Jlexkmu o Tomogornmn
C.B. MaTBeeB

Jlexta 1. MeTpuieckue mpocTpaHCTBa

1.1. MeTpudeckne IpocTpaHCTBA.

Tomoaorust - »To pasgen Boiciien reomerpun. (QHa m3yvaeT CBOWCTBA
reoMeTpruiecKux 00bHeKTOB, KOTOpble He MEHSIOTCS TPHU HENPEPBIBHBIX -
dopmarmax 6e3 pa3spbiBOB U CKICHBAHU.

ONPEAENEHUE. Ilycts M - mpomsBoabioe muOxecTBO. OTOobGpaxkemnue
p: M x M — R nasbiBaeTcs mempukot (uam pacemosnuem) wa M, ecin
BBITTONHEHBI CJIENYIONTITE aKCHOMBI:

L. p(a,b) = p(b,a); (CUMMETPHYHOCTD )
2. pla,b) >0 u p(a,b) =0 < a = b; (MOTOKUTETHLHOCTD )
3. pla,b)+ p(b,c) > pla,c) (HepaBEHCTBO TPEyTONBHIKA).

MmuoxkecTBo ¢ 3a,I[ELHHOIjI Ha HeM MeTpHKOfI Ha3bIBaeTCA MEMPUUECKUM
npocmpancmeom.

ONPEAEJEHUE. Ilycth @ - Touka MeTpudeckoro mpocTpancta M u
r > 0. Torga momvmoxecro V.(a) = {x € M : p(x,a) < r} naspiBaeTcs
OMKEPLIMbLM WAPOM PAIUYCA T ¢ YEWMPOM 6 MOUKE .

IIpumep Tpex MeTpPHK Ha ILIOCKOCTH.
[IycTh ToUKa @ mMeeT KOOpAUHATH (d1, d2), TOUYKa b - KoopanuaTer (b, by).

pr(a,b) = /(a1 = b1)? + (az — by)*;

pa(a,b) = max(| a; — by |,| az — by |);

p3(a,b) =[ ay — by | + [ ag — by |;

Enunnaneie maphbr 414 B 5THX MeTPUKaX M300pakeHbl Ha puC. 1.
IIpumep ABYX MeTPHK Ha NPOCTPAHCTBE HENPEePBLIBHBIX (PyHK-
nuu Ha orpeske [0, 1].

pi(f,9) = ¢/01(f(x) — g(x))*dx; p2(f,g9) = max | (f(z) —g(z) |;

z€[0,1]



Figure 1:

Yupaxueuue. [lokaxunre, 9T0 npuBenennbie 5 METPUK NENCTBUTETHHO
ABJAAIOTCS METPUKAMU.

1.1. OTKpBITBIE MHOZKECTBA.

ONPEAENEHUE. [lonMHOKECTBO METPUYECKOTO MTPOCTPAHCTBA Ha3biBa-
eTCsa OMEPMbLM, eClIN KaXJas TOoYKa BXOIUT B HEro BMecTe C IIapoM
MOJOKUTETHHOTO PAJIIYCa ¢ TEHTPOM B HEM.

Yupaxueuue. J[okaxure, 9T0 OTKPBITHIN IHAP SBISETCA OTKPBHITHIM
MHOKECTBOM.

CBOﬁCTBa OTKPBITBIX MHOXK€CTB.

1. O6’Be,I[I/IH6HI/Ie J1060r0 YmceIa OTKPBITBIX MHOZKECTB OTKPLITO;
2. HepecequMe KOHEYHOI'O YHNCHa OTKPBITHIX MHOZKECTB OTKPBLITO;
3. HyCTOG MHOZKECTBO I BCE€ IPOCTPaHCTBO ABJAOTCA OTKPBLITHIMUI.

Yupaxueuune. /lokaxure >TU CBOUCTBA.
1.2. HempepriBHEIC 0TOOpazKeHIA.

ONPEAENEHUE. 1. Orobpaxenue f : M — N masbiBaeTCsS nenpepovis-
notm 6 mouxe o € M, eciu aus mo6oro ¢ > 0 cymecrsyeT Takoe ¢ > 0, 9To
st aobon Troukn @ € V(o) Touka f(xg) aexur B mape Vo(f(x)). Oro-



Figure 2:

6paxenne f: M — N Ha3biBaeTCS HENPEPLIGHbIM, ECIT OHO HETTPEPBIBHO BO
BCEX TOYKaX.

ONPEAENEHUE. 2. Ortobpaxenue f : M — N HasbiBaeTCs nenpepovis-
o, ecan mpoobpas f~H(U) moboro orkpeiToro muoxectsa U/ B N 0OTKphIT

B M.
Yupaxneuune. [lokaxure DKBUBATEHTHOCTH DTUX ONpeleTeHnI.

Taxum obpazom, 11 TOro, YTOOBI TOBOPUTH O HEMPEPBIBHOCTH OTOOpa-
JKEHWA, HeT HYXK bl 3HATh METPUKY, TOCTATOYHO 3HATHL CUCTEMY OTKPBLITHIX
MHOKecTB. [lopTOMYy MOHATHE OTKPHITOrO MHOXKeCTBA ABIseTCs Oonee PyH-
JaMeHTaTbHbIM, YeM MOHATHEe MeTPUKH.

Yupaxuenune. [lokaxnTe, 9T0 TpH ompeneleHHbIe BBIIE METPUKA Ha
TIOCKOCTH 3aal0T OHO 1 TO Ke CEMENCTBO OTKPBITHIX MHOKECTB. (YKasa-
HIE: CM. pHC. 2).

Jlextina 2. Tomonorndeckue mpocTpaHCTBA.

ONPEAENEHUE. TomoJioruen Ha MHOXKecTBe X Ha3blBACTCA TaKoe CE-
MEHMCTBO €ro MOJIMHOKECTB, ITO BEITOIHEHEI CIeIYIONIe aKCITOMBI:

1. O6bennmenme M060T0 IUCTIa TOIMHOKECTB CEMEICTBA JEKUT B CEMEN-



CTBE;
2. llepecevenne KOHEIHOTO YMCTa MOJAMHOKECTB CEMENCTBA JEKUT B Ce-
MEHCTBE;
3. Ilycroe MHOKECTBO U BCe TTPOCTPAHCTBO JEKAT B CEMEUCTRBE.

