B.E. HeyBa:xaeB

MaTtemaTuueckoe MoeJUpPOBaAHUE
TYpPOYJE€HTHOTO IepeMenIuBaHUA

WNsparensctBo POAI] — BHUUTD
Cuexxunck » 2007



YIOK 532.517.4+519.8

H57

H57

HeyBamxaesn, B.E. MaTremaTuueckoe MoJeInpoBaHue TYPOYJIEHT-
Horo mepemermuBanua [Texcr]. — Cuemxunck: Usg—so PDOAI] —

BHUUT®D, 2007. — 160 c.

Mownorpadusa mocBsaleHa BOIPOCAM MaTeMaTUUYeCKOTO MOJEJIHPO-
BaHUS TYPOYJEHTHOTO IepeMeIlInBaHusA, BOSHUKAIIIEro Ha IpaHuIiax
paszesa, IpeXkae BCero, IPU CIKATUU CIOKHBIX MUIIEHell B 3amauax
JITC, a Takike B 3afauax acTpO()UBUKU U IPU MOAEJINPOBAHUU Tede-
HUN B BOJOEMaxX U OKeaHaX.

Monorpadusa nMeeT IPaKTUUYECKYI0 HAIPAaBJIEHHOCTb, B Hell pas-
BUTHI gudy3uoHHBIE METOABI MOAEINPOBAHUA TYPOYJIEHTHOTO Iiepe-
MeIINBaHUs, IPOBEJEHO TEOPETUUECKOEe M3YUEeHNe IPUMEHAEeMBIX MO-
mesiefl B IPOCTEHIIUX CIydasx, KOTJa BO3SMOYKHO IIOCTPOEHUE TOUHBIX
aHATUTUIECKUX PEIIeHUH.

IToMuMO M3BECTHBIX PaHEe aBTOMOJEIbHBIX DEIIEeHNH, CIpaBeAJIn-
BBIX IIPU CTEIIEHHOM YCKOPEHUH, YAAJI0Ch IIOCTPOUTE TOUHbIE PEIIeHU
JIJIS IPOM3BOJILHOTO YCKOPEHU 1, TeM CAMBIM, U3YUHUTh CIeIU(DUKY Typ-
OyJIEHTHOTO IepeMeIIuBaHus NpU HeycToiuuBocTax Peneit — Teitnopa
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INPEJUCJOBHE

IIpennaraemass MoHOrpadusA IOCBSAIIEHA BOIPOCAM MAaTeMaTHUUECKOTO
MOJIEINPOBAHUSA TYPOYJEHTHOTO IIePEMEINBAaHNA, BOSHUKAIOIIEro Ha IPaHu-
max paspgeia. Ota mpobJyieMa MOSABJIAETCA, IIPEKIE BCETO, IIPU CIKATUU CIIOXK-
HBIX MuilieHei B 3agauax JITC. OHa TaK:Ke UMeeT MEeCTO IPU MOJAEIUPOBAHUN
TeueHU B BOJOEMAaX, OKeaHaxX U B 3azjauax actpodpusuru. KoHTaKkTHEIE Tpa-
HUIBI ABJIAIOTCSI HEYCTONUMBHIMU K MAJIBIM BO3MYIIEHUAM, KaK IO BO3Jei-
CTBUEM YCKODPEHUs, TaK U B CUJIY Pa3pPhIBAa TAHTE€HIIMAJIBHONI COCTABJIAIONIEH
CKOPOCTHU TIPU KOCOM TIaJeHUM YAAPHOI BOJHBI. OTHU HEYCTOHUYMBOCTU IIPUBO-
IAT K Pa3pyLUIeHUIo TPAHUI] pa3fesia U UX TypOyIu3amuu, YTO MOYKET CYyIIe-
CTBEHHBIM 00Pas3oM MOBJUATH Ha OOINYI0 KapTUHY TeueHudA. TypOyJieHTHOe
mepeMelInBaHNe MOJ AeHCTBUEM YCKOPEHUSA MMeeT CBOM OCOOEHHOCTH.

Wcropuuecku mepBHIMU OBLIM IIOCTPOEHBI aHAJUTHUEecKUe (GhOpMYJIbI,
OIleHMBAIOIIMEe BeJNUNHY 3G (eKTa IepeMeIInBaHuA, PaCUeThl BEJINCh B IIPE]I-
TMOJIOKEHUN HaJu4yus rpaHul pasgena. OgHako, B TeX Ke CIydasX, KOTZa
npeHeOpeyYb 9TUM ABJEHUEM OBLIO HeJlb3sd, MOTPEeOOBANIOCH BKJIOUEHNE B 006-
e ypaBHEHUsS THIPOAVHAMUKY ypaBHEHUI Mojesell TypOyJIeHTHOTO Iepe-
MENIUBAHMUA, KOTOPHIE YUUTHIBAIN PaspyIllleHUe IPAHUIl U UX TYpPOYJIEHTHOE
mepeMelInBaHue. OTUM BOIIPOCAM M IIOCBSIIEHO M3JaHUE.

B HeMm comepskaTcs ypaBHEHUS MOJENM, a TaK)Ke JaHO TEOPETHUUYECKOe
u3yueHNe 3TUX YPABHEHUH C IOCTPOEHWEM TOUHBIX aHAJUTUUYECKUX DPEIIeHUIt.

CJylenyeT OTMETUTD, UTO IIEPBOE TEOPETUUECKOE N3YUEeHUE 9TOI MPOOIEeMBI
o110 mpoBegerno 3.C. Bemewbkum u E.C. ®paigKuHbIM OO0 3aJaHUAM
POAIl — BHUUT® u ony6auxoano B pymax ®UAH wum. Jlebemena [1].
Oco6eHHOCTH, TPOOJEMBI COCTOSJIa B TOM, YTO DPa3BUTHE HEYCTOMUMBOCTU
IPOUCXOAMJIO TOJ AeiicTBUEM ycKopeHHUA. o aToro Xopomro 6b11u mpopabdo-
TaHbI MOJEJIX M METOJBI pacueTa TypOYJIE€HTHOTO IepeMeINBaHUA B PE3YJIb-
Tare CABUTOBOIl HeycToWumBocTH. OLHAKO MOSBJIEHNE MOIHBIX KOMIIBIOTE-
POB BHECJIO OCOOEHHOCTU B M3yUeHUE U 3TO MPOBJIEeMBI.

TeopeTHUeCKUMU OIeHKAMU TYpPOYJIEHTHOTO IIePEeMEINBAHUS OTPaHU’-
YMBAJIUCH IO T€X IO, ITOKA He IMOSBUINCH KOHCTPYKIINU MUIIIEHei, a TaKkKe
u3JeJusA B MUDHOM TeMaTUKH, B KOTOPBIX BIUSHUEM TypOYJIE€HTHOTO IIepeMe-
IIUBaHUA TPEeHeOpeUb OBLIO HEJIb3d.

Y uctokoB stux mpobsem crosanu E.U. 3a6abaxmuu, E.H. ABpopu=H,
A.A. ByHaTsH, KOTOpbIe TOHUMAJIM Ba’KHOCTH BO3HUKIIEH MPOO6JIEMBbl U IIPHU-
BJIEKJIM BHUMAHNE aBTOpa K ee pelreHuio. IloMuMo co3jaHusA SKCIEpUMEH-
TaJILHOI 0a3bl 10 N3YUEHUIO SBJIECHUA TypPOYJEHTHOTO IepeMelTnBaHusA, ObLIN
paspaboTaHBI MaTeMaTUUECKUe KOMILJIEKCHI [2], yUuThIBaIOIINE SIBJIEHNUE Pas3-
DPYIIeHUA TPAHUI] pasfesia Ha OCHOBE IMOJYIMIHPUUYECKUX Mojeseil nuddy-
3MOHHOTO THIIA.

CaenyeTr oTMeTUTh, uTo KHUTa MHOramoBa H.A. u ap. [3] «T'asoqunamu-
Ka mepeMemIMBAaHUA» SABUJACH IEePBOH MoHorpadueil mo o0CyKIaeMoit
upobisieme. OxHOBpeMeHHO BhINmLIa 1 MoHOTpadua O.M. Beromnepkosckoro [4]



«TypOymeHTHOCTE 1 HEYCTOHUMBOCTE» , B KOTOPOU TaKKe 00CYKJAeTCsI BOIIPOC
TypOyJIeHTHOTO IepeMeIInBaHUA IO AelicTBHUeM ycKopeHusa. McciemoBa-
HUAM TMAPOAMHAMUYECKUX HEYCTOMUYMBOCTEH B 1a00OPATOPHBIX YCIOBUAX II0-
camena mouorpadusa E.E. Memkosa [8].
ITpennaraemas moHorpadmus mMeeT NPAKTHUYECKYI0O HAIIPABJIEHHOCTH,

B Hell pasBuBaioTcs [UMHY3UOHHBIE METOAbI MOJEJINPOBAHUA TYPOYIEHTHOTO
IIepeMelIVBaHUsA, IPUBOSUTCS TIATEIbHOE TEOPETUUECKOE N3YUEHNE MOLeIN
Ha IPOCTEHIINX CIydasiX, KOrZa BO3MOYKHO IIOCTPOEHNE TOUHBIX aHAJIUTUYEC-
KUX pelleHu#. AHAJIU3UPYIOTCA BCE U3BECTHBIE JIAOOPATOPHBIE SKCIEPUMEH-
THI 10 BHIOOPY SMINPUUECKUX IOCTOSTHHBIX MOJEJIN, IPOBOAUTCS ITOT BHIOOD,
U C 9TUMU HOCTOSHHBIMHM DPAaCCMATPUBAIOTCSA CJIOMKHBIE HEABTOMOJEJILHEIE
pexumbl. Mojesnb B OZHOMEDHOM CJiyuae peajn30BaHa B KOMILIEKCE IIPO-
rpamMm TURINB, nmo3Bosgmomux BeCTH PacUeThl IPOMBBOJBHBIX CHCTEM
C JIFOOBIMY I'PAHUYHBIMU YCIOBUSAMU.

B paspaboTke 3TUX IIpOrpaMM U JOBEJEHUU UX OO IIUPOKOTO IIPUMEHe-
HuA ocobas poss mpuHagaexxut B.I'. AkoBaeBy u A.®. ITogkopriToBOii. BHE-
peHue TypOyJIE€HTHOTO IE€PEeMEeIINBAHUSA IIPOMCXOANIIO Ha 0asze OLHOMEPHOIO
rasogVHAMUUECKOr0 KOMILJIeKCa, MHOTHe oAbl pa3pabaThIiBaeMOTO U COBED-
IIEHCTBYEMOT'0 KOJIJIEKTUBOM OIBITHBIX IPOTPDAMMIUCTOB U HCCJIEOBATEJEN
OJ PYKOBOJCTBOM M HEIIOCPeACTBEeHHOM ydactuu B.A. MypairkuHOIi.

Ha cragum moAToTOBKY PYKONMCH K IIeYaTy GOJBIIYIO IIOMOIINb aBTODPY
onL1a oxkasana U.I'. Ilepsunenko, T.H. 'opbaToBoil u ee COTpyAHUKAMU.

CognepsxaHue MOHOrpaduu OBLJIO IIOJOXKEHO B OCHOBY CIEIIKYpPCa, YMTae-
moro ¢ 1997 roga rpynne npukiaagubix maremMatukoB B Yeal'V. Takike aToT
CIEeIKYPC YUTAJICSI HECKOJbKO ceMmecTpoB B CI'PTA, r. CHe:KUHCK.

ITogroroBka pykommucu Oblia omoOpeHa 3apy0e’KHBIMU CIIEIIUAJIUCTaMU
(moxropom . durcom, AWE, Auraus, gokropom C. I'orbe, CEA, ®pannus,
moxTopom I'. Kmapkom, LLNL, CIIIA) u 6GbL1a moijepsKaHa KOHTPAKTOM
MHTII-701, Mocksa.
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BBEJAEHHE

VpoBeHb IMUBUIUBAIUUA B CUJIBHON CTEIEHU 3aBUCUT OT KOJIU-
YyecTBa 9HEPruu, IPUXOIAINerocs Ha AyIy HaceJleHusd. EcTecTBeHHBIe
WCTOYHUKU: YroJb, HeQTh, ra3 — orpannyensl. [Ipodsiema moaydeHuns
HOBBIX MCTOUHHUKOB 9HEPTUM OJHA U3 TJIaBHBIX, CTOAIIUX Iepes
yesoBeuecTBOM. OUH U3 MEPCIEKTUBHBIX IIYTel MOJyUYeHns HOBBIX KC-
TOUHHKOB 9HEPruy — JIa3ePHLIN TepMoAaepHblii cuuTed. Chepuueckas
muitiedb ¢ DT—TONJINBOM B IIEHTPE CXKUMAETCs A0 BHICOKMUX IIJIOTHOC-
Tell U TeMIlepaTyp, B Pe3yJbTaTe BOBHUKAET TepMOsSaepHasi peaKkius
¢ BbIZieJieHueM sHepruu. Ec/iu Ha 9TOM IIPUHIIAIIE YIACTCA IIOCTPOUTH
AJIEKTPOCTAHIINIO, TO UCTOUHNKOM DT—TOIInBa MOKET IIOCIYKUTh BOJA,
3amachl KOTOPO MpaKTUYecKy HercuepiaemMsl. [losTomMy JyuIiie yMbl ye-
JIOBEUECTBA 3aHATHI ATOM IPOOJJIEMOM HeCKOJIbKO IIOCIeTHNX AECATUIETHH.

OxHaKO Ha IIYTH HOJIyUYeHUs BBICOKUX cxkatuii muinernu (B8 1000
u GoJiee pa3) BOBHHUKAaET MHOTO TpyaHocTel. OgHa u3 HUX — HEeyCTOM-
YHBOCTD Ha I'PAHUIAX Pasielia, KOTopas MPUBOAUT K Pa3pPYIIEHN0 KOH-
TAaKTHBIX TPAHUIl U UX TypPOYJIeHTHOMY IepPeMeINBaHUI0, UTO B CBOIO
ouepenb MPENSTCTBYET IMOJYyYeHUIO BEICOKUX CIKATHUI.

ITomo6HOTO poma 3amaum TaKsKe BOBHMKAIOT B TeXHUUECKUX YCT-
poiicTBaxX, B KOTOPBIX IPUCYTCTBYIOT I'PAHUIILI Pa3/eia, YCKOPAIOIINecs
unu 3ameiasaomuecd. OKpy:kamlnas Hac cpega: arMocdepa U OKeaH,
Tak:Ke MOPOoKIAeT HeyCcToMunBhie TeueHus. Ilogasasaroinee GOJIbIITNH-
CTBO peaJibHO BCTPEUAIIIMUXCA B IMPUPOAE U TEeXHUKEe TeueHui
SABJIAIOTCA TypOyJIeHTHBIMU. B 9TOM ciiyuae CKOPOCTD, JaBJIeHUE, TeM-
meparypa W ApPyrue THAPOJWHAMHYECKUE BeJIUYUHBI 0eCIOpPALOYHO
MIyJbCUPYIOT, NU3MEHSAACH B IIPOCTPAHCTBE U BO BpeMeHU. JlaMuHapHEbIe
TeUeHUS HOCAT CHOKOWHBIN, MJIABHBLIN XapaKTep U IIPeACTABIAIOT
c000ii TOBOJBLHO PEKOe UCKIoueHne. TypOyIeHTHbIE TeUeHU, B OTJIHU-
Yyme OT JAMUHAPHBIX, 00J1a1aI0T ropasio 00JIbIIeli CIT0COOHOCTRIO K Iepe-
Jaue KOJMYeCTBA ABUIKEHUS, TypOyJeHTHas cpega UMeeT OGOJIBIIYIO
a(hHeKTUBHYIO BASKOCTh. TypOyJIeHTHBIE TIOTOKU 00JIaLaI0T IOBBIIIEH-
HO¥ CIIOCOOHOCTRIO K Iepeaaue Telljia U MaCCUBHBIX IIpUMecei, K pac-
MIPOCTPAHEHUIO0 XMMUUYECKUX PeaKIuii.

OcHOBHAasA I1eJIb HACTOSIIEr0 M3AAHUSI — UIYUEHUE ITOTO sABJe-
HUsA, TOCTPOEHNE TEOPUU U Ha ee OCHOBe KOJIMUECTBEHHOEe OIpenese-
HUe XapaKTePUCTUK 00JacTy TypOyJEeHTHOIro IlepeMelInBaHUA: IIH-
PUHBI 00J1aCTH IIEPEMEITNBAHUS U PACIPeAeeHUs IIOTHOCTA KarKI0-
T'0 BeIlecTBa B IPOCTPAHCTBE.
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MeToAbI N3yUYeHNs TUAPOSNHAMNYECKON HeyCTOMUNBOCTA U TYPOY-
JICHTHOI'O IIepeMeIINBaHNA: SKCIIePUMEHTAIbHEIE, MaTeMaTHJYecKue (4uc-
JeHHoe MomeaupoBanme Ha OBM) um Teopermueckue. Peub moiimer B
OCHOBHOM O TEOPETHUYECKOM M MaTeMaTHUYEeCKOM MCCJIEJOBAHUIX IIPO-
0J1eMBbI, XOTSA TaKsKe OyIyT PacCMOTPEHBI OCHOBHBIE 9KCIIEPUMEHTATb-
HbI€ YCTAHOBKY U Pe3yJIbTAThI, IOJYUeHHbIe HA HUX.

O0urme mpemcTaBIEHUS O HEYCTONYUBOCTIX
M COIepsKaHHue II0 IIaBam

Ecau chepuyeckyio MuIlleHb 00JIy4aTh MyYKOM JIa3ePHOTO CBETa
PaBHOMEPHO II0 MOBEPXHOCTH CO BCE€X CTOPOH, TO OOWH M3 PEIKUMOB
CXKaTUA MOJKeT OBITh KaueCTBEHHO M300paskeH Ha pPuc. 1 ¢ MOMOIIbIO
(r, t)-nuarpammsl. Ha puc. 1 o6o3HaueHbl 17y U I, — I'DaHUIILI pasje-
Jia Pa3HBIX BeIeCTB, I'y — (DPOHT TEILIOBOH BOJIHBI, TePEeMeIaloI -
cs 110 Macce BelllecTBa (B OTIMYMe OT TPAHUI 17 U Iy, Yepe3 KOTOPhIe
IIOTOK MacChl OTCYTCTBYET).

