HATIPABJIEHNS ) TAK, YTOOBI IOy YAJICS CBSI3-
HBIH Tpad, O TeX MOp,MoKa 3TO BOZMOMKHO.

2. [Ing kaxk1o#t IByMepHO#t KJIeTKN HAaINCaTh 0 COOTHOIIEHNIO, KOTOPOe
MOKA3BIBAET, KAK €€ TPAaHMYHAsS OKPYKHOCTh TPOXOJAUT TO 0O03HAYEHHBIM
(paspesaHHBIM) pEGpaM.

ITpumep. Knerounsrit komnneke K monydaercsa u3 rpada Ha puc. 9. mpu-
KJEMBAHUEM JBYX KJIETOK Pa3MEPHOCTH 2 TO YKA3aHHBIM OTOOPAKEHUSIM
okpy»kHOCTHU. [IpnMeHeHne afTOpUTMa TMOKA3bIBAET, YTO

m(K) = {a,b,clab' =1,cb' =1)=2Z

3amaua 8.1. IIpencraBbre 6yThLIKY KisitHa B BUIe KJIETOYHOTO KOMILJIEKCA,
# BHIUHCINTE €€ (PYyHIAMEHTAJHHYIO TPYIIY.

3anaua 8.2. Buruncanre ¢dpyHIAMEHTATBLHYIO TPYINY KPEeHJIEIs POaa 2.

3amaua 8.3. /lokaxkuTe, 9T0O IJI4 J1000# rpynnbl G ¢ KOHEYHBIM YHCIOM 00-
pPa3yoIUX U COOTHOIIEHUH CYIECTBYET TPOCTPaHCTBO X ¢ (DyHIaAMEHTATb-
HO# rpynmoit G.
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