1V[HO)K6CTBEL7 JeKalnue B CeMteICTBe7 Ha3bIBa€eTCA OMKpbLImblMu.

ONPEJEJEHUE. MpoxecTBo ¢ 3aJaHHOl Ha HEeM TOMOJOIHEN Ha3biBa-
eTCA MONOAORUNECKUM NPOCTPAHCINGOM.

Yupaxueuue. [lpuBennre mpuMepnl pa3inaubix TOMOJOTUN Ha MHOKE-
CTBE U3 JIBYX TOYEK.

2.1. CrocoOnl 3aJaHIa TOIOJIOI .

1. Ha mroboMm MeTpuyecKkoM TPOCTPAHCTBE MOXKHO BBECTHU TOIMOJOTHUIO
TaK, KaK KaK 2TO ONUCaHo B Jeknuu 1. B aTom ciaydae roBopsaT, 4To mono-
A02UA UHIYYUPOBANA MEMPUKOT.

2. HMuorma oTKpBITHIE MHOXKECTBa MOXKHO MPOCTO THepedncanTb. Han-
b6onee ynobHO 2TO neraTh B clyvae, KOU'la JaHHOEe MHOXKECTBO KOHEYHO WU
CYeTHO.

3. Yarre Bcero Tomomorus 3amaeTcs ¢ TOMOIIBIO YKa3aHus 6a3bl Mono-
A402UU, T. €. TAKOI'O CEMENCTBa OTKPLITHLIX MHOKECTB, ITO BCe MPyTue OT-
KPBbIThle MHOXKECTBa TOMYJAIOTCA M3 HUX OolepaluaMi B3ATUA 0O0beTMHeHnus
1 KOHEYHOTI'O TlepecevyeHns.

Ynpaxuenuue. Ilycts X - npomsBoibHOE MHOXKECTBO, U NMycTh F -
MPOM3BOILHOE CEMENCTBO €0 MOAMHOKeCTB. HazoBeM moqMHOKECTBO MHO-
KecTBa X OTKPBITBHIM, €CIN €r0 MOXKHO TIPEJICTABATL B BUE 00DhENNHEHNS
KOHETHDLIX TepecevdeHnil MOMHOKeCTB n3 ceMmencTtBa F. O6bABIM Takxe
OTKPBITHIMI TYyCTOE MHOKECTBO U Bce MuoxkecTBo X. [lokaxuTe, ¥T0 1MO-
JYIUTCA TOMOJOTHA, IJIA KOTOPOU CEMENCTBO F CIYyKNAT Ga3oil.

4. Undyyuposannas monoaoeus. llycrs X - Tomomorndeckoe mpocTpan-
cTBO U A - ero mpomsBodbHOE ToAMHOKecTBO. HazoBem mommmoxectso U
MuoxecTBa A oTKpBITHIM, ecan ono nmeer Bug U = ANV, rae V - nexo-
TOPOe OTKPBITOE MOAMHOKeCTBO npocTpancTBa X. [lorydennas Tomnogorns
Ha MHOXKeCTBe A HasbIBaeTCa unIYyupoe6annoi.

Yupaxueuue. [lokaxnre, 9TO WHIYIUPOBAHHAS TOIOJOTHUSA TEUCTBU-



TEJIBbHO ABIACTCSI TOIOJOTHEN.

5. daxmopmonoaoeus. llycts X - Tonosorudeckoe mpocrpanctso, M -
npomsBoabHoe MHOKecTBO U f @ X — M - nmpomsBoabioe oTobpaxenne. Ha-
3o0BeM ToAMHOKecTBO U/ C M OTKPBITBIM, €CIU U TOIBKO €CIU ero Npoobpas
f~HU) aBaseTcs OTKPLITHIM TOAMHOKeCTBOM mpocTpancTa X. [lomyden-
Has Tomoaorus Ha MHOKecTBe M maswiBaeTcs garxmopmononozuet. Unorma
TOBOPAT, 9TO OHa UHIYyuposana omobpaxcenuen f.

Yupaxuenue. [loxaxunre, 970 (PaKTOPTONOJOTHS JENCTBUTETLHO SBIS-
eTcs TOMmoJoTnen, n 9To oTobpaxkenue f mocie BBemenus Tomoaornn ma M
CTAHOBUTCA HENPEPHLIBHLIM.

Bermemnm wactabm crydan pakToOpTOMOJOT .

[Iycts ~ - oTHOIIEHTE YKBUBAIEHTHOCTH Ha TOMOJOTTIECKOM TTPOCTPAH-
cre X. Torma ecrecrBennas npoexmus p : X — X/ ~ npocrpancrsa X ua
MHOKECTBO KJIacCOB DKBUBateHTHOCTH X/ ~ HHAyHUpyeT Ha HeM (haKTop-
TOTOMOTHTO.

2.3. HempepbIBHBIE 0TOOpaKEHNA I TOMEOMO(DIT3ME.

ONPEAENEHUE. OTo6Gpakenue 0qHOTO TOMOIOTTIECKOTO TPOCTPAHCTBA
B Jpyroe Ha3bIBaeTCs HENPEPbl6HbIM, €CIU MPoobpas KaxKJaoro OTKPLITOIO
MHOXKeCTBa OTKPBIT.

ONPEAENEHUE. ['omeomopduszm - >TO GUEKINA OTHOTO TOMOJOTHE-
CKOT'O TPOCTPAHCTBA Ha ApYyroe, HempepbiBHaA B 06€ CTOPOHDI.

Ynpaxuenue. /lokaxnTe, 4TO CYyNepIO3UINA TBYX HETPEPHIBHBIX OTO-
6paxeHnn HelpepLIBHA.

Ynpaxuenue. /lokaxure, 4T0 OTHOIIIEHNE TOMEOMOPPHOCTH TOMOJIO-
IMYeCKNX TPOCTPaHCTB ABIAETCS OTHOILICHNEM DKBUBAJEHTHOCTH.

Jlexmua 3. 3aMKHYTBIC MHOZKECTBA.
3.1. CBoncTBa 3aMKHYTBIX MHOKCCTB.

ONPENEJEHUE. [lonMHoxecTBO TOMOIOITIECKOTO MTPOCTPAHCTBA HA3bI-
BaeTCA 3aMKHYMBIM, €CTN ero NOoNoTHEeHe OTKPLITO.