TAMeJI0e BEeIeCTBO t

to3

“ P99 M 1
I —~— norox 21
DT —=— remia

- or Jasepa

PRGN S 20
__________ t.
Po ———|1P1|[ P> 30

IIOTOK cBeTa  f————
—————————— 1l r
nory 13

ras DT

Puc.1. KauecTBeHHasA KapTUHA CoKATUSA MUIIEHU
IOJ IeMCTBHUEM CBETOBOM BOJIHBI

B unTepBase BpemeHU [tlo, tll] TpaHuIla 7} [OBUXKETCS IOCJe
BBIXOJIa HA Hee YIAPHOM BOJHBI C TOCTOAHHOM CKOPOCTHIO. ITO IIPUBOAUT
K HeycToltuuBocTu PuxT™maitiepa — MenikoBa — MaJjible BOBMYIIeHUSA
pacTyT co BpeMeHeM, a cayJdaiiHble HauaJbHble BOSMYIIIEHUS IPUBOLAT
K TypOyJIeHTHOMY IlepeMeIInBaHuio. B naTepBane BpeMeHu [¢1; — ;5]
rpaHuIA 7 JABUKeTcd 3amedneHHo. Taxk xak Pg <pP;, TO 3Hech
BO3HUKaeT HeycTonunBoCcTh Pestesa — Teitnopa, Kormga JierTKoe BeIecTBO
YCKOpPAET TAMKeJI0e, IPUBOAAIIAA K PA3PYIIIEeHUIO TPAHUIILI — CILJIONTHAS
sakpacka. B nnTepsane [tzo, tgl} TpaHuIla 'y OBUIKETCS YCKOPEHHO,
31ech Pp > P9, MOITOMY HMMEEeT MECTO HEYCTOMUYMBOCTH Pejes —
Teitnopa u rpaHuiia Takske paspymiaercsa. Ha aToii rpaHuile Ha cTaguu
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3aMeJIeHUA {tzl,t23] MTPOUCXOMUT YMEHbIIIeHe 30HbI TypPOYJIEeHTHOTO

mepeMeNnnBaHuA, CBA3aHHOE C MEXaHN3MOM celapaiuu. B uaTepBaje
BpeMeHU [t30,t31} (POHT TEIJIOBO!I BOJHBI, Ha3bIBAeMBIA (PPOHTOM
WUCIIapeHUs, TBUKETCSI YCKOPEHHO U Ha HeM TaKiKe BOBMOYKHO Pa3BUTHE
mepeMennBaHuA.

Ecnu ymapHas BosmHa BBIXOAUT HA KOHTAKTHYIO MOBEPXHOCTH
He OJHOBPEMEHHO, TO 9TO IMPUBOAUT K IOSBJIEHUIO TAHTeHITMATIbLHOMI
COCTABJIAIOIIEH CKOPOCTH, KOTOpas OyAeT paspbIBHOM, UTO IPUBEHET
K CKOJB)KEHHUIO BEIIeCcTB BJOJIb KOHTAKTHOUW rpaHuibl. Takas Heyc-
TOMUYMBOCTh, Ha3bIBaeMas HeyCcTOHunBoCThI0 KeabBuHa — e IbMTOJIb-
1a, Tak:Ke SBJISETCA MCTOUHMKOM PA3BUTUSA MAaJbIX BO3MYIIEHUH
U IPUBOAUT K TYypPOYJIEHTHOMY IIE€PEMENINBAHUIO BEIeCTB. JTa Heyc-
TONYMBOCTD IIOSBJISIETCS TAK)Ke Ha Mo3gHuX cramsuax Peiseir — Teii-
JIOPOBCKOU HEYCTOMYMBOCTH.

ITonpITKYM onMcaHUs BOBHUKHOBEHUSA W PA3BUTHUA TypPOYyJI€HTHOC-
T UMEIOT UCTOPUIO U IOAPOOHO M3JIOMKEHBI B JUTEpaType. B oCHOB-
HOM, 9TO OTHOCHUTCA K CABUTOBOM TypOYJIEHTHOCTH, ITOABJIAIOIIEHCSA
B pe3yJIbTaTe CKOJbKEHUS CJI0eB. VIBBECTHBI CJI0MKHBIE MOJIEJIN, COJIED-
JKarye JecsaTKU MapaMeTpOB U MO3BOJIAOIINE OMUCHIBATh TOHKME DK-
cIepuMeHTaJbHbIe pedyabTaTbl. OZHAKO M3—3a CBOEH I'DOMO3IKOCTU
OHM CJIOXKHBI B peasmdanuu. IIpocTeie Momenauw, MMeIOIHEe BCETO
HECKOJIbKO TIapaMeTPOB, OTPaHMYEHbI B IPUMEHEHUU. B peasbHBIX
CUTYyalIUAX TPUXOIUTCS AeJIaTh BHIOOD MEXKAY OOIITHOCTHIO U CJIOMKHO-
CThIO, C OJJHOM CTOPOHBI, X IIPOCTOTOH U Pean3yeMOCThIO, C IPYTOM.

TypOyieHTHOCTD, 3apoKAaloIiasacsa Ha 'PaHUIlaX paszeia BeIlecTs,
HAXOAAIIUXCA B IOJIe CUJIBI TAKECTH, UMEET P CIelnuduUecKuX 0Co-
O0enHocreii. Ee TeopeTmueckoe mayueHme OBIJIO HauaTo paboTramu
C.3. Benenskoro u E.C. ®pagxkuua [1]. Umu Oblaa mpensaoskeHa
mpubAMIKEeHHAsA TOJydMOUpUUYecKasa Mojesb nud@Gy3HMOHHOTO THUIIA,
cozep:xalad ogue napaMmerp. OHa GbLIa JOBemeHa [0 MPOCTOi (hOPMYJIBI

L=og lnp—:l £2
P2
rfie Py U Py — ILIOTHOCTU BeIeCTB II0 PasHble CTOPOHBI T'PAHUIIHI,

£ — YCKOpeHUe IpaHuIlbl, 0, — SMIHPUUYECKaa MOCTOAHHAA. ITa (op-
MyJia IIO3BOJINJIA ATh KOJIUYECTBEHHYIO OIeHKY 0bJiacTy IMupuHOi L,
OXBaueHHOU TypOyJeHTHBIM IepeMelnuBanueM. OmHako obpaTHoe
BINAHUE TYpOYJEHTHOTO IIepeMelInBaHUSA Ha OCHOBHOE IBUIKEHUE
B 9TOM IPUOJUIKEHUN HE YUYUTHIBAJIOCH.
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Yuer TypOyJI€eHTHOTO TIEPEMENTUBAHUA B Ta30JUHAMUUYECKUX IIPO-
rpaMMax IOTpPebOBaJl CYIECTBEHHOTO PAa3BUTUA U OOOOIIeHUS MOJe-
au. Itu paboThl pasBUBAJIUCH HmapajuienbHo B PDAI] — BHUNT®
u POAIl — BHUUODD. B MI3DP orT mpoCTHIX MOJeJeil Iepelrain
K 0ojsee CJIOKHBIM, YUYUTHIBAIOIIUM aHU3O0TPOMUIO TYpPOYJIEHTHOTO
nepemernuBanusd [2]. Bo BHUWT® 6b11u mpuMeHEeHBI TPOCTHIE MOJE-
au quddysmnorHoro tumna [3].

IIpe:xme Bcero GblIa IOCTPOEHA MOJAEJ B, IPUTOAHAA B OOIIIEM CJIY-
yae: B [4] paccMaTpUBAJIOCh N30TEPMUUECKOE IPUOIMIKEeHNEe, OTPAHNU-
YeHHOE YCJOBHUEM, UTO TeMIIEpATypa B 00JlacTy TypOYyJI€HTHOTO Iepe-
MeIIVBaHUA He 3aBUCUT OT IPOCTPAHCTBEHHOI KoopaumHaThl. C aToit
LIeJIBIO 3[IeCh B IJ1aBe 1 IPOBEAEHO MCCIEOBaHNE YCTONUNBOCTH IIPOM3-
BOJILHOTO auabaTUUecKoro JBUKEHU [5] U MOJyUeHbl YCIOBUA, IPHU-
BOJAINME K HeycTOHumBOCTH. TaKiKe NMPUBOLUTCA 3HAUeHUE WHKpe-
MEeHTa IPU COBMECTHOM MAeMCTBUM TPaBUTAIIMOHHON W CABUTOBOH
HeycToltumBocTell. B nanpHeiinem, Ipu onpeeieHNN UCTOUHUKOB TYD-
OyJIEHTHOCTHU B IIpEJJIaraeMbIX MOJENAX, IOHATHE NHKPEMEHTAa, Olpee-
JIA0IIee HEYCTOMUMBhIE TEUEHU A, UTPAET DYHIAMEHTAIBHYIO POJIb.

B rnaBe 2 maHbl KaueCcTBEHHBIE pacCCy:KIE€HUA O PA3BUTUU Ha-
YaJILHBIX BO3MYIIEHUI U Iepexony K TypoyJeHTHOCTH (1. 1), a TaKKe
uajlaraeTca B OOIUX YePTaxX METOMOJIOTHA MBYyUEeHUA TYpPOYJIeHTHBIX
reueHnii (nn. 2, 3). BeiBoguTCcsa ypaBHeHUe GajlaHCA OJIA IJIOTHOCTH
KMHETUYeCKOU sHeprun TypoyJaeHTHOCTH (1I. 4), UMerollee B faabHeH-
IIIeM OCHOBHOE€ IIpUMMEHEHUE.

B riraBe 3 mpuBoauTCA IIpocTeiiniasa Moaeab Beaerbkoro — ®paj-
kuHa [1], mpurogHas A ONKMCAHUS ABTOMOJAEJHHOTO TEUEHUS IIPU
IIOCTOAHHOM YCKOPEHWM. AHaJM3UPYIOTCA CBOMCTBA MOJEJIU BO BCEM
ImanaszoHe uyucaa Ateyza A, 0 < A <1, usjaraioTcsa ee HEJOCTATKU
¥ YKa3bIBAIOTCA METOABLI UX IIPEOHOJEeHUA.

B riaBe 4 comep:kuTCS HasbHeiilliee pasBuTue AUPPy3uOHHOI
MOJesiv, OCHOBAHHOE Ha IOJYUeHUN YPaBHEHUs OajlaHca AJIsa KUHETH-
YeCcKOol 9Hepruu TypOyaeHTHOCTH. ITa qudpdysnoHHaA MOIeIb Ha3Ba-
Ha k— unu l[v—mogenbio. CyIlleCTBEHHBIM OTPaHUYEHUEM €€ SABJIAETCS
IIPUCYTCTBUE B Kod(duimenTax Mogean MacuiTada IJIUHBI—IITUPUHEI
obsactu mepemermuBaHus. [loaTomy 0Gojblilee IPUMEHEHUE MMEET
ke—Momenb, cBOOOAHAS OT MaciITada JINHEL.

s yroyO6aeHHOT0 N3yUeHUA MOJEeIN TypOyJIeHTHOTO IIepeMeIIn-
BaHUA IpeAJaraeTca MPUOJIUKEeHHBIN ITOX0M, B KOTOPOM TypPOYyJIeHT-
HasA CKOPOCTH B 00JIaCTU IEePEMEIINBAHUA II0JIaTaeTcAd He 3aBUCAIIEH
OT TIPOCTPAHCTBEHHOM KOOpPAMHATHI (TJI. 5). ITO yIpOINeHWe II03BO-
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JIAEeT IIOCTPOUTH pellleHNe 3aJja4Yy B aHAJIUTUYECKOM BUJe AJIS IIPOU3-
BOJILHOT'O 3BaKOHA YCKOPEHUHA U, TEM CAMBIM, IIOJIYUUTH PELIeHU pafa
KOHKDETHBIX 33/adu. JTa CUMMeTpPUYHAA MOJeNb (B ee paMKax IIOJY-
YaeTcs, UTO IINPUHA 30HBI IePEMEIIMBAHUA B CTOPOHY JIETKOTO Bellle-
CTBa paBHA IIVPUHE 30HBI B CTOPOHY THAMKEJJIOT0) IIO3BOJINJIA IIOHATH
u obpaboTaTh pAN SKCIEPUMEHTOB (3aTyxaHue TypOyJIEHTHOTO Iiepe-
MeITUBaHUA, 3alePyKKa MepeMeIlnBaHus IPU HAaYaJbHOM Pa3MBITUHU
TPpaHUIBI pasfesia, 3aBUCUMOCTb PeIIeHUs OT HauaJIbHOII IITepoxoBa-
TOCTH, IIPOXOKJ€HVE Yepe3 KOHTAKTHYIO I'DAHUIY 3aMeJJIAIoNnieiicsa
ymapHoii BosHbI). CuMMeTpuUHas E—MOJEeNb U ee CBOMCTBa paccMar-
puBaTCA B IjaBe 5. 3mech ’Ke MOKA3bIBAETCS, KAK MOXKHO YYecCTh
HECUMMETPUIO TYyPOYJIEHTHOTO IIepeMelTnBaHuA.

B riase 6 paccmMaTpuBaioTCa ypaBHEHUA kE—MOJENH, MMeIOIeil
0oJee IMIUPOKOE IPUMEHEHUE.

B riaBe 7 ycraHaBAMBalOTCA 3aKOHOMEPHOCTH B Pa3BUTUU TYP-
OyJIEHTHOTO IepeMelINBaHUs [JIs caydasi IepeMelInBaHus CJI0S KO-
HEUHOU IIUPUHBL.

B riaBe 8 ommcHIBAIOTCA 9KCIEPUMEHTHI 110 ONPENeIeHUI0 IIOC-
TOSTHHBIX MOJEJU ¥ JejiaeTcs WX BBIOOD. /[Be OCHOBHBIE KOHCTAHTHI
MOZeJay BBIOMPAIOTCSA HA OCHOBE ABYX TUIOB HKCIEPUMEHTOB: C IIOC-
TOSAHHBIM U BBIKJIOUEHHBIM yCKOpeHueM. J[pyrue sKCIepUMEHTHI,
HaIIpUMep II0 ONIpPeLesIeHUI0 IePEMEeIIUBAHUA TOHKOTO CJIOS, CHAYIKAT
[JOIIOJTHUTEIBHOM MPOBEPKOIl IPAaBUILHOCTU CHEIaHHOTO BBIGODA.

B rsiaBe 9 manaraioTcs pesyabTaThl 9KCIEPUMEHTOB, 00HAPYKUB-
IINX IPU CMeHe 3HAKa YCKOPEeHU:A ABJIEHUE cellapanuu o0JgacTu Typ-
O0yJIeHTHOTO IIepeMeIINBaHNA. ITO CBOMCTBO 00JIaCTH TypPOYI€eHTHOCTHI
CBfIBAHO C FeTePOTeHHBIM XapaKTepoM nepemernnBanus. Mogeas gud-
(bysuoHHOTO THUIIA MOIOJHSAETCH HOBBIMHU YPaBHEHUSMHU, KOTODBIE
II03BOJISIOT OIKCATh Celapaluio.

st yOpoIlleHus YTeHU YacTh BRIKJIALOK BbhIHeceHa B IIpuioske-
HUfA, KOTOPBIX 7. 3aBepiaer MOHOrpaduIio CIUCOK HCIOJIb30BAHHBIX
WCTOUYHUKOB.



IT'JIABA 1. YCJIOBUSA HEYCTOMYUBOCTHU
ITPOU3BOJIBHOTO AJUABATHYECKOTO
ABUKEHU S

1.1. BeiBOJa AMCIEPCHOHHOTO COOTHOIIEHUS

TypOyIeHTHBIE TeUeHUS BOSHUKAIOT TaM, I'ie HapYIIeHbI YCI0BUS
YCTOMUYMBOCTY ABUKEHUS K MAJLIM BO3MYIIeHUAM. Y paBHEHUS,
OIKCHIBAIOIIYE MIOJYIMIINPUUECKLE TEOPUU, COMEPIKAT UJIEHbI, ITOPOXK-
parorue TypOyJaeHTHOCTb. OHM IMOJYyYaloTCA IIyTeM OCPEeIHEHWS HC-
XOJHBIX Ta30JMHAMHUECKNX ypPaBHEHUI. YCJIOBUA IeHepalmuu Typoy-
JIEHTHOCTA MOT'YT OBLITH IIOJYyUEHBI M KaK PesyJbTaT KCCJeIOBAHUS
YCTOMYMBOCTY Tra3oAMHAMUYECKOTO IBUKEHUS.

B macTosmiii riiaBe ycTaHaBIMBAIOTCSA 9TH YCJIOBHUA. B mpenmoso-
JKEeHUW M30TePMUYHOCTH OHU ObLau mosaydueHbl E.C. @pagkuabiv [4].
Ha cayuaii mocTaToOUYHO NPOM3BOJBHOIO aguadaTUUYECKOT0 ABUKEHUS
oHu 0000mTeHb! [5]. Tam Ke ykasaH HeOOXOAWMMBINM M JOCTATOUHBIN
MIPU3HAK YCTOMUYMBOCTU IO OTHOIIEHHUIO K 0ECKOHEUHO MAJBIM TPeX-
MepHBIM BO3MYyINeHMAM. Ha oCHOBe 3TOro IpuU3HaAKa HaWJIeH pPan
IOCTATOUYHBIX «HIPOMUIBHBIX» MPU3HAKOB YCTOWUYUBOCTU U HEYCTOM-
YMBOCTHU, KOTOPbIE MMEIOT BHUJ HEPABEHCTB [Js BeJuuuH &> 2,
(0Inp)/ox (g — yckopeHHue, ¢ —CKOPOCTb 3BYKa).

OrpaHMYMMCS CJAy4YaeM IIOCTOAHHOTO YCKOPEHUA U HKCIIOHEH-
IUaJBFHBIM pacIpefieleHneM IIOTHOCTH. Torma cucreMa JUHEapU30-
BaHHBIX ypaBHeHUII OyJeT MMeTh MHOCTOSHHBIE KO9(P(PUIMEeHTHI
¥ MCCJeIOBaHNe 3HAUNTEIbHO YIIPOCTUTC. VIcX0HbIe YpaBHEHUS, OIIH-
CBIBAIOIIME ra30AUHAMUYECKOE TeueHre 6e3 BABKOCTH U TEIJIOIIPOBOI-
HOCTU BO3bMEM B BU]E

dp d
—+—pU, =0, 1.1
of axkp k 1.1)
opU; 0 oP
+ U, + & =0, ,
o ax, kT oy, (1.2)
s 0s
B U, 2 =0,F(p, s, P)=0.
ot U o, = O F (05 P) (1.3)

3mecs i =1, 2, 3, a 10 TOBTOPAIOIUMCSA UHAEKCAM IIPOBOIUTCS CYM-

vupoBarue; U;,Uy, U3 — KOMIIOHEHTBI CKOPOCTH; P — ILIOTHOCTE;
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P — AaBJIeHne; S — yaeJIbHad 9SHTPOIINA. HOCJIe,lIHI/IM 3alliCaHO ypaB-
HeHue COCTOAHUA.

IIycrs Brons ocu Oxq Ha mHTepBane 0 < x; <0x; u3BeCTHO pellle-
Hue cucTeMbl ypaBHeHuit (1.1—1.3):

Ul(Xl’t)’ U2 =U3 = O,r(Xl, t),P(Xl, t),S(Xl, t.

Wsyuum moBemeHMe PEIIeHNs IO OTHOIIIEHUIO K 0eCKOHEUHO MAaJIbIM
TpeXMePHBIM BO3MYIIEHUSIM, KOTOpPbie 0003HAUMM COOTBETCTBEHHO
’ ’ 7 ’
Uu,p,P,s.
AT BEJIUYUHBI ABIAOTCI QYHKIUAMU BpeMeHU ¢ U IIPOCTPaH-
CTBEHHBIX IIlepeMeHHBIX X, X9, X3. JIuHeapmsoBaHHBIe ypaBHEHUS
IJIS BOBMYILIEHUII OyZeM paccMaTPUBATh B ABHIKYIIEHCS cucTeMe KOop-

OUHAT
t

xlo =X _J‘Uldt’ tO = t.

Torga 0
0 tou 0
a0 a2y [Py,
ot ato axlo axl 0 axl axlO '

B panbueiimem rpagueHT 0U;/dx; OyneM CUMTATh MasbIM U Ta-

KM, UTO
[ d
J‘L dt <<1
axl ’
0
II09TOMY
o
axl 8x10 -

IIpencTaBuM BO3MYIIIeHHOE pellleHue B BUIE

U, =Ui'(x1, xg, X3, t);i=1,2, 3,
F~)=p x19t>+p(x19 x2’x3 ’t)a
p :P(xl,t)+P'(x1, X9, x3,t),

§ =s(x1,t)+8"(xq, x9, x3,1).
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IToxcTaBuB ero B ucxoxuyio cucremy (1.1)—(1.3) momyuum cuc-
TeMy JMHeapu30BAHHBIX YPABHEHUII:

! U, ’
9 oY% Ly a—p=0,

g paxk 1 8x1
U, __10P o 0P

ot " pox oo

Wy __10P
ot paxz’ (1.4)
Uy __10P
ot p 0xg
ai+ 1/87820’
at axl

Jo(®) i) 5
0s P oP s

Wnpexc “0” sneck onmymieH: ¢ =tfy; Xjg =X .
Heo6x0ZMMO OTMETHUTH, YTO 3JeCh ONYINeHBl UYIeHL THUIA
oU.
0/0x (u'p’) ms—sa Mx MaIOCTH, TaKKe IpeHEOPEIKEHO UNeHOM p’ “=1,
X1

Ho nmuueapusamnuu (3.2) ¢ momoribio (3.1) mpeobpasyercss K BUIY
oP

— =0
0xy :

i

[8U1 oy,

O0xy,
Pemtenne mocienHeit cucreMbl OyZeM MCKaTh B BHUIE

U-/ =U-, (xl)ei(().)t +k2x2+k3x3)
l 2 ’

r i(mt +k23€2+k33€3
o=/ (x1)e' ) (1.5)

P ’_ P /(xl )ei ((Dt +k2x2+k3x3),

s, _ s,(xl )ei ((Dt +k2x2+k3x3)
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rae ky m k3 — HEKOTODBIE BellleCTBEHHEIE IIOCTOSHHEIE, 2 (0 — BOOD-

111e TOBOPSI, KOMILJIEKCHOE YUCJIO.
IToncranoska (1.5) B (1.4) IPUBOAUT K CUCTEME

iop +ikgpUg +ikopUsy + i(pUl’) 0,
axl

iUJS,Z —Ulla—s,
axl
1 0P

Sy

W3 o100l cucTeMBbl oTydaeTcsa suddepeHIuaIbHOe ypaBHEeHNe BTO-
pOro IIOpAAKa IJIA Ul’:

1o
pUll axl

U,
ot +| —klc§ + ped o o? + kloy = 0. (1.6)
1

31ecs, 0003HaUYEHO
Some 2l L R

axl s co_ai >
JoP

90 = €020 +efao ); ag

S

IIpu BBIBOZE IOJIOXKEHO, UTO g, C(,d; — IIOCTOSIHHBbIEe BeJNYU-

HBI. ATO BO3MOMHO, KOIrJa HaYaJIbHOE pacIiipegejieHre IJIOTHOCTU UMe-
€T 9KCIOHEeHIMAJbHBIA BUJ. TaKkiKe MCI0JIb30BaHO PaBEeHCTBO

g _(9p) 95 _(9p| 9P _ _pgo
0x; |\ 0s Jp dxy | OP ) 0xq c?

BriBox mucmepcuonnoro ypasuenus (1.6) mpuBemen B Ilpuioske-
HUU 2.
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1.2. YcaoBue ycTOWYMBOCTH

Pemrenne Ha untepsane 0 < x; < X; ypaBHeHus (1.6) 6yaem uc-
KaTh B BUJE

Ui . nn
U1/=—1s1n—x1, n=1,2,..;U; —const. (1.6 a)
b X
JI00yio (GyHKIUIO—peIeHre MOXKHO Pas3joKUTh B pAn Pypbe.
ITonaraem, 4TO TrpaHHUIBEI PACCMATPUBAEMOM 00JIACTH — KECTKME CTEH-
KM, IIO2TOMY Ui‘x1=0 X, =0. Torga ypasuenue (1.6) mocie moxcra-
HOBKH B HEero Ul IIpuMeT BUJ AUCIIEPCHMOHHOI'O COOTHOIIIEHMA

4n’n® + Xlzag 2

4 2 2 2
w - kl + CoW +k1(p0 =0. (1.7)
4x?

Teopema. Ycnosue @ = —g (go + aocg) > (0 HeobOXOaWMO W JOC-
TATOYHO AJIA YCTOMYMBOCTH.

HeiicTBuTenbHO, pu @y < 0 oAMH M3 KOPHeH KBagpaTHOTO (IO
OTHOIIeHUIO K °) ypaBHeHusa (1.7) orpuiaresieH, IIO9TOMY BCerna
HaliieTcsa KOpPeHb (0 ¢ YMCTO MHUMOW OTPHIIATEJIbHON YaCTLIO U CO-
raacuo (1.5) pemreHue OyaeT sKCIIOHEHIIMAJIbHO BO3PacTaTh.

2 2 2 2
4n°n” + X7a
w2=y; b2 = k12+—1 0 |c2,

2 0’
4X}
b2 + b — 4kl

2 2 2
y -0y + ke =0; y; o= 9

IIpuz @y = 0 cymMa u IpousBefieHre KOPHel MOI0KUTeTbHEL, TaK-
JKe MOJIOMKUTEJIEH U JUCKPUMUHAHT ypaBHeHuA (1.7), IOCKOJIBKY
2 9 2

4n21t2+X2a2 a
o 170 c3—4k12(p0> I?,12+Z0 c§+4k12(g§

2
ki
4x?
2
2 2
= klz—%) cg + K} (Zgo +a0c§) >0,

IMOATOMY BCe UeThipe KOpHA ypaBHeHHA (1.7) OyayT BelleCTBEHHBI
U pellleHNe YCTOMUYUBO.
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1.3 CBoiicTBa AHUCIEPCHOHHOTO YPaBHEHUSA

Hucnepcuonnoe ypaBHeHue (1.7) mosydueHo s o0Iero caydas.
PaccmoTpuM IpefiesIbHELA CIIydai ¢, — °° , OTBEeYAIOIIU HEeCHKMMaeMOI
sKuaKocTu. Y paBueHue (1.7) mepeiifeT B cienyioiiee COOTHOIIIEHTE

2
a,
of = MEd (1.8)
k12 + 4n°m +X1 ag
4x?

uyTo coBmamzaeT ¢ pesyabraTrom E.M. 3ababaxuua [5]. Popmyaa (1.8)
JaeT HATJIATHOE IIPeICTaBIeHe 3aBUCUMOCTY NHKPEeMEeHTa OT Havuallb-
HBIX YCJOBUH 3aJauM, B YACTHOCTH, OT NJIMHBI HAYAJBHBIX IIPOLOJIL-
HBIX (7)) ¥ IOIepeYHBIX (k12 = k22 + k§ ) BO3MYIIEHUN.

Ecnu rpagmneHT naBieHns (go =—(0P/ pax)) ¥ TPAafyeHT ILJIOTHO-
cTu (aO = (ap)/(pax)) UMeIOT pasHble 3HAKU, TO TeueHHe OyeT Heyc-
TOWUMBEIM JJIS JIIOOBIX HOMEpPOB T'apMOHUK 1, Ry, k3, TaK KakK Torga
?<0.

Ilycts ¢y # o0 . PaccMOTpUM KOpDOTKHMe BOJHBI, Korja kB — o,
B BTOM CJIy4ae

2 _ Qo 8o
0" ="y ="8 G+ | (1.9)
o o

OjuH 13 KOpHe# () IPUBOJUT K HEYCTOMUYMBOCTH, ecau @Pp < 0.

IIpoananusupyem Bce BO3MOJKHBIE CHUTYAaIlUU.

Ecan ‘g() /0(2)‘ >> ‘ao‘ = ‘8 In p/axl , TO HEYyCTOMUYMBOCTH UMEET MEC-

TO BCerja, Tak KaK B 9TOM CIyd4ae m> ~ — gg / cg‘ < 0. [Ipyrumu cioBa-
MH, C YUYETOM CIKUMAEMOCTHU JJIsI JOCTATOUHO OOJIBIINX YCKOPEHU (3a-
MeaJeHui) IBUKeHe HeyCTOMYMBO BCeTaa.
2 2

Ecnnu (go/co) << ay> T0 0° = —go(dInp/dx;), TO €CTH KaK U B CILy-
yae HECOKUMAEeMOU KUIKOCTU (co = °°) HEYCTONUYNBOCTh 3aBUCUT OT
3HAKOB TpafileHTOB 0P/dx m 0dp/ox .

Ecnu g, /cg KMeeT TOT Ke IOPALOK, uTo u (dIn p)/axl , TO BO3-
MOJKHBI Pa3Hble CUTyallMu: KaK YCTONUMBLIE, TAK UM HEYCTOMUYUBHIE,

olmpeznesisieMble 3HAKOM BBIPAMKEHUA (@ .
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B panbuetiniem monyuerHHoe BbipaskeHue (1.9) ncmonb3yerca npu
BBIBOJI€ YPABHEHUSA TyPOYJIEHTHON S9HEPIUU, & UMEHHO JJIS 3aIIMCH djIe-

Ha, reHepUpYIOIIero TypOyJIeHTHOCTh. Y caoBue @y < 0 oTBeuaer Heyc-

TOMYMBOMY CJIyYal0, IPUBOJAIIEMY K TYPOYJIEHTHOMY IIePEMEITNBAHUIO.

Eciu ras ngeanpHpii 1 P = (cgp) /y , To (1.9) cBemerca K opmyJie

2 1dIlnP Jdlnp
0" = gO — -
Y axl 8x1 ’

(1.10)

yTO MHOMXMTeneM 1/yoTanuaercsa or pesyabrara E.C. ®pankuna [4]

JJ18 U30TEPMUUECKOTO CIydasi 1 COBIIaJaeT C YACTOTOM Kosie0aHuil BHYT-
peHHUX BoJH, noxyueHHo# JI.II. Haunay u E.M. JIudmunem [6].

1.4. CoBmecTHOE MeliCTBHE TPaBUTAIIMOHHON
M CABMIOBOI HEYCTOMYUBOCTEH

Ecnu nomomHUTEIRHO K PacIpefieleHUIO IJIOTHOCTH U NABICHUSA
HMeeT MeCTO ellle TollepeuHoe TeueHNe, HalIpuMep, B HaIlpaBJIeHUH OCH
oxg Uz #0, U; =Uy =0, To Bompoc 00 yCTOMYMBOCTU TAKOTO Teue-
HUSA YCIOMKHAETCA.

W3BecTHBI yCIOBUA YCTOMUNBOCTH JJIA TPAHUIEI Pasfiesia B Ipes-
OJIOXKeHUH HecxumaeMocTn [7]. Ecau p; u py — IJIOTHOCTH COOT-
BETCTBEHHO TAMKENON M Jerkoil :xmakocreir, a Ug; u Ugy cooTBer-
CTBYIOIUE TAHTeHIMAIbHbIe COCTABIAOIIE CKOPOCTH, TO UHKPEMEHT
pocTa MajbIX BO3MYIIleHUN BhIpaskaeTcs (hopMyJoil

2
P1Us1 +P2Us2 | [0 (P2 —P1)ky  P1Pg (Usy —Usy) |

0=~k
! P1 TPz P1 +P2 2
(914‘02)

(1.11)

YcnoBue HEYCTONYMBOCTY IOJYYAETCA IPU OTPUIIATENHHBIX 3HA-
YeHUAX IMOJAKOPEHHOI0 BEIPAMKEHNA, KOTqa

Uos s g0 (03 -0f)

31 " Uga) >—F . (1.12)
k1p1p2

9TO HEPaBEeHCTBO [Jd KOPOTKUX BOJH (0oJbIIne 3HAUEHHUA K )

MMeeT MecTo Bcerjga. B aTom ciryuae AJid OLHOTO M3 KOPHER Jmm < 0,
oaToMy, corsacHO (1.5), BOBMYIIleHUsa pacTyT SKCIIOHEHIIUAIBHO.



HeycroiiunBocTh IPOU3BOJILHOTO afnabdaTUyecKoro JBUMKEHUA 21

IIpu HenpepeIBHOM U3MeHeHNH BeanuuH P(x) u Us(x) sHadeHue

Jm M3 pasMepHBIX cooOpakeHmil u Ha ocHoBaHUU dopmys (1.10)
u (1.11), mo—BuUAUMOMY, OyIeT SKBUBAJIEHTHO BLIPAKEHUIO

U,
8@y tO0q| = | .
0x;

XoTd, KOHEUHO, 9Ty (hOPMYJIY CIETOBAJIO OBl IIOJYYUTh CTPOTO,
OCYIeCTBUB BLIBOJ MUCIEPCHOHHOIO ypaBHeHusi. IlocienHee
BBIPpAYKEHINE MOYKHO IepenucaTbh B BUIE

2

Jmo = |- . (1.13)

g(dp) s + o U 3
plds |p dxg 0x1

B m. 2.4 ycnoBme HeyCTOHYMBOCTH HPOUBBOJBLHOTO TEeUEHUS
OyZeT mMoJydYeHO U3 SHEPTETUUECKUX COOOpaKeHU.



I''IABA 2. METOJAbI U3YYEHUA
TYPBYJEHTHBIX TEUEHHHU

Yro Taxkoe TypOyeHTHOe nepemernuBanue? TypOyJIeHTHOCTD €CTh
hopma nBMKEHUSA KUIKOCTH MU rasa. He cyliecTByeT CTPOTOTO OIl-
penesenunsi TypOyJI€HTHOCTH, BMECTO OIpeAeIeHusI OOBIYHO JaeTCs ee
oInmcaHue.

ITpe:xme Bcero, HEOOXOAUMO OTMETHUTD, UTO TYPOYJI€HTHOE ABUKE-
HUEe SIBJISeTCS XaOTHUUYECKUM, XOTs IIOHATUSA TYypOYJIeHTHOCTH M Xao-
TUYHOCTU IIOUTH CUHOHUMBI. XAOTUYHOCTH — 9TO CBOMCTBO TYpOy-
JIEHTHOTO IBM:KeHus. TypOyeHTHOe TeueHre KUAKOCTH XapaKTepHO
HeperyJasipHbIM, 0€CIIOPSALOUYHBIM N3MEHEHNEM CKOPOCTH CO BpeMeHeM
B KaKJ0l TouKe moToka. Takoe JKe HeperyJasapHOoe u3MeHeHue CKOPo-
CTU MMEeeT MEeCTO OT TOUKHU K TOUKe II0TOKAa, paccMaTpUBaeMoe B 3aaH-
HBI MoMeHT BpeMeHH. CKOPOCTh B TYpOYJEHTHOM ABUKEHUU
BeJIMUKMHA BCerja mepeMeHHas, B 9TOM ero KOPeHHOe OTJIMUME OT JIaMU-
HaApPHBIX IBUKEHUH, B KOTOPBIX CKOPOCTH MOXKET OBITh M IIOCTOSHHOM.

2.1. Craguu pa3BUTHS HAYAJBHBIX BO3MYIIEHUI.
Ilepexox K TypOyJIeHTHOCTH

IToraskem, Kaxk Pa3BUBAIOTCA BO3MYIIEHUSA B HEYCTOHMYMBOM
ciayuae.

B mpegpigyineii riiaBe HageHBI YCAOBUS, IPU KOTOPBIX HAYAJD-
HbIe BOBMYIIIEHUS pacTyT. s TOTO YTOOBI ONIPEeNeinThb, KaK 9TU BO3MY-
IIeHUs Pa3BUBAIOTCA BO BPEMEHU, HYKHO BOCIIOJIB30BATHCA MCXOTHOM
cuctemoii ypasuenuii (1.1)—(1.3), He mepexoasa K JUHEAPU30BAHHBIM
ypPaBHEHUAM. JTa 3aJjaua MOKET ObITH PEIlleHa TOJIbKO C IIOMOIIBIO UHC-
JIEHHBIX MeTOHOB. VM IOCTAaHOBKOUM COOTBETCTBYIOIIETO 3JKCIIEe-
puMeHTa.

UcTopuuecku BHaUaJsie OBLIM ITOCTABIEHBI OMBITHI, 3aTEM Pe3yJIib-
TaThl 3TUX OMBITOB MHOTOKPATHO MCIOJb30BAINCH AJIA MIPOBEPKU UKC-
JIEHHBIX IIPOr'PaMM.

B kauecTBe npumepa Mo:kHO IpuBecTu (hoTorpacduu rpaHUIBI pas-
Ieaa OBYX “KUAKOCTEeH, HMOJy4YeHHble B dKcmepuMmeHTax . JIprom-
ca (D. Lewis) [8], u rasoB — B skcmepumeHTax A.M. Bacuiaeuko
u C.T'. 3aiinesna [9].

OOmias KapTWUHa OBUKEHUSA TAKOBa: aMILIATYJa IePBOHAYAJD-
HO 33JJaHHOTO CHHYCOMJATBLHOTO BO3MYIIEHHA 1 =1 sin(2mx/A) pac-
TeT BHAUYAJIE CUMMETPUYHO, 4 3aTeM HEeCHMMETPMYHO BBEPX U BHUS,
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B CTOPOHY JIETKOTO BEIECTBa C 6OJIbIIIell CKOPOCTHIO, C HEKOTOPOTO MO-
MEHTA TJIaJKOCTh IMOBEPXHOCTHU TepseTcsa 1 obpasyroTcsa BUXpu. Bos-
HUKaeT CJO0KHOEe TeueHUe, IepexondAllee B TypOyJIeHTHOe. ¥YCJOBHO
MOJKHO BBIJIEJIUTH TPU CTATUMN.