1. O6’B€,I[I/IH6HI/I€ KOHEYHOI'O 9HCIa 3aMKHYTBIX MHOXKECTB 3aMKHYTO;,
2. HepecequMe J1060r0 YmceIa 3aMKHYTBIX MHOXKECTB 3aMKHYTO;,
3. HyCTOG MHOXKECTBO I BCE IIPOCTPaHCTBO 3aMKHYTEI.

Ynpaxuenue. lIpuBenure npumep MHOKECTBA Ha IIIOCKOCTH, KOTOPOE
He ABIAETCA HU OTKPLITHIM, HII 3aMKHYTHIM.

Yupaxnenue. /fokaxuTe cBONCTBA 3aMKHYTBHIX MHOKECTB.
3.2. SaMbIKaHI/Ie7 BHYTPEHHOCTDL U I'PaHHUIIA.
[Tycts X - Tomoaoruveckoe npoctpanctBo u A C X - ero Mo MHOKECTBO.

ONPEJAEJEHUE. MnoxectBo Cl(A) HashIBAETCS 2aMbIKAHUEM MHOKE-
crBa A, ecim:

1. CI(A) 3amMKHYyTO;

2. Cl(A) D A;

3. Jlioboe npyroe saMKHYTOe MHOKECTBO, KOTOpoe cogepxuT A, comep-

xur Cl(A).

ONPEJAEJEHUE. Muoxectso Int(A) C A HasbIBaeTCs 6HYMPERHOCTNLIO
MHOKecTBa A, ecim:

1. Omo oTKpBITO;

2. Ono comepxuTcs B A;

3. Jlioboe npyroe oTKpBITOE MHOKECTBO, KOTOPOE JeXKUT B A, IeXKUT B

Int(A).

ONPEAENEHUE. ['panuya Fr(A) muoxectBa A C X ecTh o0benunenue
TaKuX TOYeK = € X, 9To Kakgasg oKpecTHOCTL U 3 & mMeeT HeIycToe
mepecevenne Kak ¢ MHOKeCTBOM A, TaK U ¢ €ro JOIMOJHEHIEM.

Samevanne. CroBa “okpecmuocms mouku” paBHOCHILHLI CIOBAM ~0m-
Kpblmoe Muoxcecmeo, codepacawjee dannyio moury”.

Yupaxneuue. Hanugnre BHYTPEHHOCTD, 3aMbIKaHUe W T'PAHUILY TTOTY-
nHTepBala Ha MIOCKOCTH U TMOJTYUHTEepBala Ha TPSMOM.

Yupaxueuue. Haugure BHyTPEHHOCTD, 3aMBbIKAHIE I TPAHUILY MHOKE-
CTBa BCEX TOYEK MMIOCKOCTH, 00€ KOOpAUHATHI KOTOPHIX PalllOHaTbHBI.

TEOPEMA. 3aMbIKaHre MHOKECTBA €CTh Tepecevdenne BCeX colepKarinX



€r'o 3aMKHYTBIX MHOXKECTB.

,HOKEL3ELT6JH)CTBO. Tax xKak nepecedeHne 3aMKHY ThIX MHOI‘OO6pEL3I/I 3a-
MKHYTO, TO OHO CONECPKUT 3aMbIKaHNE.
SELMBIKELHI/IG TOXKe 3aMKHYTO, ITIO3TOMY OHO CONECPKUT IIepeceHdeHIE.

TEOPEMA. [las mo6oro muoxecTBa A BbhImonmsercs paBercTtBo A U

Fr(A) = Cl(A).

JNoxkazarerbcrBo. Ecim Touxa x ne rexut 8 AU F'r(A), To ee HekoTopast
OKpecTHOCThL He mepecekaeT MHoxecTBa A. I[looTomy muoxectBo X — A U
Fr(A) orkpeito n Muoxkectso A U Fr(A) savxmyro. OTciona creayer, 9T0
CI(A)C AU Fr(A).

Ecau Touka & we JeXUT B 3aMbIKaHun, TO ee okpecTHocTh X — Cl(A) ne
colepKHUT Todek MHOKecTBa A. IlooToMy oHa He CONEpKNTCA HI B MHOXKE-
cTBe A, HEI B ero rpanure.

Yupaxuenune. Bepuo au, aro Cl(Int(A)) = CI(A) u Int(CI(A)) =

Int(A)? Ecau mer, npuBegnTe KOHTPIPUMEDDL.

3.3. CBA3BHOCTD.

ONPENEJNEHUE. Tomomormveckoe MpoCTPAHCTBO HA3BIBAETCS C6A2HLLM,
eCcI ero Heab3sA NPe/cTaBuTh B Bie oObeqnHeHNsA NBYX HENyCThIX Herepe-
CEKAIOMINXCSA OTKPBITHIX TOIMHOKECTB.

Yupaxuenune. [lante kraccudukainnio 6yKB PycCcKoro aadaBuTa ¢ TOU-
HOCTBIO 70 I'OMEeOMOpP(PU3MA.

Ykazanne: B kadecTBe pasmmvaionux WHBapUAHTOB MCIOIL3YUTE GUCTO
KOMTIOHEHT CBSI3HOCTU OYKBBI, INCIO0 KOMIIOHEHT CBS3HOCTH TTPOKOJOTON OY-
KBBI, T.e. OYKBBI C yJIAJIEHHON TOIKOU, TUCIO KOMIIOHEHT CBSI3HOCTU TTPOKO-
JOTOW OKPECTHOCTH TOYKH B OYKBe.



Jlextsa 4. AKCIIOMBI OT 1€ IUMOCTIL.

ONPENEJNEHUE. Tomomorndeckoe MpOCTPAHCTBO YAOBIETBOPSET aKCHU-
ome Tp, ecam nius m0OBIX IBYX €0 TOYEK HAUIETCS OKPECTHOCTL ONHOUW U3
HUX, He colepiKallas BTOPYIO.

ONPENEJNEHUE. Tomomorndeckoe MpOCTPAHCTBO YAOBIETBOPSET aKCHU-
ome T}, ecim must MOOBIX ABYX €r0 TOYEK HAUIETCSI OKPECTHOCTH KaiK OU U3
HUX, HE cofepiKallas BTOPYIO TOYKY.

ONPENEJNEHUE. Tomomorndeckoe MpOCTPAHCTBO YAOBIETBOPSET aKCHU-
ome Ty, ecan Jd00bIe NBe €ro TOYKU UMEIOT HellepeceKalolmecs OKPeCcTHO-
CTH.

ONPENEJNEHUE. Tomomorndeckoe MpOCTPAHCTBO YAOBIETBOPSET aKCHU-
ome T3, ecam nius 1060U TOYKM W HE COIEPKAIIETO €€ 3aMKHYTOT'O MHOMKe-
CTBa HaWIYyTCA HellepeCeKaromecs OKPECTHOCTH.

ONPENEJNEHUE. Tomomorndeckoe MpOCTPAHCTBO YAOBIETBOPSET aKCHU-
ome Ty, ecin nr00ble IBa HeMepeceKarolmecs 3aMKHY Thle MHOKEeCTBAa WMEOT
HerepeceKalomecs OKPecTHOCTH.

Cwm. pucymnox 3.

KomvmmenTapuu.

1. Axcuoma Ty HaswiBaeTcsa axcuomot Koamoeoposa. Ona obecrednBaer
Pa3InIUMOCTh TOYEK, €CIHU CHCTeMa OTKPBITHIX MHOKECTB W3BECTHA.

2. Akcmoma T} BBITIONHEHA TOTAa W TOJLKO TOT A, KOT/Ia Kakad TOIKa
ABasgeTcs 3aMKHY ThHIM MHOKecTBOM. (IIpuBeguTe cTporoe gokasaTeib-
CTBO.)

3. IIpocTpancTBa, yaoBieTBOpsoNine akcuoMme Ty, HasbiBaeTCA raycdop-
dosuvimu.

4. lIlpocrpancTsa, ygoBreTBopsiomnine akcuomam 17 u T3, HasbiBaeTCA
PERYAADHOLMU.

5. IlpocTpancrsa, yaoBieTBopsiome akcuoma Ty n Ty, HazsiBaeTcs wop-
MAADHBIMU.

TEOPEMA. HopmanbHocTh = perymapaocts — 1y =— T} = 1.

(IlpuBeauTe cTpOroe A0Ka3aTeJbCTBO.)
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Figure 3: AxkcrmoMbl OTA€IUMOCTH



TEOPEMA. Bce MeTpudeckine mpocTpaHcTBa HOPMATbHBI.

lokazaTenbctBo. [las Toro, 9Tobbl HoKaszaTh akcrmoMmy 17, m1OCTaTOYHO
B3ATH MIapOBBIe OKPECTHOCTH NaHHBIX TOYEK, PAANyChl KOTOPHIX paBHBI pac-
CTOAHUIO MeX 1y Toukamu. [L1s mpoBepkn HOpMaTbHOCTH HaM MOHAT0OMTCS
JeMMa.

JIEMMA. DyHKIUA pacCTOAHIA

p(z,A) = inf p(z,y)
yEA
OT TOYKHN Z 4O OJaHHOI'O MHOXKEeCTBa A HeETIpEPLIBHA.
,HOKEL3ELT6JH)CTBO. SELMGTI/IM7 9TO HEPABEHCTBO TPEYTOJbHUKA

p(z,20) + p(z0,y) = p(z,y)

mocne B3ATUA HHPUMYMOB 110 y € A oT obenx dacTen IpeBpaIlaeTCs B He-
paBeHCcTBO

pla,x0) + p(xo, A) > p(x, A),

KOTOpPO€ 9KBUBAJICHTHO HEPaBEHCTBY
p(x7 A) - ,0(1‘0, A) < ,O(l', l’o).

Anamorudmo,

pxo, A) — p(z, A) < p(x, 20).
[TooTomy

| p(x7 A) - lo(xov A) |§ p(x7 xo)'

Teneps ars moboro nanHoro & > 0 MOXKHO B3AThH § = &, U TOTla U3 Hepa-
BeHCTBa p(Tg, ) < & OyeT crenoBaTh HepaBeHcTBo | p(xo, A) — p(x, A) |< e.

Jlemma gokaszama.

[Tycts Teneps F, Iy - Henmepecekaommecs 3aMKHYThle MHOKeCcTBa. 1o-
ria mo demme gyukumn p(x, Fy) n p(x, F3), a BMecTe ¢ HUME W (PYHKINA
o(x) = pla, F1) — p(x, Fy), nenpepoiBibl. [looToMy OTKpBITBIE MHOKECTBA
Uy = ¢ 10,00) u Uy = ¢~ (—00,0) ABIAIOTCA HCKOMBIMHI HETIEPECEKAFOIIH-
MUCS OTKPBITHIME MOAMHOKecTBaMu. Teopema nokaszaHa.

O6paTHaﬂ TEeOpEMa TaKiKe CIIpaBEAJnBa, HO IIPU BBLIITOJIHEHNUW HEKOTO-
POTO ANOIMOJHUTEJIBHOT'O YCJIOBUA.
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TEOPEMA. (Bes noxaszarerncrsa). Jliob6oe HOpMaIbHOE TOMOIOTTIECKOE
MPOCTPAHCTBO CO CIETHON 6a30M OTKPLITHIX MHOKECTB METPU3YEMO.

Yunpaxuenue. llpuenure npumep ABYX 3aMKHYTHIX HelepeceKaro-
MIXCA MHOKECTB Ha TITOCKOCTH, PACCTOSHNTE MeXK Iy KOTOphbIMHU pasHO (.

Ynpaxuenue. /lnga kaxmgoro ¢,0 < ¢ < 3, npuBeauTe mpuMep Mpo-
CTpaHCTBa, KOTOPOE yIOBIETBOPSET akcumome 1, HO He YIOBIETBOPSET aK-
cuome Tiy.

Jlextma 5. KoMmaxTol.

ONPENEJEHUE. CeMencTBO OTKPBITHIX MOJAMHOKECTB TOTOIOT TIECKOT O
MPOCTPAHCTBA X Ha3BIBAETCA OMKEPLIMbLLIL NOKPLIMUEM, €CTU UX 0ObemHe-
HIle CcOoBMagaeT co BceM X.

ONPEAEJNEHUE. Tomosorntdeckoe MpOCTPAHCTBO HA3LIBAETCS KOMNGK-
moM, eClIi 13 JI000r0 ero OTKPHITOI'0 MOKPBITUSA MOMKHO BBHIOpaTh KOHEYHOE
MOATTOKPbITHE.