1. IlepBas nuneitnas cragus, korga 0 < (n/A) <0,1. B arom ciy-
Yyae CIpaBeINBLI JIMHeapU30BaHHLIE YpaBHEeHUA. BosMyIienne Ha 3TO#
cTaAuM pacTeT BBEPX M BHU3 CUMMETPUUYHO COTJACHO (opMmyJse
N =Mngch{gkAt. OnHaKO BCKODe MOABJIAIOTCA HECUMMETDPUA U IPHU-
3HAKU HEJIWHENHOCTH — HerJIagKOCTh B MMOBENeHUU T'DAHUIILI.

2. Ha Bropoii craguu, Korga 0,1<(m/A) <0,4, umeer MecTo 06paso-
BaHUe MY3LIPEN B CTOPOHY TAMKEJIOTO BeIecTBa, C BRIXOJAOM Ha 3aKOH
™ N@. t , ¥ CTPY# B CTOPOHY JIE€TKOT0 Mg ~ gt2 . Bpems BeIxoza cy-
I[eCTBEeHHO 3aBHUCUT OT uuciaa Arsyga A =(p; — pZ)/( p1 +py). Ilpn
OMM3KUX K HYJIIO0 3HAUCHUAX A CUMMETPUYHOCTDH TEUEHUSI COXPAHALT-
cA moJblie, ueM npu A OausKux K 1.

3. Ha rperseii craguu, korga (1/A) > 0,4 , IpOUCXOIUT PaspyIlIeHNe
PeryJIApHOIi CTPYKTYPBI, KOTOPOE BO3SHUKAET B CHJIY OOIIell HeyCTONUN-
BocTu TeueHud. OHA MINTCA OTrpaHUYEHHOE BpPeMs II0 IBYM IPUYUHAM.

Bo-1m1epBBIX, IPKU TPOHUKAHUU TAMKEILIX CTPYIH B JIeTKOe Bellle-
CTBO IIPOUCXOUT CKOJbKEHE CJI0eB OTHOCUTEJILHO APYT APyra, KOTOo-
poe IPUBOAUT K TeIbMTOJbIIEBOM HEYCTOMUYMBOCTU U K PaspyIIeHUIO
rpauuibl. Ha KoHITaX TSAKeJIBIX CTPYI 00pasyioTcsa BUXPU, IPUBOIA-
e B KOHITEe KOHITOB K paspyIeHuio ctpyu. IllupuHa 30HBI, B KOTO-
POt IPOUCXOIUT 3TO IlepeMellnBanmue, OyaeT BO3pacTaThb.

Bo—BTOpBIX, BCIJIBIBAIOINE IY3LIPU JETKOTO BEIleCTBAa TaKiKe
HEYCTOMYMBLI: B IIPOIlECCE BCIIJIBIBAHUA OYAET MPOUCXOAUTEH UX 00he-
nunaenue [10].

ITU IBA HEYCTOMUYMBEIX IIPOIIECCA IIPUBOAAT K PA3pYIIEHUI0 I'PaHu-
1Bl pasfesia U MOSBIEHUIO0 TYPOYJIEeHTHOTO XapaKTepa mepeMelTnBaHms.
CropocThb (hpoHTa BO3MYIIEHNS B CTOPOHY TSYKEJIOTO BEI[eCTBA IIPU KarK-
oM YKpyIHeHnu (00beINHEHNN) JOIKHA BO3PacTaTh, BEIXOIA CO BpeMe-
HeM Ha JUHEHHBIN 3aK0H. B 11eJ10M BO3HUKAaeT 00JacTh TypOyJIeHTHOTO
TIepeMeITTNBaH1A, PA3SBUBAIOIIAACS, BOOOITIETOBOPSI, HECUMMETPIYHO, HO II0
OIHOMY W TOMY K€ KBaJpaTUUYHOMY 3aKOHY.

Ecnu nmpu ¢t = 0 HauaJabHBIE HapaMeTPhl 3aJaHbl He B BUIE CUHY-
COUIBI, 2 Xa0OTUUECKUM 00pa3oM, TO OyJeM CUUTATh, UTO TypPOyJIeHTHOE
TeueHUe BOZHUKAaeT cpasdy npu ¢ > 0, XoTd, KOHEeYHO, 3TO He TaK. Bce-
rga OyZeT CyIecTBOBATh HEKOTODHIN MHTEPBAJI BpeMeHHU, 3a KOTODBIH
XaoTUYeCKoe BO3MYIIeHMEe BBIBOBET PA3BUTYI0 TYpOYyJIeHTHOCTH, HO
9TUM WHTEPBAJOM B JajbHeHIeM OymeM mOpeHeOperaThb.
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MsgI 3mech TpeHeOPeran BA3KOCTHI0, KOTOPAA MOJKET CYIIECTBEH-
HO U3MEHUTh KApTUHY TeueHUd, 3aTAHYB €e Pa3BUTHE BO BPEMEHM.
Ho nosiHOCTBIO clleslaTh TeueHUe YCTOMUYUBLIM BA3KOCTH HE MOJKET.

CienyeT 3aMeTHUTh, UTO CYIIECTBYIOIINE UYUCJIEHHBIE METOIBI
IIO3BOJIAIOT NEeTaJbHO U3ydYaTh IIPOIECC PA3BUTUA HEYCTONUUBBIX
TeueHuil. B 8T0Il cBA3M XOTEJIOCH BBIAEIUTHL MeTon Buxpeit [11],
TIO3BOJIAIONINI B cllyyae HEeCKUMAaeMbIX JKUAKOCTe!l TOBOJBHO TOUYHO
OIIpe eNATh IIOJ0KEeHe TPAHUIILI pasfiesia BO BpeMeHU, Habaonasa Bee
cTaauu Iepexofa OT JUHEHMHON cTagny K HeJIMHENHOM.

2.2. Ocpennenue mo PeiiHoabacy

Kax omucars TypOyJeHTHOCTE? ITO MOKHO CAEJAThL Ha OCHOBA-
HUY YPaBHEHUI I'MAPOSVHAMUKN, €CJIM IPOM3BECTH UX OCPeIHeHue.
Bce xapakTepuCTUKY ABUKEHUA IPEICTABIAIOTCA B BUIEe IBYX cjara-
eMBIX: IVIAJKI0, OTBEUAIOIIEero HEKOTOPOMY OCPEIHEHUI0 — CrJIaKH-
BAHWIO, U BTOPOI'0 CJIAraeMOro — BKJIIOUAKIIEro B cebs BeCh Xaoc
¥ Ha3bIBA€MOT'O ITYJIbCAIlMOHHON H00aBKOIi:

e=e+e,
Ui =Ui +Ui/’
p=p+p,
_ , (2.1)
P=P+P,
T =T +T"’

O0osuauum uepe3 X cpenuee sHauenue Beguuud U, p, P, T

KOTOpOe ompenensierca (opMyJIoi

£+(T/2)
X (%1, %9,%3,t) = - J. X (%1, %9, x3,t)dt,
t—(T/2)

rae T — TPOMEKYTOK BpeMeHU, Ha3bIBAE€MbBII IIePUOJOM OCPEHEeHU .
9TOT Mepuo] MoJaraeTcsa AOCTATOUHO OOJBINNM II0 CPAaBHEHUIO C Xa-
PaKTEePHBIM [AJIs OCPEJHEHHOTO TeUeHUs BPeMEeHeM.

IIpexxme uem mpoBecTu ocpenHenue ypasaenuii (1.1)—(1.3), cdhop-
MyJupyeM IATH runote3 PeliHosbaca [7] :

Df+g=7+8
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2) af = af , €cIU @ — TOCTOSHHAS;

3) a =a, eciu a — TOCTOSTHHA;

of _of
g—g,me 8§ =Xy, X9, X3, t;
5) fe =1g.
BBIHI/IH_IeM YgeThbIpe OYeBUIHBIX CJIeICTBUA
) f=f;
2) f'=f-f=0;
3) fh =fh;
4) fh' =fh’ =0.

M3 3THUX THUIIOTE3:

2.3. OcpengHeHne ypaBHEHUH Ta30BOH TUHAMHUKHI

K ucxogaepim ypaBHenumam (1.1)—(1.3) mpuMeHUM OIepaIinio
OCpeHEHUA, YOBJIETBOPAIONIYIO ycaoBuAM PeitHonbaca. McTuHHBIE
3HAYeHMA ILIOTHOCTH P, DHEPruu e, fasienus P, ckopoctu U, same-

HUM COOTBETCTBEHHO 3HAYEHUAMHU (5, e, P, Uk)

(p', e’, P, U, ), corstacHo (2.1). IIpegBapuTeabHO

U InyabCanuaMMU
B 9HEPreTudyeCKoOM

ypaBueHuu (3.3) OT SHTpPONMU S IepeiiieM K IIepeMeHHBIM e u P.
IIpu ocpemumenuu OyJeM IIpeHeOperaTh TPETBUMHU KOPPEIANUIMU
¥ TpousBeleHUAMH BTOPHIX. Torma ypaBHenms (1.1)—(1.3) mepeiimyT

B CJIEAYIOIIHE:

(2.2)

op, 0 =
T4+ = pU,=0
ot dx, Pk ’
opU; .\ opU,U, . oP _ 9pUUy
ot 0xy, ox; 0xy,

, (2.3)

pe opUpé - U oU, P’
e Ukt  pUk __Urt

ot axk

o (P,
+— 2| tu
axk(p kp]

axk axk

_ aﬁUk/e, + U, LP/
axk k axk.

(2.4)
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D/Uk

Bnecs obosuaueno Uy, = Uy, +

_ B p/e/ .
, € =e +— . B panpHeiiem QpyHK-
Y

U Uk M ¢ TpPUMEM 3a OCHOBHEIE.
Ecnu numeerca nmpumech, TO ypaBHeHUE AJIS MacCOBOI KOHIIEHTPA-
nuu c¢; Oyner
doce.  d(peU
pe;  d(pe; k)zo_ (2.6)
at axk

ITociie ocpegHEHUA OHO IIEPERET B CJIENYIOIIIEE:

0p¢; 0p&U, 9 (_ .,
- =\ pc/Uy |, 2.7
o ox, axk(pl ’f) 29
rue
R
¢ = i+p§‘ ) (2.8)

JleBbie vacTu ypaBueHuii (1.1)—(1.3), (2.6) coBmagaioT ¢ JeBbIMU
yacTaAMu ypasuenuii (2.2)—(2.4), (2.7). B npasbie 4acTH BOIILIN HEU3-

’ ’ ’ ’ ’ /’ ’
BeCTHbIe BhIpaxkeHuda U, U, ’; U, P’; U, 0’ U, e’ U,c - IIpe:xxne, uem
WX OIPEIeJUTh, IOJYUYNM ypaBHEeHIe OajaHca JJis BHOBb BBEJEHHOM

BEeJIMUYNHELI — IIJIOTHOCTH KMHETUYECKOH 9HEpruumn TypﬁyJIeHTHOCTI/I Et .

17 7’ ’
E, = EPUk Uy . (2.9)

2.4. YpaBHeHue 06ajaHca s ILJIOTHOCTHU
KUHETHYECKO! 3Hepruu TypOyJIEeHTHOCTH

W3 ypaBrenwnii (1.1), (1.2) 414 IJIOTHOCTH KMHETHUUYECKOUN SHEPTUU
1
E :EpUkUi (2.10)
ciaemyer

a_E + aEUk + Uk a_P =
ot 0x, 0x,

0 (2.11)
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IIpoBenem ocpenHeHNe MOCAEIHErO YPABHEHUA, UMes BBULY, YTO

E=E+E,,
riue

~ f) ~ o~

E :EUkUi .

ITpenebperas, Kax u BBIIIE, TPETHUMU U IOCIEAYIOIIUMU KOppe-
JIANUSAMHA, MOJIYUUM

E, OJULE, U,’p’ oP U , 0P’
a_t+a#:kfpa_P_pUkUia_k_Uk oP .
ot 0xy, P Oxy ox 0xy,

(2.12)

i

IIpu BBIBOZE 5TOr0 ypaBHEHUS MCIIOJIb30BAHO PABEHCTBO

E OU,E - oP - opU, U/
a—E+a Lamy /8 op +Uk78p ki

2

=0

b
0xy,
KOTOpOe SABJSAETCS cJeacTBreM ypaBHeHuii (2.2) u (2.3).
3ameTuM, 4TO OajaHcHoe ypaBHeHUe (2.12) moayueno 6e3 mpu-
BJIeUEHUSA YPaBHeHUsS coxpaHeuusa sHepruu (1.3).
VpaBHeHUMe GajlaHCa I MJIOTHOCTY KMHETUYECKOH 9HEPTUHU TYP-

OyneaTHOocTH E, nomosiHAET ocpefHeHHBIe ypaBHeHusa (2.2)—(2.4),

(2.7). Ina 3aMBIKaHUS 9TUX YPaBHEHUI HYIKHO OIPENEJUTH IMpaBhbie
yactu. JIJia onpenesieHusa HeN3BECTHHIX UJ€HOB, BXOAAIINX B IPaBbIe
YaCcTHU, UCIIOJB3YIOT ruioTesy IIpaHaTisa, COCTOAIIYIO B TOM, YTO HEMU3-
BECTHBIE BeJIMUYMNHBI BHEIPAKAIOTCA Uepe3 MOTOKH OT CPeJHUX 3Haue-

HI/IfI ﬁk’ 57P7 8, 5l':

Uk/plz_Dai,

oxy,
Uk/8,=—D£,

axk

. 2.13)
- 9%, (

Uk Ci :—Di,

0xy,
P 2 oU U,
u/u; =2Y"5, —o,D 9y, Ui ;2dinps

32 Jox; Ox, | 3 dt
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3neck 8p; — cumBosx Kporekepa, 0.y — HeKOTOpas IOCTOAHHAA,
V2 / 3 — KuHeTHYeCKas sHeprusd TypOyJIeHTHOCTH, OIpeaessieMasa KaK

2 /, ’

Vo_E _UklUi (2.14)
2 p 2

D=1V. (2.15)
Kpowme sToro, [ uMmeeT CMBICJI CPEIHEro PACCTOSHIUS, HA KOTOPOE CIIO-
COOHBI IIepeMelIaTheA TypOyJIeHTHBIe 00pa30oBaHMA, COXPAHAS CBOIO MH-
IUBUAYAJIBHOCTE. MaciiTab cBA3BIBAIOT C MIMPUHON L —XapaKTepusyIo-
el MupUHy 06JIacTh TypOyJI€HTHOrO MePEMEIINBAHNS C IOMOIIIBIO DM-
mupuUecKoil mocTosHHON o . IIpemcraBieHme HEeM3BECTHOTO YJeHA

’ ’
U,U; O6asupyercsa Ha KOHIENIUN CKAIAPHONA BUXPEBOH BASKOCTH.
B ypaBuenum Gamanca (2.12) et unena nud@ysroHHOTO THIIA.

OH HeoO0XOAMM JJIs ONMCAHUA 3aTyXaHUA TYPOYJEeHTHOCTH IIPHU BBIK-
JIIOUEHHBIX MCTOYHUKAX. Ero BBOZAT Kak OBI 3a CUET OTOPOIIEHHBIX
TPETHUX KOoppeadanuii, GopMagbHO mojarasa

o 7 o __ov?
—pU;U; U, =B—pD——,
0xy, dx;,  0x

rage B— BeJIMUMHA IIOCTOAHHAA.

s mIpaBUJIBLHOTO ONMUCAHUA 3aTyXaHUA TypOYJIeHTHOCTH TaKKe
BAKeH ellle OJUH YJIeH, KOTOPbIH BBOAUTCSA BMECTO HEM3BECTHOTI'O UJje-
Ha B (2.12) caenmyromum obpasom

© 9P V3
U, 5 ZVPT ,
Xk
rgme V. — IIOCTOAHHAasdA, olpelelsideMas, KaK U BCe BBIIIe BBeIeHHBIE

IIOCTOAHHBIE O, B, Olg , U3 9KCIIEPUMEHTOB.

WUrak, ypaBuenue 6ananca (2.12) ¢ yueToM BBeJIeHHBIX ITPEAII0JIO-
KeHUI IIPUMET B[

_dv? _ D op 0P

__|(9oU, . aU; \oU, 2(dl
p — + o9pD + -— —
2dt p 0xj 0x, dx; dxy; | dx; 3| «
= 3 2
+1V2 di_V§L+ BiﬁDaL_
3 dt l 0xy, 0xy,
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d_o, 5 0
3mech g, " 5"k dxy °
BI:IIII/IHIeM OROH‘{&TBJIBHBIIU/I BU BCeX ypaBHeHI/If/'I JJIsA OOJHOMED-

HOrO cjay4dasi. 3HaUKU OCPeJHEHUS OIYCTHUM, TakK JKe KaK U MHAEKC k
y IIepeMeHHOH X.

dp U
- P (2.16)
de; d dc; .
= %2 op%i 212
dt paxp ox ' ’ (2.17)
dUu 19 1 o) 4 d oUu
e 20 p+pV? |+ a2 pD
d¢ pax( 3p J SOL2 paxp dox ’ (2.18)
@ pdp_ o \To] Dlopyop w
i_iipzipD P + — _p _+v_, (219)
dt p? dt pox 0x p2 | 0x |ox l
d sz 2 3
( )=pD g£+éa2 dlnp " | vpV N
2dt pdx 3 dt !
2
d aV épvz dlnp. (2.20)

+B—pD—+
Baxp ox 6 d¢

ITonyueHs! m1eCTh YPaBHEHUH JJIA MIECTU HEMBBECTHBIX (DYHKIIUHN
p, U, T,V,cq, cg. JHePIrus u faBJjieHUe ONPeJesIA0TCA yPpaBHEHUAMU
cocrosguuA. g cmecu OyzmeM BBIUYMCIATL P 1 € 1mo dopmyaam:

2

P = ZciPl- (T ) e= ZCisi (p,T).

1

Kospdpumnuent typoynentHoit auddysuu D ompemeseH GhopMmy-
Jgo# (2.15).
B ypaBHeHHusA BOIILIN IOCTOAHHBIE O, 0l5,V,[3 , KOTOpHIE oIpese-

JAOTCS B ryiaBax 5 u 8.
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VYpasHeHue 6ananca (2.20) MokeT ObITh YTOUHEHO, €CJIN MIPUBJIEYD
HUCCIeNOBAHUA IJi. 1 IO ONpeAes;IeHUI0 YCJIOBUN HEyCTONUUBOCTH
¥ IIPOM3BECTH 3aMEHY B MCTOUHMKOBOM UJIeHEe TyPOYIeHTHOCTA — KBaJ-
paTHoii ckoOKu ypaBHeHusa (2.20)

PN B/
pdx pox (2

Jra 3amMeHa caesiaHa corJiacuo gopmyie (1.9).