TEOPEMA. IloammoxecTBo mpocTpancTBa RV aBIseTcs KOMIAKTOM (B
WH Y IITPOBAHHON TOMONOTHN) <= OHO 3aMKHYTO 1 OTPAHIIEHO.

lNoxkazarerbcrBo. (=>). llycrh mogmuoxecTBO A ABISETCS KOMIAKTOM.
Pacemorpnm ero mokpeiTie oTKpbiThiMI MEOKecTBamu U, = V,(0) N A. Us
DTOTO MOKPLITUSA MOXKHO BHIOPATEH KOHETHOE MOATOKPBITHE, & DTO O3HATAET,
970 A TeXKUT B IIape ¢ MaKCUMaTbHLIM HOMepoM. [looTomy A orpammteno.

[lycTs Temeps x - Tpom3BoIbHAS TouKa u3 Y — A. PaccMoTpuM moKphI-
Tre MHOKecTBa A OTKpHITHIMI MHOKecTBamu U, = (RY — Cl(Viju(z))) N A.
U3 5Toro mokpeITHS MOKHO BBIOpATh KOHEYHOE TOMIMOKPHITHE, & DTO O3Ha-
“aeT, ITO MWap Vi,au(m) () He nepecekaercs ¢ muoxectsom A. OTciona cie-
nyer, 910 MHOKecTBO RN — A oTKpEITO, T. €. A 3aMKHYyTO.

(«<=). llycrs A 3amkmyTO 1 orpanmeno. Toraa oHo conepKUTCS B HEKO-
TopoM N-meprOM KyGe co cropornon C'. JlomycTtum, 9T0 Halge TCA TOKPBITHE
{U,} muOKecTBa A, 13 KOTOPOro HENL3A BEIGPATH KOHEYHOTO TTOIOKDLITH.
Paszo6bem ky6 na 2V pasubix xy6os. Ilepecedenue xoTs 6bI OJHONO U3 HIX
C MHOXKECTBOM A He TTOKPLIBAETCS KOHEIHLIM THCIOM DIEMEHTOB TTOKPLITHS.
Pazobnenm ero eme Ha 2V paBHBEIX Ky60B, OMATEL BHIGEPEM TOT, epecetdeHre
KOTOpPOTO ¢ A He MOKPBIBAETCSA KOHETHBIM TUCIOM DIEMEHTOB MOKPBITHS, 1
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Figure 4:

T. 1., cM. puc. 4. B pesyibrare Mbl MOJIYYUM TOCIEI0BATETLHOCTE BJIO-
KeHuoix Ky6oB co ctoponon, crpemsirencs kK 0. Wx mepecedenme coctont
u3 posro oanon Toukn (Ilouemy?. O6ozmaunm o1y Touky uepes P. Tax
Kak A 3aMKHYTO, TO dTa Touka JexuT B HeMm (O6bsacHuTe, modemy?. To-
rja OHa CONEPKUTCA B OJHOM W3 MHOXKECTB MOKPLITHS, ¥ DTO MHOKECTBO
COJIEPKUT BCE NOCTATOIHO Maltble KyObl, cogepxaiiue Touky P. Iory4amin
IPOTHBOpPEYTE.

Jlextma 6. CBoncTBa KOMIIAKTOB.
TEOPEMA. dynkius, HenpepblBHasA Ha KOMIIaKTe, orpanndena. /lokazaTenbcTso.

[Iycts pyuxums f: K — R orpannvena. PaccMoTpuM moKpeITIe KOMITaKTa
muoxkectBamut U, = f~'(—n,n). I3 5Toro moKpeITHA MOKHO BHIGPATH KO-
HewHoe, a 5To o3HavdaeT, 9T0 | f(2) |< Npas.
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TEOPEMA. DyHKINA, HEIPEPbIBHAsA Ha KOMIIAKTe, NTOCTUTAaeT HanbOIb-
1Iero 3HavYeHus.

Noxkazarerscro. Ilycrs yo = supf(x) we nocruraercs. Pacemorpum
MOKPBITHE KOMIAKTa OTKPLIThIMI MHOxkecTBamu U, = f~1(—o0,yo — 1/n).
N3 51010 MOKPHITHA MOKHO BEIOPATH KOHEYHOE TIONMOKPBITHE, HO TOT A Yo —
HE CYIPEMYM, TOCKOABLKY YUCIO Yo — | /14, 3aBEIOMO GOIBIIE BCEX 3HAYCHUN

dpyHKONAN.

TEOPEMA. O6pasz KoMIakTa TP MTPOM3BOILHOM HETPEPBHIBHOM 0TOGpa-
JKEHWN SABASETCS KOMIIAKTOM.

Ynpaxuenue. /[lokaxure 5Ty Teopemy.

T HO,I[MHO)KGCTBO XayC,I[OquOBEL KOMIIaKTa ABJAAEeTCA KOMIIAKTOM <—
OHO 3aMKHYTO.

lNoxkazarerbcrBo. (<) [lycTh A — 3aMKHYTOE TTOIMHOKECTBO KOMITAKTa
K, wnycrs {U,} — ero orkpuiToe nokpeiTe. Kaxkaoe muoxectso U, nmeer
sug U, = ANV, rae V, —orkpoiTole MuoxecTBa B . Muoxectna V,, BMecTe
¢ maOKecTBOM K — A mokpriBaioT K. W3 5Toro mokpuITus MOXKHO BEIOpaTh
KOHEYHOE MOATOKPBITHE, HO TOTJa KOHETHOE GNCI0 COOTBETCTBYIOMINX MHO-
xectB U, yKe MOCTATOIHO M MOKPBITHS MHOKecTBa A.

(=) IllycTs mogmuoOKecTBO A XayciopdoBa KoMmakTa K ABIAETCH KOM-
maxkToM. [lycts Touka x me mexut B A. Uz xaycmopdoBoctu cremgyer, 9To
IS 060N TOYKN y € A HamayTcs Henepecekaroimecs okpectrocTn U, (y)
u V,(x). Hpu srom orkpoiToie MuoKecTBa Uy(y) N A mokpeiBaior A. Tax
Kak A -KOMIIaKT, TO U3 DTOT'0 TMOKPLITUS MOXKHO BBIODATHL KOHEYHOE TIO[I-
mokpbiTHe. B aToM ciaydae mepecedenne cOOTBETCTBYIOMINX OKPECTHOCTEN
V() sBIsleTCs OKPECTHOCTHIO TOYKM Y, Jexallel BHe A. DTo o3Havaer,
ITO MHOKECTBO A BaMKHYTO.

Ynpaxuenue. IlpuBenure npumep HE3aMKHYTOIO KOMIAKTa, JexkKa-
Iero B KOMIakTe. (YKasanne: pacCMOTPUTE TPOCTPAHCTBO UX IBYX TOYEK ).

TEOPEMA. YmuorHenwe (T. e. HempepbiBHas OHeKInsa) xaycaopdosa
KOMTIAKTa ABAACTCA MOMEOMOP(MUIMOM.

Yupaxuenne. /lokaxknre ory Teopemy. (YKazamue: HCHOIL3YNTE Mpe-
JBIAYIIYEO TEOPEMY U TEOPEMY O TOM, 9TO 00pa3 KOMIAKTa - KOMIAKT).
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Jlexta 7. IloBepxHOCTH.

7.1 MHOFOO6paSI/IH. ONPEAEJNEHUE. Tomosoruveckoe mpocTpan-
CTBO HA3LIBAETCI-MEPHLLM MHO2006PA3UEM, €CIN KaXKTasg €0 TOIKa NMeeT
OKPECTHOCTH, T'OMEOMOP(MHYIO MPOCTPaHCTBY [ mianm moaynpocTpaHCTBY

R

Yrob6wr m36€KaTh TATOJOTUYECKNX TTPUMEPOB, OOBITHO TPebyioT, 9TOOb!
MHOT'006pa3ne ObITO XaycnopgOBbIM I NMeJOo CIeTHYIO 6a3y.

ONPENENEHUE. O6bennnente TOMEK MHOT000pa3sl, NMEOIINX OKPeCT-
HOCTB BTOPOT'O THIa, HO HE UMEIINX OKPECTHOCTh MepBOro THlla, Ha3biBa-
eTcA Kpaem MHOT00Opasns u obosHadaeTcsa depes M.

3aMeTnM, ITO CXOCTBO 0603HATEHNN Kpas U YaCTHOU TPOU3BOTHON Ia-
JIEKO He CIy9allHo.

TEOPEMA. Kpanm n-mMepHOro MHOT006pasms SABIAETCSI MHOTO0Opa3HEM
pasmepHOCTH N — 1.

Mub1 ocTaBisieM 2Ty TeopeMmy 6e3 MOKa3aTelbCTBa, MOCKOIbKY, HECMO-
TpsA Ha €e MHTYUTUBHYIO OYEBUAHOCTH, CTPOT'Oe NOKa3aTelbCTBO JOBOJILHO

TPYIHO.

ONPEAEJNEHUE. KommakTnoe MHOT006pasne ¢ mMycThIM KpaeM Ha3biBa-
eTC3AMKHYMBIM.

Hyxmo mommmaTh, 9To cloBa ~3aMKHYTOE MHOXKECTBO 1 ~3aMKHYTOE
MHOroob6pasne” IMET COBCEM Pa3HbII CMBICT.

7.2. HpI/IMepr HOBerHOCTeIU/I.
[ToBepxHOCTH - BTO ABYyXMepHOE MHOT0OOpa3ue.

[IpuMepoM HEKOMIAKTHON IOBEPXHOCTH MOZKET CIYKUTH JONOJHEHHe K
T06OMY 3aMKHYTOMY MHOKECTBY Ha MIOCKOCTH (HAIpUMep, K KAHTOPOBOMY
KOHTHUHYYMY ).

Yupaxueuue. OObsicuure, moieMy OTKPLITOE MHOKECTBO Ha TLIOCKO-
CTH ABISETCS MHOT0OOpa3neMm.

[IpumepamMu KOMIIAaKTHBIX TIOBEPXHOCTEN ¢ KpaeM caykar auck D? ( mbr
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Figure 6: Jlmer Mebuyca

He Ha3blBaeM €ro KPYI'OM, TOCKOIbKY OH MOXKeT ObITh W He KPYTJIbIM, CM.
puc.5) u amcr Mebuyca, cMm. puc.6.

[IpumepaMu 3aMKHY THIX HOBEpXHOCTEl c1yKaT cdepa S? 1 HpoeKTuBHas
mrockocTh RP?) koTopas momydaeTcs us cdepbl yaaleHueM nucka (mocre
Yero ocTaeTCs MCK) U 3aKJIeNBAHIeM TOXY IUBIIENcs AbIpKE arcTom Mebn-
yca, cM. puc. 7.

[IBe Geckomednble cepuu KOMIAKTHBIX TTOBEPXHOCTEN M306pakKeHbl Ha
puc. 8.

TEOPEMA. Jliobas 3aMKHyTas TOBEPXHOCTH TOMeOMOP(HA ONHON U3 MO-
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Figure 7: Cdepa un mpoekTrBHas MIOCKOCTD

DEDE9)

@ @ i
MODLR)

Figure 8: MogenbHble 3aMKHYThIe TOBEPXHOCTHU
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Figure 9:

IeTbHBIX.
MokaszaTeancTBo.

1. ITo onpenenenuto moBepXHOCTH, JH00ass MOBEPXHOCTD JOKAJIBLHO YCTPO-
eHa KakK MIOCKOCTE ( 1in KaK KpyT). Kpyr MOKHO pasbnuTh Ha TPEYTOIbHIKNT
(TpuanryanpoBaTh). OTciona MOKHO BBIBeCTH ( MpaBja, He O9eHDb MTPOCTO),
4TOo Jd100as MOBEPXHOCTHL TPUAHLyJIUpYyeMa.

2. Kpyroserie oKpecTHOCTH BEpITHH HAa30BeM JUCKAMU, OKPECTHOCTH Pe-
6ep — .eHmamu, OCTABIINECH YacTU TPEYIOJbHUKOB — 3andamamu. Takum
00pa3oM, MOBEPXHOCTHL MOXKHO pa3zbuTh Ha AMCKU, JEHTHl U 3alldaThbl.

3. YHucao JAUCKOB W JEHT MOXKHO YMEHLIINTD, OOLABIAA AdBa IOHNCKa 1
COENMHAIOMIYIO UX JEHTY HOBBIM JUCKOM. HOSTOMy B CBA3HYIO ITOBEPXHOCTH
MOXKHO IIOJYYUTH U3 0()H020 JAUCKa ITpUKJCUBaHUEM JEHT W 3alljlaT.