T'JIABA 3. CBOMICTBA lv—MOJEJIHN
TYPBYJIEHTHOI'O IIEPEMENINBAHMUSI.
MOJAEJIb BEJIEHBKOT'O — ®PAJTKHUHA

B riaBe 2 mosyueHbl ypaBHeHHsA lv—Momenun TypOyJIeHTHOTO
nepemermuBanua (2.16)—(2.20). OHu comepskaT ueThIpe ITapaMeTpa,
KOTODHIE OIPENENAIOTCA U3 9KCIepuMeHnTa. [[J1a onTuMaabHOTO BBIOO-
pa 9THX IMapaMeTpoB HYKHO 3HATh CBOMCTBA MOJEJU U €e MOBeJeHUe
B PA3MIUYHBIX MPEIeIbHBIX ciaydasax. V3dyueHue CBOMCTB MOIeJIU Be-
JeTcsd B IMOCJeAVIOIUX TIaBax.

31ech ke CBOICTBa MOJIeIM PACCMOTPEHBI /IS HECKMMAEMbBIX CPeJ.
B sToM cayuae ymasoch MOJMYUUTDH PAS aBTOMOJEJIbHBIX PeITeHunil, yc-
TAaHOBUTDH UX CTPYKTYPY W 3aBUCUMOCTH DPEIIeHU# OT umcyaa ATByIa.
PaccmoTpeno perieHue B mpubam:keHun BeimeHbKoro — M®pagkuHa,
CIpaBeAJNBOM HpU MaJbIX umcaax ATByma. IlocTpoeHo pellieHue AJA
MIPOUB3BOJILHBIX umces ATByZa. YcTaHOBJIeHA He()UBUUYHOCTH MOIEIU
mpu umcae ATByna, ctpeMmsaiieMmcsa K 1. [aa ycTpaHeHUs 9TOTO HEJo-
CTaTKa MOJIeNH Clexyer mepeiiTH OT MOJMHOM mUpUHBL L K aQpekTus-
moit L .

3.1. ABTOMONIEIbHBIE pPEHIEHUS

Pan BayKHBIX CBOMCTB MOJYUYEHHOM MOJEJN TypOyJIEHTHOI'O Iepe-
MEITUBAHUA MOKHO YCTaHOBUTD, €CJI OTPAHUYNTHLCA IIEPEMEIITTBAHUEM
JIBYX HECKUMAaeMBIX JKUIKOCTel IIPU 3aJJaHHOM 3aKOHEe YCKOPEeHUS.

MaccoBble KOHIIEHTPalUA C; C ILIOTHOCTBIO CMECH  CBA3aHBI
COOTHOIITEHUIMM’:

0 0
1 (01 —0)92
c1+teco =1 ¢cg=——7——.
0 _ 0 (3.1)
p(p1 —92)
3,lIeCI> p? nu p(z) — HavaJbHBIE IIJIOTHOCTHU THMKEJIOM U JIerKOH

SKUITKOCTEMN.
W3 ypaBHenwuit (2.16) u (2.17) ¢ yuerom (3.1) ciemyer sABHOe
BRIpasKeHuUe IJs1 cKopoctu U:

dlnp
U=-D"—-F
- (3.2)

HeficTBuTenbHO, nepeiifem B ypaBHeHuu (2.17) ot ¢g K pg, HC-
moab3ys (3.1):
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de pOpO
= T o 0P
P P (pl —pz)
ITonyuum ypaBHeHUEe
dpo 0 Dop
dt pax p dx’ (3.3)

W3 cpaBHeHUMs sTOTO ypaBHeHUA ¢ ypaBHeHHeM (4.16) ciemyer
(3.2). Uz (3.2) u (3.3) mosyuyumM ypaBHEHUE IJd IJIOTHOCTU CMECH:
oo _ 0 p

w_9 po®
Jt odx Jx’ (3.4)

YpaBHeHUe, BBIpasKaiolliee 3aKOH COXPaHeHUS TypOyJIeHTHOI
KMHETUYEeCKOol sHepruu, coryacuo (2.20), numeer Buf

2 3 2
ldpv = Dgalnp_vi.i.ﬁipDaL_k
2 dt ox l 0x ox
2 (3.5)
+é(x2pD dinp +§pV27d1np.
3 dt 6 dt

3nech .
dt ot dx ox’ (3.50)

Hamomuum, uTo

D=1V,
(3.6)

! =olL.
B urore nmeem cucremy ABYX YpaBHEHUI ¢ HEM3BECTHBIMMU ILJIOT-
HOCTBIO P U TypOyJeHTHO# ckopocThio V, rme o, V,[, 0.y — oMIHpPHU-

YyecKue IOCTOSAHHEIE.

Hna cucremsl (3.4), (3.5) craBurcsa caexymoinas 3amaua Korrm:
HaliTU pelleHue mpu f>(, €CAUM B HAYAJLHBIH MOMEHT W3BECTHBI
V(O,x) u p(O,x):

V(O,x) =0,

0
p(0.x)= P e ¥=0 (3.7)

pg, ecmm x<0.
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AHanns MCXOOHBIX pPasMepPHOCTEH IOKAa3bIBAEeT, UTO IOJIYyUEeHHBIE
YPaBHEHUSA UMEIOT aBTOMO/EJbHOE PEeIlleHre 1 IPU CTEIIEHHOM 3aKO0He
ycKopeHus: g =gyt .

BBegem Oe3pasmepHBbIE BEJIUUYUHBI C TEM, UTOOBI OT YpaBHEHUH
B YACTHBIX ITPOM3BOAHBIX IMEePeiiTH K cucTeMe OOBIKHOBEHHBIX AUM-
depeHIMANbHLIX ypaBHeHHUM. (a5 9TOrO0 0603HAUMM uUepe3 S Iepe-
MellleHNe CUCTeMBI 10, JelicTBIeM YCKOPeHUdA g : s=(g0t2) 2, a uepes

4 CKOPOCTH IIePeMEI|eHUsI CUCTeMBbI: u = got =ds/dt .

BespasmepHBIe IpeACTaBUTENN JJIUHLL A, TypOYJIeHTHON! CKOPOC-
T £ ¥ IJIOTHOCTH A BBeZEM CJIERYIOIUM 06pasom:

= x 5 V p
A= ﬁ—g’A—§~ (3.8)
NG AL
E.AA/ =T = =\’
(&) oAy —Ag)
T er 7/2 X A/f vr _
4BEE +8[3(é;) +2 W+(1+2B)X§ g =
i ,}L +A’E 13 A,+ g + 2vg

B (3.9)
Ifle IITPUX O3HAUAeT IPOU3BOIHYIO o A, m = 0.
3Iech BOCIIOJNIL30BAJIICH T€M, UTO MIMPUHA 00JIaCTU IIepeMellnBa-
HUuA L ecThb

L=(h—2g)s. (3.10)

Yca0BUA COOTBETCTBEHHO HA JIEBOUM U IIPABOM I'paHUIlAX 00JacTH
IIepeMeIlInBaHud UMEIT BU

0
= = z _1_p2
A =ho, i—O’A—;—E’ (3.11)

A=x;, E=0,A=1. (3.12)
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Taxum o6pa30M, IIoJIydeHa KpaeBad 3agadya C HeollpedeJIEeHHBIMU
I'paHUIaMM OJId CUCTEMBbI M3 JIBYX ypaBHEHHﬁ, CcoepxallliuX BTOPBbIE

IIPOU3BOAHbIE OT UCKOMBIX yHKIMH A u £ . Yemosuit (3.11) u (3.12),

BOOOIITe TOBOPSA, HEIOCTATOUHO, UTOOBI HaliTu perrenue. O0OIIIe MeTO-
bl PEellleHNA TAKUX 3aJauU HEeM3BECTHBI.

OmHaKo, KaK JIErKO 3aMeTHUTh, Ha KOHIIAX 00JIaCTH MHTErprpoOBa-
Husa cucteMma (3.9) mmeeT 0COGEHHOCTHU: KO3(h(PUIIMEHTHI IPH CTap-
IINX [IPOM3BOAHBIX 0OpAIAlOTCA B HYJb. J[OMOJHUTEIHHOE HCCJIENO0-
BaHNME XapakTepa IOBeJeHNs MHTEerPAJIbHBIX KPHUBBIX B OKPECTHOCTH
IPAHUI] IIO3BOJIAET HAUTHA PA3JI0KeHNe NCKOMOI'0 PEIlleHn.

i n3yueHusi CBOMCTB MOAEIN TYPOYJIEHTHOIO IIepeMelInBaHus
paccMOTpUM psAJ YOpoIlleHuil. Bce oHM GYAYT OTHOCUTLCA K ypaBHE-
HUIO IJIA KUHEeTUUYEeCKOI sHepruu TypoyaeHTHOCTH (3.5).

3.2. Ilpudnuxenue Benenbkoro — PpagkuHa

C.3. Beneunkuit u E.C. @pagkun Ajia TypOyJeHTHOU CKOPOCTHU
KCIIOJIb30BAIN SIBHOE BhIpaskeHue [1]

2 2.2 0
W =<ng0pa—px, (3.13)

KOTOpOe MOJIyUYMJIM M3 Pa3MepPHBIX cooOpaskeHM, moyokuB V = IO,
rge moA  IIOHMMAaeTcss MHMMAasA YacTh MHKpeMeHTa . OCHOBHBIM
MCTOYHUKOM, IMOPOKIAMINUM TYpPOYyJIE€HTHOE IIepeMellnBaHUe, SB-
JIAETCS YJieH, IPOIOPIUOHANBHEIA mHKpeMeHTY (3.9). s gmuubl L
¥ MHKPEeMEeHTa () MOYKHO COCTaBUTH €UHCTBEHHYIO KOMOMHAIIUIO, NMe-
IOIIYI0 pasMepHOCTh cKopocTu. Bripaskenme (3.13) mociie mepexona
K 0e3pasMepHBIM BeJNUYNHAM MIPUMET BU]
E2 = o (A ~7p)” &'
B 2v A
BoaBpaiascs Kk ucxogHomy ypaBHeHUIo (3.5), HETPYAHO 3aMETUTD,
uyTo BhIpaskeHue (3.14) mosyuaercs, eciau B (3.5) ocTaBUTH TOJBKO
TeHepaI[MOHHBIM M AUCCUIATHUBHBINA UJIEHBI (IepBbIe ABa cJlaraeMbIX
B IIpaBOil HUacTu).
IMofcTaHOBKA ABHOTO BHIPAXKEHUsA A Ge3pasMepHOit CKOpoCTH &

(3.14) B epBoe ypaBHeHUe cucTeMbI (3.9) IPpUBOAUT K OJHOMY ypaB-
HEHHUIO OJIA IJOTHOCTHU A:

(3.14)
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= 3
3AA"— (A = - VR o ()2 (3.15)
2(7 7 2
o (7»1 kz)

BBenem HOByIO IlepeMeHHYIO

g2 =A/A (3.16)

Jra 3aMeHa MOHMKAaeT MOPAIOK ypaBHeHusa (3.15):
3 \2v )_\.

3y +y° =- . (3.17)
o (7 - 7g)

W3 rparmunsix ycaosuit (3.11) u (3.12) u coorHomenusa (3.14)
cJenyer:
Ipu X=X1, y(X1)=O,

npu A=T, 7 (%g)=0. (3-18)

Kpowme Toro, eciu Bocmob30oBaThesAa cooTHoIeHueM (3.16) pyHKINA

Y yIOOBJIETBOPAET YCIOBHUIO
M
2 17
J.y d}\.=1nn, n=p1/p2. (3.19)
Ao
Haﬂee MOHO IIOCTPOUTH HpI/I6JII/I}KeHHoe peliieHne, BepHOe

npu n, 6auskom K 1. as sToro moso:kuM [1], 4TO mepeMeIlnBanme
IIPOUCXOAUT CUMMETPUYUHO, TO ECTh

}\41 = —7&2 = 7\,0 .
B ypasueunu (3.17) npeHeGperkeM UJIeHOM y3:

sy V2T
o Ay ~Tp )’

9ro ypaBHeHUHe MHTerpupyercsa. Ero pemrenuem O0yaer mapabosia

(3.20)
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W3 ycnoBusa (3.19) onpexnenurcsa XO = 270(a4/v) Inn.

OxonuartenbHaa ¢opmyraa (3.10) s MIMpUHEBI 06JIACTH IepeMe-
IIMBAHUA IIPUMET BUJ

4

L =270 % (Inn)2s. (3.21)
A%

A Ui TIJIOTHOCTH TIOJIYUYHUTCS CJIEYIOIee BhIPAKeHUe

-1s(AV,15% 8( %Y
2 8| %, | 167k, 16| Ao (3.22)

ITocTpoeHHOE pellleHre BEePHO IJIA MAaJIbIX IEPeInafoB IIJIOTHOCTH
BILIOTH 70 n = 4 [1]. Eciu n > 4, To HyKHO YMCJI€HHO NHTETPUPOBATH
ypasuenwue (3.17).

3mech pagy IPOCTOTHI PACCMATPUBAJIOCH IIOCTOSHHOE YCKOPEHUE.
Mo:kHO TTOCTPOUTEH aBTOMOZEIHHOE PEIleHNe U AJIA IPOU3BOJIBHOTO yC-
KOpeHMs, 3aBUCAIIEro TOJIBKO OT BpeMeHM. JTo OyAeT ClesIaHo B I'JIaBse 5.

A=n

3.3. AcuMnTOoOTHYECKHE CBOMCTBA
pemenusa ypaBHeHus (3.17)

Paccmorpum cBoiicTBa pelennsa ypaBHenus beimenskoro — ®@pag-
KMHA BO BCEM JuAalla3oHe Iepemnaja IIoTHocTel n: 1 < n < o, Ilpu n,

0am3KoM K 1, pelllenre mocTpoeHo B mpeAbiayiem maparpade. Ecau n
3aMeTHO 0OJIbIlle eIUHUIIBI, TO TPeOyeTCs YNCIeHHOe NHTEerPUPOBaHME
ypaBHenud (3.17). B mpaByio uacTb ero BoIiLIa OespasMepHas AJUHA

Ay — Ay M IOCTOAHHBIE 0, ¥ v . OT HUX MOXXHO U30aBUTHCH, €CIIH IIepeii-

TN K HOBBIM II€EPEMEHHBIM 1 U Z2:

1
4 410
2= 2%(%1—%2)4 y,
1 (3.23)
v °_
n= — 1 A
20t (kg —%y)
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ITopcranoska (3.23) B (3.17) mpuBeneT K ypaBHEHUIO

32" +2% = -2 (3.24)
C TPAHUYHBLIMY YCJIOBUAMU
nN=mn,MNg; 2=0. (3.25)
Ypasuenue (3.24) moayunsoch CBOOOIHO OT HEM3BECTHBIX KO-
unmeHTOB.

ITosme muTErpasbHBIX KPUBHIX ypaBHeHUA (3.24) mpeacraBiieHO
Ha puc. 3.1. BugHo, uTo cylmecTByeTr peiieHue 1, pasmessrolnee
ILJIOCKOCTh Ha ABe obOjacTu. Bce moJOKMTeIbHBIE IO 2 peIleHusd,
Jekaliye HUMe 9TOU KPUBOil, YAOBIETBOPAIOT 'PAHUUYHOMY YCJIOBUIO
(3.25): pemienue nmepecekaet och z = 0. Kaxxmas nuHTerpaibHasa KpuBas
OTBEUAEeT DPEIIEeHWI0 C COOTBETCTBYIOIIMM HAYAJbHBIM IMepenagoM
ILJIOTHOCTEH 7, OIPeAeSAeMbIM UHTETPATIOM

N1
I£M=Mm (3.27)

N2
Kpusas 1 orBeuaeT mpemeabHOMY PeIleHHUI0, [IOJyYaeMoOMy IIPHU
n — oo, YucaenHoe MHTETPUPOBaHUE ypaBHeHU (3.24) MOKa3bIBaeT,

qgTo 1’]1 IIp1 9TOM KOHEYHO, a n2 —> —00 ¢
lim nl = 1, 6, lim nz = —oo,
n—o n—oo

ITpu n, 61uskoM K 1, pereHne IPUOJTMKEHHO MOYKHO 3aMEeHUTD I1a-

pabosoii. IIpu n >> 1 | Kak ciaenyer us puc. 3.1, 0HO UMeeT KyIoaoo0pas-
HBIA BUJ C BEPIIWHOA Z,,. , CMEIIeHHOU BeBo. Ilpu n — o« ng — —o

M Zyay — °, TAK UTO 2z (—oo) = oo . IIpenesibHoe perrenue 1 umeer mpu-

max

OJIMKeHHOe IpeCTaBIeHIIe

23+iz2+i2=2(n1—n), n =1,6.

3
4:7]1 nl
Taxkum obpasom, mpu n — <1y — 1,6 m 19 = —. Bosspa-
IIasch K MCXOOHBIM Ge3pasMepHLIM KOOPAMHATAM (DPOHTOB IepeMe-
IIMBAHUA A; U Ay, IHOJIYUUM, YTO 0G€ OTH KOOPAUHATHI IPU 1 —> oo

CTPEMATCS K oo . [|eICTBUTEIBHO 9TO TaK, IIOTOMY UTO corJiacHo (3.23)
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= 204 4

A = T(m —712) N1

~ 20t 4 (3.28)
Ay _T("h —Ng) My

ITosToMy OTHOIIEHME ITOJHOM IMUPUHEI L K ITepeMellleHUI0 CuCTe-
MBI $§ TaKoKe HEOTpaHWUYeHHO PacCTeT:

=M —hy="—(m —le)5-

9TO MIPOUCXOAUT 3a CUET TOT'0, UTO IIPU 71 —> oo (PPOHT IIepPeMeInBa-
HUS B CTOPOHY JIET'KOTO BEIIIECTBA, OIIPefiesIaeMbIil yepes 6e3pasMepHyIo
BeJIMUMHY 1) , PACIPOCTPAHAETCA C HeOTPAHMUEHHOU CKOPOCThIO. MosxeT
0KasaThCs, UTO B II€JIOM BCe HOPMAILHO, eci (DPOHT B CTOPOHY TAMKEJIO-
r'0 BeI[ecTBA UMeeT OTPaHNUYEHHYIO0 CKOpocTh. OHAKO 9TO He TaK.