4. Yucro zamraT MOXKHO ¢BeCcTH K 1 ¢ IIOMOIILIO IBONCTBEHHOI'O pacCy-
KIEeHUs — Iy TeM OObABICHIS HOBOU 3alllaTON JEHThHI U ABYX IPUMbIKAIOIIX
K Hell 3alaaT.

5. Fcan nenT HeT, TO MOBEPXHOCTH €CTh cpepa, ecin JeHTa OlHa, TO OHA
TOJKHA OBITD MTepeKpyveHa, U Mbl IMEeM [Jel0 ¢ TPOEKTHBHON TIOCKOCTDIO,
ecir JEHT JBE U OHU He TMePEKPYIeHbl, TO TaK KaK Kpal 00bequHEHNs IICKa
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Figure 10:

C TEHTaMU JOIKEH COCTOATH M3 OJHOU OKPYKHOCTH, TO JEHTHI JOJKHBI ObITDH
CKPEeWenbl, a TOTIa ToTyJIaeTcsa Top, cM. pucyHox 10.

6. B o6riem caydae 6yneM paccyk 1aTh TaK: MOMYCTUM, YTO BCe JEHTHI HE
nepekpydennl. Torga nis Kax o JeHThl Ly HaumeTcs XOTs OBl ofHa JeHTa
Ly, KoTOpAs ¢ HeW CKPEMNBAETCA. S3aMETHUM, ITO TTPH 430Mmonu ( TBUKEHIN)

OCHOBaHUA CJIG,I[yIOHleﬁ JIEHTHI ITO Kpalo, MOBEPXHOCTL HE MEHAECTCA, CM. PHUC.
11.

3a cdeT TaKuX [BUKEHUU MOKHO OCHOBAHUSA BCEX APYTUX JEHT BHIHECTH
3a Tpejlesbl aphbl CKPeleHubiX aeHT Ly, Ly, T. e. ouucmums a1y napy. llo-
BTOpAA DTY ONEpPalnio HECKOJIBKO Pa3, Mbl IPHJEeM K TUCKY € HECKOTLKUMU
YUCTBIMU TTapaMi CKpeIeHHbX JedT. (CoOTBETCTBYIONIAA TTOBEPXHOCTD T'O-
MeoMopdHa KpeHaenio, po (Ircio AbPOK) KOTOPOTo COBMAAAET € GNCIOM
map CKpelleHHbIX JeHT.

7. Homyctum, 9T0 HanmeTcs XoTs Obl omHa mepekpydentas denta. C
MOMOIIHIO AHAJOTUIHON OTEPAIUU OIHIIEHNS MOKHO TOOUTHCS, ITOOBI BCe
JEeHTHI Pas3OUInch Ha OTAeNTbHbIC MepeKpyveHHble JEeHThI 1 Ha OTAelbHbIe
napbl ckpereHnbix denT. Ha puc. 12 xoporto BunHo, 4T0 ecan xoTs Obl 01HA
nepekpyydeHHas JeHTa eCTh, TO Mapy HelmepeKpy4YeHHbIX CKPEeIIeHHbIX JeHT
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Figure 11:

MOXKHO 3aMeHUTH Ha Mapy OTAeNbHBIX MepeKpyUYeHHbIX JeHT. B pesyabraTe
Mbl TIOIYYUM JUCK ¢ HECKOTLKUMHU OTAENbHBIMUA EePEKPYICHHBIMI JeHTAMHA.
Emy coorBeTcTBYyeT chepa ¢ auctamu Mebuyca, 9ucio KOTOPBIX COBHAaeT
C YMCTOM JIEHT.

Teopema goxkazana.

[IpuBenem npumep nmpumenenms TeopeMbl Kiaaccupukanuu. Ilyers R -
pumanosa noseprnocms (T. e. TpadyK ) MHOTOZHATHON KOMILIEKCHON (DYHK-

FDO=ATI. = [N

il VaYa)

Figure 12:
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o w = \/Z(Z — 1)(z — 2), paccMaTpuBaeMoll KaK 0TOOpaKeHre MOMOJHEH-
HOU GECKOHETHOCTHIO KOMILIEKCHOU TIOCKOCTH ( T. €. KOMILIEKCHOU c(bephl )
ma cebs. Torga R opuenTupyema (Kak BeAKas piMaHOBa MOBEPXHOCTE). [Ipn
nepexojie 0T cpephl K MOBEPXHOCTH K BCe TOYKH yABaWBAIOTCA, KPOME TOTEK
z2=0,2=1,2=2,2 = co. Iloaromy x(R) = 2x(5?) — 4 = 0. Uz Teopemnr
KAacCU(pUKAINNI TOTAa ClefyeT, 9TO MOBEPXHOCThL K ABIAETCA TOPOM.

JIGKHI/IH 8. PasaminocTtn MO J€JIbHBIX HOBerHOCTeI/UI.
TEOPEMA. Bce noBepxuocTI, n306paxkeHHble Ha PUC. 8, PA3JUYHHI.

[lloxazaTenrbcTBO TpoBeeM B nBa dTamna. CHavdala MOKakKeM, 9TO TOBEPX-
HOCTHW TI€PBOU CEPUHN OTAUIAIOTCS OT TTOBEPXHOCTEN BTOPOU CEPUT.

ONPENEJNEHUE. [loBepXHOCTDL HA3LIBAETCA OPUEHMUPYEMOT, €CIU OHA
conepxuT auct Mebuyca. B mpoTuBHOM ciydae TOBEPXHOCTH Ha3bIBAETCSA
HEOPUEHMUPYEMOU.

Bce noBepxmocTu BTOpON cepun HEOPUEHTUPYEMBI, TaK KaK OHHU O OTIpe-
TEeIEHWIO CoepKaT 1Mo Kpauuen Mepe oaun auct Mebuyca. Bcee moBepxmocTn
nepBou cepuu opuenTupyembl. [lencrBuTennbio, Kaxgas n3 HuX paszObuBaeT
npocTpancTBo R Ha JBe 9acTy — BHELIHIOI U BHyTpeHHIo0. [lopToMy oHU
UMeIOT 10 JBe cTopoHbl. Jlmer Mebuyca sBiseTCss 0MHOCTOPOHHEN MTOBEPX-
HOCTBIO, TIODTOMY OH HE MOXKET CONepPKATLCA HEU B ONHOW W3 HUX. IJTHUM
MEPBLIN DTAll 3aKOHYIEH.

[lepenmem ko BTopoMy pTamy — H0Ka3aTEILCTBY TOTO, ITO TTOBEPXHOCTH
BHYTPH KaXKIOU cepun pasanm<nbl. [las pToro maMm mOHaIOOUTCS MOHITHE
QUAEPOB6OT TAPAKTMEPUCTIUKY.

ONPEAENEHUE. [lycTh moBepxnocTsh F' pa3zbura Ha TpeyroabHUKN Tak,
YTO KaKble JBa TpeyrodbHruKa Jub0o He mepeceKaloTcs, Tubo nepecexaoTcs
POBHO TIO OJIHOU BeEpINNHe, JH60 mepeceKaioTcs o onmomy pebpy. Takoe pas-
6uenme HasbiBaeTcs mpuaneytsyuet. Torma suaepoBon XapaKTepUCTHKON
MOBEPXHOCTH [ HazbIBAETCSA YUCIO

X(F)=6—p+e

, TJle 6, p U 2 - 9ucia Bepimni, pebep W TpaHel TPUAHTYIANHH, COOTBET-
CTBEHHO.
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3aMevaTerbHoe CBONCTBO DUIEPOBON XapaKTEPUCTUKN: OHA SABIAETCS WH-
BapuaHTOM TOMeOMOp(dI3Ma. ITO O3HATAET, ITO OHA HE 3AaBUCUT OT TPUAH-
TYJSIIUT B 9TO XapaKTEePUCTUKN TOMEOMOP(HBIX MTOBEPXHOCTEN PABHDI.

[Tosresno orMeTnTh TakkKe, 9TO DUIEPOBY XapPaKTEPUCTUKY MOKHO BBI-
YUCTAATH 110 pa3bUeHnio Ha MHOTOYTOAbHUKHI, U YTO €€ MOKHO OlpelelnTh 1
[IIsi MHOT'OMEPHBIX TPUAHTYJANPOBAHHBLIX TPOCTPAHCTB KakK ajJbTepHUPOBaH-
HYIO CyMMY 9HCel CHMILIEKCOB COOTBETCTBYIONINX pa3MepHocTen. Bce ntu
yTBepXK JeHus OyayT NoKa3aHbl MO3NHEe.

TEOPEMA. (AU B) = y(A4) + x(B) — x(AN B).

[oxazareabctBo. [logcanThiBas Bepimubl, pebpa 1 IpaHn TPOCTPAHCTB
Awu B, MBI cquTaeM Te n3 HUX, KOTOpPhle HaXOATCA B TEpEeCeTeH N, TBaK Ibl.
Ecan mx cumTarh mo omHOMY pa3dy, TO MOJYYUM 4YUCIa BepIINH, pebep u
rpamen 06beTnHEHNS.

CIEACTBUE. BuyTpu Kaxaou cepun MOBEPXHOCTU Pa3IUIHbIL.

[okazarenbcTBo. Ilpumenss mpeabiayIIyo TeopeMmy, JerkKo BBHIYMUCIUTH
DUTEPOBLI XaPaKTEPUCTHKH BCEX MOMETLHBIX TMoBepxHocTen. (JTBeT TakoB:
XapaKTepnCTUKa MOBEPXHOCTH KpeHeld polla n paBHA 2 — 2n, XapaKTepu-
cruka cdepsl ¢ n aucramu Mebuyca paBHa 2 — n. U3 pasanynocTn xapak-
TEPUCTHUK CIEeNyeT PA3IUIHOCTD MTOBEPXHOCTEN.

SagaHme HOBerHOCTeIU/I MHOI'OYI'OJIBbHIKAaMIU C IIOIIaPHO
CKJIECHHBIMI CTOPOHAaMII.

PaccvoTpnM MHOTOYTOILHEK ¢ 9€THBIM InCIOM ¢TOPOH. CTOPOHBI paso-
6beM Ha IMapbl U MOMETHM CTOPOHBLI KaiKIOU Maphl OJMHAKOBLIMI OyKBaMII.
[IponsBoabHO OpHEHTHPYEM WX, & 3aTEM CKJIECHM COTJIACHO BBIOPAHHELIM OpI-
edTanuAM. B pesyibTaTre MOAYyINM HEKOTOPOE TOMOJOTMIEeCKOe ITPOCTPaH-
crBO X.

TEOPEMA. IIpocTpanctBo X siBiseTcs 3aMKHY TOU MMOBEPXHOCTHIO.
Ynpaxuenue. /[lokaxure 5Ty Teopemy.

Y106BI OMpenernTh TUI TTOBEPXHOCTU, HYXKHO BLITUCIUTDL €€ DIIEPOBY
XapaKTepUCTUKY U Y3HaTb, OPUEHTHUpYeMa Jau OHa. ucio pebep Bcerma
paBHO n, TpaHb OfHA, a ITOOBI HAUTHU YUCIO BEPIIUH, HYKHO BHHMATEIHLHO
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Figure 13:

MOCMOTPETH, KaKne BEPIINHBI CKIENBAIOTCI MEXK Iy COOOM.
JIEMMA. IloBepxuocth X HeopueHTHUpyeMa TOTa M TOIBKO TOrZA, KO-
ra HaWIyTCs ABe COHAIPABIEHHBIE CTOPOHLI OMHOW Maphl.

loxazarenrbctBo. Ecam comanmpasiennas mapa cTOPOH HAWIETCS, TO OKPECT-
HOCTH AYyT'M B MHOTOYTOJbHUKE, COENNHSIIONIEN NX CePENUHbI, TOCTe CKIenBa-
Hug faet auct Mebuyca.

[omycTuM, ITO COHATPAaBIEHHBIX TTap CKIenBaeMbIX cTopon meT. OTpe-
JKeM OT MHOTOYT'ONbHUKa YTOJKH, YTO dKBUBAJICHTHO YIAJCHWIO U3 MTOBEPX-
HOCTHU HECKOAbKIX nuckoB. [locae aToro ckiemBanms mpoTuBOHATIPABIEHHBIX
CTOPOH MOKHO Pealn30BaTh B INIOCKOCTH TPUKIEHBaHNEeM HellepeKpy YeHHbIX
aenT, cM. puc. 12. IlosTomy nmoBepxHOCTH OpUEHTUpYEMA.
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