PaccmoTpum moBemenue MIMPUHBI 00J1aCTH TypOYJIEHTHOTO IIepe-

MemuBaHua L; , orcuuTeiBaeMoi ot Toukn x =0 mo X = X;, Tak 4TO
MMeeT MeCTO PaBEeHCTBO
1/5
L 20

4
gy =2y - .
5 1 v (ng —ngz) Uit

\ z
1
Ng N1
VV n
-2 0 1,6 2

Puc. 3.1. ITone uHTErpanbHBIX KPUBLIX ypaBHeHUA (3.24)

1— IIpefejIibHOe PeIllleHrue OJId 71 = o0
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U3 Toro, 4ro My — °° IPH n —> oo IOJydYaercd, 4To L /s Takxe

CTPEMUTCA K oo . Takum 06pa3oM, B mepeMeIllnBaHe B KOHEUHBIH MO-
MEHT BpeMeHU BKJIIOUaeTCA HeoTpaHUUYeHHAasA Macca BelllecTBa, YTo IPOo-
TUBOPEUUT HKCIEPUMEHTAJTbHBIM JaHHBIM.

Jror HemocTaToK Mozaenau BeneHbKoro — PpagkmHa MOMKHO
HUCIIPaBUTH, B (3.6) BMecTo mOJHOM IMUPUHLI L 6paTh 3dh(HeKTUBHYIO
L', KOTOpYIO OIpeieATh, HAIIPUMep, KaK PACCTOAHUE MKy TOUKAMU,
B KOTOPBIX Oe3pas3MepHas IJIOTHOCTD,

5= p—py _nA-1
0L —Pg n-1 - (3.29)
npurnumMmaer smavenus ot 0,1 mo 0,9 mwaum 0,01 u 0,99. Pasymeercs,
IIpU 9TOM M3MEHUT CBOe 3HAUEHUE U IMOCTOAHHAA 0, TAK UTO

l=oL". (3.30)

OxoHUaTeJbHBIE BHIPAMKEHUA AJIS MOJHOM U 3(PHEKTUBHOMN ITUPUHBI
IoJiyJaloTcsa B BUZe

20k
L= 0:; (Mo,0 —1’10,1)4 (M1 —Mg2)ss
. 204
L = ZL (Mo, ‘%,1)5 s

Ha puc. 3.2 HaHeceHbI pe3yJIbTAaThI UMCJIEHHOTO NHTEIPUPOBAHM S
ypaBuenus (3.24). I3 Hux ciaenyer, 4TO

lim (Mo,9 ~Mo,1) = 0,87+0,96 =1,83.

IToaTomy ) 4
F g
lim £ = 2% 905 (3.31)

n—e 8§ \%

TO €CThb IIpeaejl KOHEYEeH. Tax:xe 6y;[e'r KOHEYHO M OTHOIIIEHNE LI/S

mpu n — oo, OTHOILIEHVEe JKe MOJIHON IIMPUHBI L K § MO—IIPeKHEMY
HeoTrpaHWUYEeHHO pacTerT.

ATo cienyeT OTHECTH K HeJOCTaTKaM BBHIOpPaHHOM MOJAENHN, C KOTO-
PBHIM MOXKHO CMUPHUTBHCS, TaK KaK 3TOT POCT IIPOUCXOIUT 34 CUET «XBO-
cTa» MaJioll mMacchl. MeXay TeM B cjaydae, Korga B KoahuiueHTe
muddysuu D mcmnosb3oBajiach MOJHASA IIMPUHA, B IIEPEMEIIMBAHUE
BKJIIOUaJach HeOrpaHWUYeHHad Macca.
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3(0) n
/ [ \oos
0,8 — 1,6
No,99
L 1,2
0,6 ]
3(0) No,1
—
0’ 4 A \ 0,8
’ No,9
0,2 0,4
0 2 4 6 8 Inn

Puc. 3.2. 3aBucumocts 6e3pasMepHOIT KOOPAMHATEI (DPOHTOB IIEPEMEIITNBAHNUA

(Mo,15 Mo,015 Mo,95 No,99) 1 GespasmepHoit mroTHOCTH §(0) OT lnn

B 3akioueHne IpuBeeM aHATUTHYeCKHe (DOPMYIIbI IPUGIIKeH-
HOTO ellleHN, CIPABeIUBbIE BO BCEM AMANIA30He 71, eCIU 3a d(heK-
tuBHyo mupury L npumars L = 2L;. Jlaa oToro BOCIOIB3yeMCS
pesyIbTaTaMM YHCIEHHOTO NHTeTPUPOBAHUA ypaBHeHNs (3.24), mpes-
craBiaeHHBIME Ha puc. 3.1 u 3.2. 3nauenne 3(0) ¢ xopomreii TourOC-
THIO MOXKHO AINIPOKCHMUPOBATE (DOPMYJIOH

5(0)=0,5-0,0344 - 0,006 43, A = "‘i : (3.32)
n+

3Ha4YeHHUA 1); U Ty MOTYT OBITH OIpPEeJeJeHbI, €CIH BOCIOJB30-
BaTbcAa opmyJioit (3.27), mepenrcaHHoO B Buje ABYX (DOPMY.JI:

2%dn=-1nA(0), (3.33)

2%dn=1nnA(0). (3.34)
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Takoke OymemM cCUUTATDH, UTO
_1 ( 2 2
2= 3 Ny —-M"), ectm 0 <mn<nm; gra aobbIX n, (3.35)
2= -2n, ecin Mg <M <0 gaa n>>1. (3.36)
ITogcraBum (3.32) B (3.29) u mosyuum
_ 2 4
A(O): 1-0,068A° -0,0124 - (3.37)
1+A
U3 (3.35), (3.37), (3.33) ciexgyer
1’]?:915111 l-lz_A 1’ ﬂJIHOSASl. (338)
8  1-0,0684%-0,012A
Ws (3.36), (3.37), (3.34) cnenyet
5 25 3
- =———— (In2n
(le) 144-18‘9( ) oA n > 1
OKOHYATEJTHHO TOJIYUUM
4
L %
=540 1n L4 [ Mm0<A<L (339
S v 1-0,0684° -0,0124

4

_ o 5
3neck mcmosnb3oBaHa GopMysna Ay = 7*(2111) , TOJydYeHHAd U3

(3.23) B mpeamoa0KeHUM, UTO L' = 2L, . BespasMepHYIO IJIOTHOCTL D

MOYKHO IOJIYYUTH M3 ypaBHeHUd (3.16), KOTOpoe B IEpeMEHHBIX 1, 2

nMeeT BU] 22 = An’ / A, rme nugexkc h osmauvaer quddepeHIIUPOBAHLE

mo h B oramume ot (5.16), roe muddepeHIIUPOBAHNIE BLIIOJIHACTCSA

mo A. C yuerom (3.35), (3.38) moayuum

A= [A(o)]l‘?k—im *;[;ﬂ A 0<x<L,

rae A(0) saBucur ot A corsacHo (3.37).



T'JIABA 4. CBOMCTBA lv—MOJEJIN
TYPBYJIEHTHOI'O IIEPEMEIINBAHMUS.
ABTOMOJIEJILHBIE PEIIEHUSA

B OBIIIEM CJIYYAE

B sT0ii ri1aBe paccMOTpPEHBI CBOMICTBA aBTOMOJEIbHBIX PeIleHUH
cucTeMbl ypaBHeHui (3.9) npu oy = 0. Poxb sTOro napamerpa 6yaer
OTJeILHO paccMOTpeHa B riase 5. Ilomoskum Taksxe u =0,

4.1. Mogenp mepeMelmINBaHHUA IPH 0y =0, f=10

Paccmorpenue GymeM BeCTH B JIePOBBIX KoopauHaTax. Mcxon-
uble ypaBHeHus (3.9) mpu B=0 u oy =0 HECKOIBKO YIPOCTATCH.
B xoaddunuenTs! ypaBHeHHi 1A & u A BOHAYT IOCTOSHHBIE O, U Vv,
YTO HEeyJ00HO IIPU HCCJEeJOBAHNM OOIINX CBOIicTB perrenus. Cyimect-
ByeT mpeoOpasoBaHMWe, MPUBOASAINEE K ypPaBHEHHUIO, COAep:KalleMy
B K09(p(pUIleHTax IOCTOSHHbBIE 0L ¥ V TOJbKO B KOMOMHAIIT O°/V .

Jto mpeobpasoBanmue ciaeayolee:

A =§a2 (M =) A,

= 1

§=§06(k1—7»2)§, 4.1)
_ 3 y

V2 a(hy —Rg)
ITocse moncranoBku (4.1) B (3.9) monyuum

2l v B (2282
I e i i Lt H G

2 ’ 2 2y/
- =A+E | = + = .
[3 &J é(y y J (4.3)
Ypasuenud (4.2) u (4.3) HYKHO JOIOJHUTH I'PAHUYHBIMU YCJIO-

Buamu (3.11), (3.12) ma neBo#l 1 MpPaBOii TPaHUIAX TIEPEeMEITNBAHUA,
KOTOphbIe B HOBBIX IIEPEMEHHBIX OYIyT UMETH BUJ

2
mpud=2y: §(Ay)=0, y(xz)z—gxz, (4.4)
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2

3HaveHuA (PYHKIUH Y (kz) uy (7“1) yCTaHABIMBAIOTCA IIyTeM
JIOTIOJTHUTENHLHOTO MCCIEJOBAHUS TTOBEIEHUA PEIIeHUs B OKPECTHOCTHU
TPAHUYHBLIX TOYEK, KOTOpLIEe IJs cucTeMbl ypaBHeHui (4.2) u (4.3)
SABJIAIOTCA OCOOBIMU.

IToxaxxeM, 9YTO HICKOMOE PellleHNe NOJKHO BEIXOAUTh U3 TOUKU Ag
(4.4) u BXOOUTH B TOUKY A (4.5). [l 5TOTO HY’KHO yCTAHOBUTH, UTO

2
1 =y(}‘1)=§7‘1-

PaccmoTrpuM Bce gomycTuMble 3HaUeHHA Y y; =0; 13 = y; >0
U IIOCTOSIHHOE.

1. y; = 0. Cucrema ypaBHeHnuii (4.2)—(4.3) B OKpeCTHOCTH TOU-
ku (Mg, 0, 0) mpumer Buz

’ 3 é 2 ’ )\’ y
="kl -y |y =-7.
2" 3 3¢
MokuoO IIOKa3aTb, YTO Cpeau pemeHI/If/'I, BBIXOOAIIINX M3 TOYKHU

(kl, 0, 0) HET MCKOMOTO, YJOBJIETBOPAIOIIEr0 OUEBUAHLIM YCJIOBUAM
€ >0, y > 0. Pasnenus ofHO ypaBHeHUe HA APYroe, IOJYIUM

2
dg _3y"-¢
= 3
dy y
BuzHo, 9TO Cpenu KPUBLIX, JIEKAIIUX B KBagpante & >0, y > 0,
HeT peIleHus, IPOXOIAIIEero uepes Hauaalo KOOpAUHAT.
2. y; = . B srom ciyuae ypaBHeHus (4.2)—(4.3) sKBUBaJeHT-
HBI YPEe3aHHO! CHCTEME:

e igee o

{Bs o)
Yy

Bespasmepras xoMmOuHanus y2é'; B TOYKe A =A; paBHA HYJIIO.
IleiicTBUTENBHO, €CJIV BEPHYTHCS K UCXONHBIM BeIUUNHAM, TO

d
fézD&%, (4.5 a)
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TO €CTh BBIPAKEHNE yza €CTh IOTOK CMECH M I09TOMY Ha (poHTe

IIepeMeIInBaHua PABHO HYJIIO.
ITocnemusasa cucremMa ypaBHEHUI II0 . 2 IIOCJIE CAEJIAHHOTO 3aMe-
YaHUA 3aMETHO YIIPOIIAeTCs:

2. ., s , 8y
iy J—— , —
3 18 ==y y PP

ITomenuB oHO ypaBHEHME HA APYTroe U IIPOMHTETPUPOBAB, MOJTYUUM

e 28’

OmHaKO 3TO IPUBOAUT K MPOTUBOPEUUIO C TEM, UTO y2§ =0.

d _
y_ Y y:cgl/Z‘

3. y; >0, y; — mocToaHHaA. YpesaHHasA CHUCTeMa IIPUMeT BUJ

2 ’ 2 2 ’ 2 2y

ME =1, | oM +E =8 !/1+i ,

3 3 yl
OTKYyJla cJenyeT, UTO

2 2
=ZA, E(M)=-=A.
1 3™ g ( 1) 3’1
AHaJIOI‘I/I‘IHO ucciaengyercd gpyrad TOuxKa }\,2 1 IIOKa3bIBaeTcda, 4To
2 2
=" o, E(Ao)=—=Do.
Y2 3’2 g ( 2) 3’2

PazmoxxeHnue pelrieHns B OKPECTHOCTH (DPOHTOB ITePEMEITUBAHUA MO-
$KeT OBITH IIOJIYYeHO B BUJE PANOB COOTBETCTBEHHO B TOUKAX Ay M Ag:

2 1 14,3 ;
e . _—— _— . . —_— e :1 2
y 3k1+( 4+81klj(kl A)+-,i=1,2, (4.6)
2 1 2 2 .

3HaueHUA A; U Ay HeMBBeCTHHI. FIcKOMOe peIlleHre JOJIXKHO IIPO-
XOJIUTh eIlle uepes3 OJHY 0coOyI0 TOUKY, JIEeKAI[yl0 B WHTEPBaJe
(7»2 +7»1). Kosddunuent npu & B ypaBHeHnu (4.2) Ha KOHIAX HH-
repBana (Ag +A;) IpUHHMaeT pasHble 3HAKH, IOSTOMY B HEKOTOPOIl
TOYKe Az 06paTHTCA B HyJb. JTa TOYKA HMMEET CeJJ000pasHBIH
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XapakKTep, HOITOMY IIPY UYNCJIEHHOM WHTEIrPDUPOBAHUM IIPEO0JIeBAET-
cs 6e3 0CcOOBIX 3aTPYAHEHUIA.

3aMeTuM, UTO ocobasd TOUKA Ag OTBeUAeT JArPaHKeBOH KOODIH-
HaTe, KOTOpasa B HAUAJLHBIA MOMEHT COBIIaJfaJia ¢ TpaHuIlell pasmesa.
B 37011 TOuKe BBITOJHEHO ycaoBue (3.2), umerolee B 6e3pa3MepPHBIX
KOOpPAMHATAX BUJI PABEHCTBA

2
gks +y33 =0, (4.8)

4YTO B CBOIO oUuepenab IIPUBOOAUT K CBA3U

KoTopasd ABJsdeTca ciaeactBuem (4.2) u 4.8).
HomoIHUTEILHOEe COOTHOIIIeHNE

2
Jydkzlnn (4.9)

3aMBIKaeT KPaeByIo 3a/jauy U IMO3BOJIAET HAMTH eWHCTBEHHOE PellleHue.

dopmMaIbHO 3aaUa mepeonpeaeseHa: I CUCTEMbI U3 IBYX OOBIK-
HOBEHHBLIX Au(@PepeHINaIbHbIX YPABHEHUN WN3BECTHBLI 3HAUEHUS
HCKOMBIX QyHKIW y u & Kak mpu A =Xy, Tak u opu A =Ly (Ha
ocHOBaHUU pasioxxenuii (4.6) u (4.7). IlosTromy HaumHas YMCJIEHHOE
MHTeTPUPOBAHME U3 TOUKU A =A; U HOBOAA €ro JO TOUKU A = Ay,
B KOTOpPOIi 0fjHA U3 DYHKINI, HampuMep & , IpHHUMAaeT 3aJaHHOe 3Ha-
YeHNe, MOYKHO MOJIYUYUTh PE3yAbTAThI, KoT/a GYHKIUA Yy OyAeT OTIHuY-
Ha OT 3HaueHUA y = —(2/3)A, . OfHAKO B HEHCTBUTEIBHOCTH 9TOTO He
MIPOUCXOAUT B CUJIY 0CO0OTO XapaKTepa TOYKHU. JlOCTaATOUHO MHTETPU-
poBaHUEe LOBECTH OO TOUYKH Ay, B KOTOPOH £ =0, xax ycnoBue
y = ~(2/3)Ly BBIIONHUTCA aBTOMaTHUECKHU. B 9TOM y6e:Kaa0T pesyib-
TaThl YNCJIEHHOI'O0 NHTErPUPOBAHUA.

Taxum o0pasoM, KaskAol (PUKCHPOBAHHON TOUKE A = A; CTABUTCA
B COOTBETCTBHE DellleHue, OIpelesieMOe BIIOTh JO TOUKU A =Ay.
WuTerpan (4.9) yrakeT, KaKOMY KOHKPETHOMY 3HAUEHUIO 72 OTBEUAET
IIOCTPOEHHOE peIlleHue.

Ecnu TpebyeTrca maiiTu perteHue IS 3aJaHHOTO 71, TO OHO BBIYUUC-
Jasiercss urepanuamu. Creyer 3aMeTUTh, YTO B KO3(MUIIMEHT ypaBHEeHUA
(4.2) Bomo BRIPaXKEHHE V/( o? M - }\2)2) , 3aBHCHAIIlee OT MHTepBaja



46 T'nasa 4

MHTerpupoBaHud (Ag +A{) U KOMOMHAIWHU o2 /v- Hnsa onpenesneHusa
pelieHns ¢ 3aJaHHON KOMOMHAIMe ocz v IIPUMEHSEeTCSI MeTOH, B KO-
TOPOM HEW3BECTHBIN KO03(h(GUIIMEHT HAXOAUTCA BMECTE C PEIeHueM
oyTeM uTepanuii.

Kaxk y»xe oTMeuaaoch, B IPUHATON MOJENHN pellienne OyaeT ompe-
IeIaThCA HauaJbHBIM IIepeasoM ILIOTHOCTEH 1 1 IapaMeTpoM o? /v .
ITpoBenem mcciemoBaHMEe 3aBUCUMOCTH PEIIEHUA OT ITUX BEJIUUUH.

Buauaije pukcupyem n (n = 10) ¥ PACCMOTPUM CJIeAYIOIue 3Ha-

yeHUA IIapaMeTrpa ocz/v : 0,0018; 0,061; . ITapamerp 0(2/\1 , Kak
OyZeT IOKa3aHo B IJIaBe D, OIpeiesisdeT CTelleHb 3aTyXaHus TypOyJIeH-
THOTO IIePeMEIINBAHUS IPU BBIKJIIOUEHHOM YCKODPEHHUH’, IIOITOMY
o06acTh ero usaMeHeHuA aKTUUecKu ompenesnena. OqHaKO IpeaCcTaB-
JIseT MHTepeC ero BIANAHUE HAa MPOMUIL PEIIeHus.

PesynbraTel cpaBHeHus mpenacraBieHbl Ha puc. 4.1. ITo mpoct-
paHCTBY BhIGpaHa IepeMeHHas A/A; , TAK 4TO IpaBble KOHII IPOQU-
Jeli COBMeIIeHBbI.

)

0,8 /<,
@

0,6 y\é

0,4 7/

y i/
| s

P

-1,0 -0,6 -0,2 0,2 0,6 n

N

Puc. 4.1. IIpodpuap 6e3pasMepHOil IJIOTHOCTH O B 3aBUCUMOCTI
OT IIapameTrpa oc2/v upu n =10, B =0, sgecs mepemerHas 1 = A/A;:

1— o/v=0,0018; 2 — o/v=0,061;3 — 02/v = o ;
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W3 cpaBHeHuUsa cienyer, 4TO IPU U3MEHEHUM IlapamMeTrpa OCZ/V
B JOBOJILHO IIMUPOKOM AuamazoHe sHaueHuu oT 0,061 10 «~ pasauumsa
MeXKy IpohuIaMu (Ich/IBme 2 u 3) HecylecTBeHHBI. C IPYyroii cTOpO-
HBI, OJd 3HAUeHUHA O°/V B HHTepBale O<(a2 v)<0,0018 mpodhuiab
6e3pasMepHOIi JIOTHOCTH (KpuBasa 1) Majo OTJIMUYAeTCAa OT IPOQUII
B npubiam:keHun BejeHbKoro — ®pagxkuHa Ha HWHTEpPBaje OT 7»0,1
o )\40’9 . Ha @ponTax mepemermmuBaHus pasaudus OYyAYyT CYIleCTBEH-
HBIMU 13—3a HEeIVIAJKOTO IIPUMBIKAaHUA IPOMUISA B pacCMaTpUBAEMOM
cayudae (cM. pasioxkerue (4.6)

4 .
%(x:xi)%xi (-1, i=1, 2.

W3 puc. 4.1 Takke ciegyer, UTO 3aMeTHLIE OTJINUYNA B IpoQuiie

UMeIoTCs, KoTJa, HalpuMep, o2 /v usmenserca ot 0,0018 xo 0,061.

W3yuumM 3aBUCUMOCTD PeEIlleHNsi OT HauaJbHOTO Ieperaja IJIoT-
HOCTeHl n NpU HEKOTOPOM (UKCHUPOBAHHOM 3HAUEHUU IIapaMeTrpa

ocz/v , 4 IMEHHO, 0(2/\/ =0,061.
Ilpesxje BCero OmpeneaNM BeJNYNHY HECUMMETPHUHU A; /Ay KaK

dyurouio In n.
W3 pe3ybTaTOB UNCAEHHOTO NHTEIPUPOBAHNS, IIPEACTABISHHBIX

Ha puc. 4.2, cienyer, 4To Ipu n — 1 ImepeMeIInBaHue BIIPABO U BJIEBO
TIPOUCXOAUT CAMMeTPHIHO: |Ay /Ag| — 1. IIpu n — oo|Ay /Ay| — 0, mpm

9TOM BBIpaKeHU’e A? OTPaHHUYEHO, TAK 4TO Ay — —oo. DTO 3HAYUT,

YTO OTHOIIIEHNE IIOJHOM MINPUHEI L K IepeMeIlleHuI0 CIUCTEeMEI S OyaeT
HeoTpaHMUYEHHO PacTH, TaK Kak, coryacHo (3.10) u (4.1),
2
L - = 200 3
=g =——(M Ay .
L=ty = 2 ()
Orromenue 5(pdeKTUBHON MUPUHEI L K S GyJeT CTPeMHUThCA
K oo, 1100
# 2
L' 2o 2
—==(M -2 o1 =M .
5 9(1 2)(0,1 0,9)

IToaTomy, Kak ¥ paHbIlle, B NICXOLHbIE YPABHEHUA HYKHO BMECTO
moJIHOM ImMupuHBl BBecTu 3a(ddekTuBHy0. Takasa szaMeHa CBOLUTCA
K TOMY, 4TO0 B hopmyaax (4.1)—(4.3) o 3aMeHAETCA HA Ox, & A; — Ag
Ha (7»0,9 —ko,l) .
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A1 /2s N

0,6 / 1,2
\’Q

0,4 {08
0,4
0 2 4 6 In 7

Puc. 4.2. 3aBUCHUMOCTh HECUMMETPHUU MepeMeIlIuBaHud OT Ilnn; B=0:

1— X? ;2 — ‘}‘0,9/7”0,1

i3 — /Ay s 1, 2, 3 o2/v = 0,061;
s 3 oc2/v: (0 — o3 X — 0,0018

Iomaras o2 /v=0,061 , CHOBA IIOCTPOMM 3aBHCHMOCTh Kf or Inn
1 A /A, or In n. Xora mo—upeskHeMy , OTHOLIEHHE OyAeT KOHEYHO,
TaK KaK I el

Ol 3
? = 7*(}\40,1 - }\«0’9) . (4.10)

Hecummerpus nepeMernuBasus A;/A, HU3MeHsETCS B MHTEPBaJe
(0,78 +1,0) pu n, usMeHsamwoIeMca B uHTepBaJe (1+o). B cpaBHeHUN
¢ HecUMMeTpueil, monayderHoi B raase 3 (Tam uaTepBaua (0,9 +1,0)),
B MOJeJU HACTOAIIEN I'JIaBbl HECUMMETDPUSA B IIePEMENINBAHUM HeEC-
KOJIbKO GOJIbIIe TIPH 6OJIBIINX 3HATEHHAX 71, Ho mipu 1 — 1[A; /Ay| — 1
TaKsKe CTPEMUTCA K eTUHUIIE.

Cy1irecTBeHHas 3aBUCUMOCTh PO 6e3pasMepHOM JIOTHOCTHI
d ot n (cm. puc. 4.3) UMeeT MeCTO, B OCHOBHOM IIpu 3HaueHuAX n < 10
(kpussie 2 u 3). Eciu n > 10, To npoduiu ciabo paszrnyaoTca MexKIy
cob6oii (kpusnie 1 u 2).
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1/8

i
0,8

> AL

0,4

0,2 7 /

ST

0 3
-,8 -1,4 -1 -0,6 -0,2 0,2 0,6 3

Puc. 4.3. Ilpoduns § nis PasaIUuUYHBIX N IPU oc%/v =0,061:

1—n=100;2 —n=10;3 —n=11;4 — n =100 [1]

4.2. Mogenp mepeMelmINBaHUA B clydae oy =0,8 # 0

IIpumem oy =0 1 M3yYUM MOJeNb C TPeMsA MOCTOAHHBIMM:
o, Vv, B. Cayuait =0 paccmorper B m. 6.1. Korna xosddpumuest 3
BeJINK, MOXKHO CUHTaTh, uTo 0V /dx = 0. DT0 mpubim:xeHne U3y4eHO
B TJIaBe 5.

Wcxonuble ypaBHEHUS BO3bMEM B aBTOMO/EJIbHBIX ITePEMEHHbBIX.
Jro 6yzetr cucrema (3.9) ¢ rparnuabIMu yesaoBuamu (3.11) u (3.12).
B xoo(ppummeHTE ypaBHEHN BXOLAT MOCTOAHHEBIE O, V, B. Kak yxe
OTMEeYajoch, CyIecTByeT mpeobpasoBanue (4.1), mpuBojsAIliee K CUCTe-
Me, B KOTOPOI IIOCTOAHHBIE O W V BOUAYT TOJBKO B KOMOMHAIIUU
o? /v . Onmo us ypaBHeHui (3.9) mepeiizer B ciuemyromee:

” 72 2 2 ’ ng
2BEE” + 4BE +[3}»+(1+26)y a}g - -
Ol (}\‘0’1 - }Lo’g )

_g{l_ﬂgmy%myz _o. @.11)
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3nmech nmpu BeIBOjE (4.11) mcmoab3oBaHa ahGeKTUBHAS IMIUPUHA
] o
L', Tak KaK Ipu IIOJHOM INPUHE, KAK U PaHbIIle, II0JyJYaeTcd Hedu-
3UYHaAsd 3aBUCUMOCTh PEIIeHus OT IlapaMeTrpa 7.
OcraHoBMMCA Ha M3YUYEHUH 3aBHCUMOCTH PEIIIeHUs OT IapaMerpa 1.
3HaueHNe OTHOLIEHUA (2 /v BBIOEpPEM COTJIACHO 3aKOHY «2/7» pas-
ueiM 0,061. ®Pusnueckuii CMBIC 9TOr0 3aKOHA Oy/eT IIOsCHEH B IJIaBe 5.

HpOBeI[eM aHaJIn3 PA3JIOKEeHHNA peIlleHUuA B OKPECTHOCTHU (prHTa

nepememnuBaHud. Pasnoxenue npu A=A;, i =1, 2 ects

_3.8(7_ _4B)33
20 3+9( : 8[3)(1 4B

y=§xi,/1-4 ; JI=4B (A, -2 )+

12(1—76)
(4.12)
8 3
86—1——(1+188)(1—4B)}»-
2 27 L 2
==A; (A-A Aj—A) 4o
=3 (A=) 12(1-7p) (h=h)"+
ecm B<1/4 m B#1/7T*n
4p-1
A ecau P>—. (4.13)
=ZL(n =),
smech d; — IIPOMBBOJIBbHAA IIOCTOSAHHAA. B ciyduae f>1/4 pemenue

Ha ()POHTE MMeeT HeaHAJIUTUUECKUI XapaKTep.

Kax BugHO M3 mpeacTaBJIeHHBIX pasiokeHuil (6.12), xosaddu-
nueHT [ npu ud@Pys3suoHHOM UjeHe MMeeT HEeCKOJbKO KPUTUUYECKUX
sHavenuii. [Ipu B =1/7, pasiosxeHue TepsaeT aHAIUTHYECKUH XapaK-
Tep. Bemomuuaa cBase y° = A’/A, ormermm, uto mpum 0 <P <1/4
u B # 1/7 pemenue y Ha GPOHTAX Ay U Ay IPUHUMAET OLpeeeHHbIe
KOHEUYHBIE 3HAUEHN A, I09TOMY IIPOM3BOAHAA OT Oe3pa3MepPHOH IJIOTHO-
ctu A wuMmeer HeHysleBoe 3HaueHme. Ilpu P >1/4 y obpamaerca
B HYJIb, CJIeJI0OBATeILHO U Ipou3BogHasd A’ paBHA HYJIO.

W3 mosydyeHHBIX Pa3JI0KEHUI MOMKHO TaKJyKe CHejlaTh BBIBOJBI
0 3HaKe IIPOM3BOAHON y W TeM CaMBIM YCTaHOBUTHL 3HAK BTODOM

o ”
mpomusBoxuoii A”. U3 (4.12) ciexyer, YTO IPU BHIIOJHEHNU PABEHCTBA

*
OcobeHHOCTB B pa3ioskeHuu mpu 3 =1/7 Gbuia samedena I'.B. OpioBsimM.
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s (3-20p)27

17 (1+28B)(1-4p)8

nonygaem A"(A;)=0.

ITocTpoenne perienusa cucremsl ypasHenuii (4.11) u (4.3) ¢ rpanuy-
HBIMU ycaoBuamu (4.12), (4.13) MOKHO OCYIIIECTBUTH TOJBKO UNCIEHHO.
Tosasnenre nud@y3MOHHOTO UleHa ¢ KO3(ppuimeHToM [ B CpaBHEHUU

co cay4aeM [3 = () CYIIECTBEHHO YCJIOKHUIO 3a/jady — IIOBBICHJICA IIO-

PAOOK OOHOTO M3 YpaBHEHUI

C mpyroii CTOPOHBI, (GPOHT IIEPEMEITNBAHUA IBIAETCA 0CO00# TOU-
KO, IpuYeM XapaKkTep ee TaKOB, UTO BECTH UHCJIEHHOEe WHTEeT'PUPOBA-
HUe Bceli CCTeMbl YPaBHEHU, BEIXOAS 13 DTOM TOUKMU, HEBO3MOKHO
B CHJIY PACXOJSAINErocsa xapakTepa NHTErPaJbHbIX KPUBBIX. ITO 3aMe-
YyaHue OTHOCUTCA WM K IIpaBoMy M K JieBomy (poHTy. IlosTomy 3mech
MPUMEHEH CIEeNUaJbHBIN UTEPAIMOHHBLIA METO] YMCJIEHHOTO WHTEeT-
pupoBaHusa cuctemsl (4.11) u (4.3), npennoxkeraasri B.I'. AKoBieBbIM
CyTh ero COCTOUT B TOM, UTO MCXOJHAS CHCTEMAa WHTETrPUPYeTCA IIO-
ouepesHO: TPU 3aJaHHOM 3HAUECHUU !\/' oImpeseasieTcsa peIlleHune E
u3 (4.11). IocnenHee ypaBHEHHE OTHOCUTEILHO & BTOPOTO MOPAAKA,

U OJid ero pelleHund IIPUMMEeHAEeTCA MeTOd IIPOTOHKU. 3aTeM C U3BECT-
v+1

v
HOY (pyHKIUMe#  uHTerpupyercs ypasHenue (4.3) u HaxopuTea Y .

OxasbIBaeTCs, UTO TaKOH MIPOIlecC He BCETAA CXOIUTCA, IOITOMY IIPH-

MEHSAIOTCA CIleIlnaJbHbIe MEPhI, N30aBIAIOININE OT 9TOT0 HEJIOCTATKA.
PesynabTaThl UMCIEHHOTO MHTETPUPOBAHUA IOJIYUEHBI IIPU

Oc% /v =0,061 m pasjnMUYHBIX 3HAUYEHUAX IIapaMeTpa B . Bmauenue na-

pamerpa 3 =0,2 BBEIOpaHO IyTeM CpaBHEHHS PACUETHOTO HPOMUIA

C 9KCIIePUMEHTAJIbHBIM IIPU 11 = 3. Pe3yabTaThl 9TOTO CpaBHEHUSA IPEI-
CTaBJIEHBI Ha puc. 4.4.

Bugmo, uro mombopoM mapaMeTpa [ MOKHO IIOJIYUYUTH BIIOJIHE
YIOBJIETBOPUTEIBHOE COTJIACHIE C OIBITOM.

C BbIOpaHHBIM IapaMeTpoM P =0,2 u o2 /v =0,061 mpoBeneHO
KCCJIeOBaHTE 3aBUCUMOCTY HECHUMMETPUY IepeMeIInBaHusa 1 sPheK-
TUBHOM IMUPUHBI OT IIapaMerpa 1.

Ha puc. 4.5 nemoncTpupyerca n3MeHeHNe HECUMMETPUU, U3Me-
PEeHHOM 1o (hpoHTAM IIepeMEITNBAHUA |7»1 / X2 , & TaKKe 1o 9(pPheKTuB-
HBIM ()pPOHTaAM ‘7»0’9/7»0,1‘ , or umcaa Arsyna (n—1)/(n+1). Kaxk
¥ PaHbIIIEB I'JIaBe 2, a TaKJKe B IJIaBe b, mepeMeIlInBaHe pa3BUBaeTCs
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0,8

0,6 /
04 /

0,2 /

0 = I 1 1 n

-1,1 -0,7 -0,3 0,1 0,5 0,9

Puc. 4.4. Pacupegesenue 6e3pasMepHON IIJIOTHOCTH O B 3aBUCUMOCTH
oT 6e3pa3MepHOI KOOpAMHATHI M = x /L gna n = 3:

— — yCpeJHEeHHbIe Pe3yJbTATHI SKCIEPUMEHTOB [15];

TouHOe pernenue mpu P = 0,2 (l) u $=0,5 (2)

}\,1 /}\,2 § }\l
—— O,Q/XO,I
\

0,8 }/7\2\\

0,4

0,2 n-1
0 0,2 0,4 0,6 0,8 n+1l
Puc. 4.5. 3aBucuMoCcTh HECUMMETPUU IIepEeMeIIBaHUA
or yucsa ArByzna npu 3 = 0,2
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MOYTH CHMMETPHUYHO IIPU MAajbIX 3HadeHuAX (n—1)/(n+1) u Hecum-
mMeTtpuuHo npu (n-1)/(n+1)=1. IIpegenbHOe 3HAUEHNE HECUMMETPUL

A
lim [=%9]-0,88.

n—oo 0,1

Hanomuum, uto npu P = 0 65110

lim |09 0,78.
n—oo 0,1

Ha puc. 4.6 B cpaBHeHUu c pemeHueM (B =0) HaHeceHa 3aBU-
CHUMOCTEL OTHOIIIEHUS gL*/ZsO{,z or uucjga Areypma. PemieHue mpu-
BeJleHHOE B HaCTOAIel riaBe, (PaKTHUYECKUW OIMCHIBaeTCS TPs-
Mot 9L° / 2502 = 7,77A . Beemenue mapamerpa 3 mMajo ckasajioch Ha
HECUMMETPUY IIepeMellIuBaHusd, OIpeeaseMol Kak ‘7»0,9 /7»0,1‘ U Ha
appexTuBHOM mupuHe. Ilapamerp [ moMor momorHaTh IPOMUIbL
ILIOTHOCTH O IIOJ SKCIepPHMeHTaIbHEIN. Bausaue napamerpa B oc-
HOBHOM, IIPOSABUJIOCH HA (DPOHTAX IIepeMeIlInBaHIA.

Ha puc. 4.4 npuseneH mpoduasb niaoTHocT O npu n = 3. Kax
ciaenyet u3 pasioxxenuii (4.12) u (4.14), Ha HppoHTaX IEpEeMeITNBAHUSA
npu 3=0,2 uMeeT MeCTO HelJIafKoe IPHMBIKaHWe (IIepBas IIPOU3-
BOIHAA TEPHUT Pa3PbIB).

L' 9

——5 = (ko9 - ro,1)?
S 205

! 7
; pd

L

n-1

0,2 0,4 0,6 0,8
n+1

Puc. 4.6. 3aBUCUMOCTh OTHOIIIEHUS 9L*/2so¢§ oT umciaa ATByna

mozenb u3 riaasel 5 (f=0), mozesb u3 raassl 4 (f=0,2)



I''TABA 5. IIPUBJINKREHUE
RYCOYHO-IIOCTOAHHOTO
KO9POPUIIUEHTA TUPDPY3SUU

PaccmoTpuM npubAM:KEHHYIO MOAedb, B KOTOPOI IIOJIOXKEHO,
yTO0 TypOyJIeHTHAS CKOPOCTH V He 3aBHUCUT OT NPOCTPAHCTBEHHON
ImepeMeHHON M m3MeHsAeTcA ToJAbKO Bo BpemeHu [12]. Taxkoe mpubmau-
JKeHue II03BOJISEeT IOCTPOUTHL peIlleHre B aHAJUTUUYECKOM BUIE IJIA
IIepeMeHHOT0 YCKOPeHWs U BO BCEM Aualla3oHe M3MEeHeHUsS YHnce
Arsynma. Tem camMbIM IIPEIOCTABIISIETCSA BO3MOMKHOCTh TEOPETUUYECKU
U3YUYUTh BIUAHNE MOCTOAHHBIX MOJAEJN ACUMIITOTHUECKHE CBOIiCTBa
perienus. B wacTHoCcTH, KOMOMHAIMS U3 ITIOCTOSAHHBIX, o2 /v moxxer 6bITH
BbIOpaHa Ha OCHOBAHUM TEOPETUUYECKUX U HKCIEPUMEHTAJIbHBLIX pe-
3yJIbTaTOB, YCTAHABINBAIOIINX 3aKOH 3aTyXaHUs TyPOYJIEHTHOCTH IIPHU
BBIKJIIOUEHHBIX MCTOYHUKAX.

IIpenmaraemoe mpubIMKeHIe OKA3bIBAETCS BeChMAa MOJIe3HBIM IJIs
M3YUYeHUsS CBOMCTB YCJIOKHEHHON MOIeU, a TaKyKe AJIA BLIABICHUSA
POJIN JOIOJHUTEIbHBIX IIOCTOSHHBIX, TAKUX KaK Og . ITO IPUOIIKe-
HUe Tak:Kke OyIeT IMMPOKO NPUMEHATHCS IPU M3YUYEeHUHW BBIXOAAa Ha
aBTOMOJeJIbHBIN PEIKUM U B 3ajlaUe O ITepeMeIlIuBaHNuN TOHKOTO CJIOA.

Bynem paccmaTpuBaTh IepeMenInBaHue ABYX CPel, UMEIOITUX TIOC-
TOSAHHBIEe HadajbHbIe IIJIOTHOCTHA (; U 9. YCKODeHHe g IoJaraem
GyHKIUell, 3aBUCAINEH TOIBKO OT BpeMenu: g = g(t).

Cdhopmynupyem rpannuHble yeaoBuA. ECTeCTBEHHO IPEAIOIOKUTS,
YTO Ha (DPOHTE IIepeMeINBaHuA B 00€ CTOPOHBI IJIOTHOCTb HEIIPEePHIB-
HO IIE€PEXOAUT B HAUAJbHYIO, & KNHETUYECKAA S9HEPTUA PaBHA HYJIIO.

IIpu mocToAHHOM YCKODPEHUM 3Ta 3ajauva aBTOMOAesbHa. Ee pe-
IIIeHUs WCCJIeJOBaHbl W IPUBENEHBI B riase 4. ®PoOHT lepeMeInBa-
HUS Pa3BUBAETCA HECUMMETPUYHO, B CTOPOHY JIETKOT'O BEIIIECTBA C 6OJIb-
meil ckopocteio. Biansanue mecummerpunm Lo/L; 3aBHCHT OT 4mcia
AtByna A u pocturaer sHaueHus 1,11+1,15 mpu A = 1, ecau GpoHT
TepeMeNnIuBaHus ONpeneaATh 9GM(GMEeKTUBHO M0 3HAUEHUAM 00BHeMHOM
KoHIeHTpanun f; =f»=0,1 u Ly/L; =1,37 ecan f; =f,=0,01. ®yHk-
IuA KUHETUYECKOM SHEPTUU TYpPOYJEHTHOTO IEPEeMeIINBaHUSI NUMeeT
KO0JIOKO0JI000pasHyio (opmy. Pamee ObLi1a paccMoTpeHa IPUOIUIKEH-
Had MOJieJib, B KOTOPO# GyHKIIMA V mojsarajgach B obyacTy TypOyJIeHT-
HOTO IIepeMeIlnBaHusA 3aBUCAIEH TOJBKO OT BpeMeHHu. MTak, mycTh

Typ6yJIeHTHaH CKOPOCTBb 17 UMeeT MOCTOAHHOEe 3HAUeHUe 0 00JIacTu
ImepeMelInBaHuA U BUL



ITpubam:keHue KyCOYHO—IIOCTOAHHOTO Koaddunuenra nuhdysun 55

(5.1)

Takoe mpubauyKeHUe II03BOJISET B aHAJIUTUYECKOM BUIE IIOCTPOUTH
pellleHre NP IPOM3BOJHLHOM BO BPEMEHU 3aKOHE YCKODPEHWUS.
3mech yTOUHsIeTCA MMOJyYeHHOe paree perrenue. [lesaercs aTo 3a cuer
HOBOT'O OIIpe/ie/ieHNs IIIUPUHBI 00JIacTHU IlepeMeninBanusd L, a TakKe
3a CUeT yueTa HeCHMMETPHUU IepeMelnuBanusi. Tak Kak B IPeIII0JIO-
skeruu (5.1) koadhdunuent gudpdysuu D B ypaBHeHuu (3.4) saBuCUT
TOJIBKO OT BPEMEHU, TO PellleHue I IJIOTHOCTH He OyaeT uMeTh (hpOHTA.
ITostomy ¢ppouT BBOAUTCA 3(p(PheKTUBHO. ITO IPUBOIUT K HEOOXOIU-
MOCTHU IIepecueTa SMONPUUECKON MOCTOSHHON U K HEKOTOPHIM HEey100-
CTBaM IIPU CPABHEHUU C SKCIEPUMEHTOM.

Ilpennaraercs mHTerpaJbHBIN CIIOCO0, OCHOBAHHBIN Ha 3aKOHEe
coxpaHeHUs mepeMerianHon macchl. IllupuHa obacTu ImepeMelnBa-
HUSA OIpeesseTcs 0 CAeAYIoNeMy aJrOpUTMYy:

0 o
L=o| | Adx +I
0

fzdx
h(0) J£(0)| (5.2)

—oo

P—P2 . f _ PL—P
R T
P1 — P2 P1 = P2
3ameTuM, 4TO dTa (hopMysia MOKET OBITH PEKOMEHIOBAHA KaK A
00pabOTKY SKCIIEPUMEHTAIbHBIX PE3yJIbTATOB, I'leé TOUHO OIPEIeUTD
(poHT OBIBaeT TPYAHO, TaK U AJS YUCIEHHOTO AJITOPUTMA, TIe Te Ke
TPYLHOCTH, UYTO IPU SKCIEPUMEHTAJNLHOI 00paboTke. ['eomerpuuec-
Kuii cMbIca opmyasl (5.2) memMoHcTpUpyeTca Ha puc. 5.1.

rae fi, f; — oObeMHBIe KOHIIEHTPAIUU fi =

5.1. Ilpubau:xeHnpie ypaBHeHUs. TouHOE pelieHHE

IToryuum BMecTo (3.5) mpubiam:xkeHHoe ypaBHeHue. [Jja sTOTO
IIpomHTErpupyeM obe yacTu ypaBHeHU (3.5) 1o ob6racTy mepeMenInBa-

HUA ‘x‘ < L/2. TIpegBapurensHo ompefenuM L u3 ypaBHenus (3.4),

peleHre KOTOPOTr'o MOMKeT ObITh IIPeACTaBJIeHO aHaauTnudecKu. Ilepeii-
IeM K HOBOII IIepeMeHHOIt

dt= Dot . (5.3)
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f

—— 0,8

/ i 0,4
_~ il

-1,2 M2 -0,8 -0,4 0 0,4 0,8 1,2

Puc. 5.1. ITpoduns 06beMHON KOHIIEHTPAIIUHU f; B 3aBUCHUMOCTH

oT 6e3pasMepHOro PACCTOSHUA 1) = x/2x/; .

1 — JuHeNHBIN TPOPUIIL, TOTYUEHHBIN
U3 YCJIOBUS COXPAHEHUS IepPeMeIIaHHON MacChl

Torga ypasrerne gubdysnun dp/ot = 92 P / ox2 OymeT UMeTh peleHne

0, 0 0_ 0
p:P1+92+P1 qu)[x}

2 2 2t

(5.4)

n
roe ® (n) = \/2E.fe_22 dz — mHTerpas; BepoATHOCTH, 1 = ﬁ .
0

Ob6paTuM BHUMAaHMNE, UTO AJIA 00HEMHON KOHIIEHTPAIluU

fh=@1/2)(1- o)
pelieHue MMOJIydYaeTcss He3aBUCHUMBIM OT uucJja ATByna.

@pPOHT NepeMelINBAaHUA X; BLIOMpaeTCA TAKMM 00pa3oM, UTOOBI
IJIOIaAh Ha puc. 5.1 paBHANACH IIOIAAN TPEYTOJIBHUKA CO CTOPO-
HOlt On; . CiemyeT oTMETHUTH, UYTO B C(hOPMYIMPOBAHHOM BBIIIIEe IPUO-
JIVKEHUY IIepeMelInBaHe IPOTeKaeT CHMMEeTPUYHO BJIEBO U BIPABO,

I09TOMY X; = —X9 = L/2; a m3 paBeHcTBa Iuromazeii ciexyer Gopmy-

ma: ny = 2_[ (1-®)dn= 2/\n . Toaromy

0
L =2x; = 4T = 8\/5. (5.5)
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IMupuna obracTu mepeMelInBaHAA BXOAUT B ypaBHeHHe GalaHca
KUHeTu4YecKoi suepruu (3.5). 3uHas ee (5.5), ycpeaHuM 1o obgacTu

‘x‘ < L/2 ypaBHuenue (3.5), mpeaBapuTeIbHO Iepeiifd K IepeMeHHO T:

2 2 2 2
vt wvt o oo vt 1 apor?
20t o212 ox  ox| Ox 2 Jx oOx

(5.6)

3 0x 6 ot

2
;pvz(alan 42200

B pesynbTare moayumMm ciaemymoliee ypaBHEHUE:

a(vem) e (2 m )
(28’5 )+V;L¥=gc1>(m)(p?—pg)—(12[211)1121421\4 (5.7)

rae

M = (pf +pg)§. (5.8)

D, =D(1;), a D=0 (V2y).

SﬂeCB HCIIOJIB30BAHBI COOTHOIIIEHUA:

(5.9 a)
=
2
‘[ g—pdx =gP, (p1 —p2),
;o (5.9 6)
[xlsy
ap v? 0:
0% 0x ’ (5.9 &)
lel<;
2
f Vzg—pd V2. f g—gdxzo,
T x (5.9 2)
<t <
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2 2 25
2 alnp _v2. alnp _% AV
f pV (—ax ) dx =V J. [—ax j pdx = 41-@2_\/5 (5.9 9)

< <
2 2

0 0 M 2
dlnp Y (p1+p2) 2o [ e dn
pdx = —F—= Any _  ~
ox 4t 1+ A®(n)
i<y o

0 0 Ny
(91 +pz) 2 AZM
~ A T p2 ZJ. 21~ Ad(n)]dn =
o om)e [ (m)Jn 42t

-m

D,.

VYpasuenue (5.7) mpeobpasyerca K BULY

72 72
a? Vi

— = gA
2d’C T anx/g N (5.10)
V q)z 2
k=0,25+——+ A
16n2e2 122 - (6.11)

Bosspamiasice ¢ momortneio (5.3) u (5.5) K MCXOOHON IIepeMeH-

HOH I , TOJIyYuM

av? v o

— +4k—=—L gA,
L L a2 & (5.12)
dL 9
— =8nyaV.
4 -8 (5.13)

Pemienmne mociiemHnX ypaBHEHUI IIPEACTABIIAETCSA B MHTETrDaJb-
HO# (opme: Ak L
_ _o( L o} _
V2 =vZ (Oj +—L ALk J gL**dL (5.14)

L on

L
S
son?d 7 (5.15)
Ly
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31ech pagy OOITHOCTH MOJIOYKEHO, UTO B HAUAJIbHBLIN MOMEHT eCTh

obacTh TypOyJIeHTHOTO lepeMemnBanua Ly ¢ HauaJabHON TypOyJIeH-

THOI CKOPOCTBIO V)
t=0;, V=Vy; L=L. (5.16)

3aMeTuM, UTO cHUCTeMa OOBIKHOBEHHBLIX AuddepeHIinaaibHbIX

ypaBHeHuit (5.12), (5.13) cBoguTca K OAHOMY YPaBHEHHIO BTOPOTO
MOpPAIKA: .9 ‘9

dr L

v 4= =32n70’d gA

Ldt L
rae () o3HauvaeT Au(dPepeHIPoBaHNe II0 BpeMeHu. TeM caMbIM IIO-
JydyaeM 3aMKHYTOe ypaBHEHUE IJIid ONpelesieHUs IIUPUHBI 006JiacTh
nmepeMeInInBaHusd, cofepsKallee JBe SMINPUYEeCKHe IIOCTOSHHBIE 4 U 1.
HamomuuMm, uto napamerp k, corsacuo (5.11), saBucur ot a, n u A.

5.2. TouHoe pelleHHEe MPH KYCOUHO—TIOCTOSTHHOM
ycxkopenunn. HeycroitunBocts Puxtmaiiepa — MemkoBa

STOT BUJ HEYCTOMUMBOCTH IOJIyIaeTCA IPU MPOXOKIEHUU depes
TPaHWUIly Pasfiea yAapHOW BOJNHBI. B paMKax pacCMOTDEHHOH BBIIIIE
MoOJiesIi BO3HUKAOITee IepeMellInBaHue OyeM XapaKTepu30BaTh YHC-
JoM ATByJa, yCTaHABIMBAOIUMCS II0CJIE TPOX0KAEHUA yIaPHOM BOJI-
HEBI, 1 O—00pPA3HEIM YCKOPEHHeM, COOOIIAOMMM TPAHKIe HEKOTOPYIO
cxopocTs Uy :

UO = J.gdt .
O6paTuM BHUMAaHME Ha JelCTBHE T'eHepaI[MOHHOIO UJeHa
0
RS
0x

KOTOPBIN paboTaeT Kak MCTOUYHUK TOJHKO B CIyUae ero MOJOKUTEb-
HOro 3HaueHudA. Eciu yckopeHUe uamMeHsAeTCs IJIaBHO, TO OTPUIIATENb-
HOe ero 3HAUYeHWe IIPUBOAUT K yOBbIBaHUIO sHepruu. IIpu mepememntu-
BaHUU, BHI3BAHHOM YAAapPHOU BOJIHOW, HEYCTOMUYMBOCTH BOSHUKAET IIPU

11000M 3HaKe BhIpaskeHusa g(dp/ox) .

ITockonbKy HeycTOMuMBOCTh PuxTMmaiiepa—MeIkoBa cBA3aHa
C YAApHO BOJIHOM, CJIeyeT YUNTHIBATh CoKMMAaeMoCThb. IloaToMy 31ech
HYXHO BCIIOMHUTD BbhIpajKeHNe IJIs HHKDPEeMeHTa o® B o01rem ciayuae
cixmMaeMoro rasa — gopwmyaa (5.9). asa ymobcTBa mepenuiineM ee
BHOBbB:
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Jln gz
2 g P 8o

0 =- 0 -
ox 2
o
rme ¢y — CKOPOCTBH 3BYKa B rase; g, — YCKOPeHHe. BaMe’I‘I/IM, qTo
ecanm gp AOCTAaTOYHO BEJIUKO, a ¢y — KOHEYHO, TO BTOpOfI qJieH

B MHKpeMeHTe OyAeT mpeobiagaoluM 1 HeyCTONYNBOCTD OyIeT NUMEeTh
MECTO BCEerja He 3aBHCHUMO OT 3HAKa YCKOPEHWs, T. K. B 9TOM CJydae

m2<0.

ITonyuum pellienme O yaapHOW BOJHBI M3 OOIIEro pelieHus
(5.14), (5.15), mocTpouB ero AJid YCKOPEHU, 3aJaHHOT0 CTYyIeHYaTOon

dyHKIVIENH
_ 180> 0<t<t,,
“lo, t> to, (5.17)
a sareM HaijeM IpejeJl IPU yciaoBud, 4To lim goty = Uy -
to —0
PaccmorpuMm HyseBble HaYaJNbHBIE HAHHBIE:
t=0; LO=I70=0. (5.18)
Torma us (5.14) u (5.15) caegyer aHAIUTHUYECKOE PEIIeHME:
d,80AL
21370’ 0<t<t,
B 2n7 (1 + 4k)
V2 B 4k
(L (5.19)
VZE0 L sy,
2] ;
roe
802N, g) At>
Agjhglglggﬁ 0<t<t,
1+4k
L= B
1+2(t—t0) .y (5.20)
-4 ’ > )
Lo Bty 0

Lo 80 n2®, g, At2 720984 1
10 1+ 4k 1 1+ 4k 1+2k

b
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Ouesupno, ecu lim gyt =U,, , TO

t,—0
—  2a9,AU
lim Vi = u (5.21)

Eciu Temeps mpeAnonosKUTh, YTO IPAHUIIA Pasaesia UMeeT Hauajlb-
HYIO IIIEPOXOBATOCTh, 9()(GEeKTUBHO XapaKTepu3yeMyio HauaJlbHOM II1-

puHO# Ly, TO IpOXOJAINaa yAapHAA BOJIHA IPUBENET K IOABIECHUIO
TYypOYyJI€HTHOI CKOPOCTH II€POXOBATOM 30HbBI, PABHOI

Vi(Ly)=2ad,AU,. (5.22)
ATOT Pe3yJabTAT CIEAYEeT 13 COOTHOIIIEHMS:

1+4k
72-_Ti%d g 1—[1‘—0} ,

on? (1+4k) L (5.23)

SABJIAIONIErocs pelreHueM ypaBHeHuA (5.12). Boausu Touku

L=Iy; V(Ly)=0.

permrerue (5.23) MOKHO TPUOJTUKEHHO 3aMEHUTD CJIEAYIOIINM:

_, D
V2= Lo A(L-1L,).
o £0A (1 Io)

Torga mupuna L 86ausu L, npeAcTaBisdeTcA BhIDAKeHHEM:

L = Ly + 80’12 d, gy At (5.24)
C yuerom Toro, uro goyty —>U,, monyuum (5.22).

CrnepmoBaTenbHO, MMeeM MHTEPBAJ 3HaUeHU# gty — Uy ot (5.21)
o (5.22). OupenenenHoe 3HaUeHNE CKOPOCTHU 171 (BO) TMoJIyuaeTrcs 3a-

BucAmuM or napamerpa P = (Ugty)/Ly , Tie t; — HEKOTOpOe BpeM,
KOTODO€ MOXXHO TPAKTOBATh KAK BPeMsA IPOXOXKAEHHUA yAapHOH BOJ-

HoOl obnactu mupusoil L. Iloxyuum obmiyio GopmyJsay AJIsA OIpese-
nenusa V; (Ly,Uy) = V; (Bg). dna aroro B (5.23) samenum g, = Uy /%,

u BBeJgeM mapamerp [ :
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- I,

171 (B) _ Aq)l @ - @ _(1+4k)
Uy 2n? (1 +4k)By Lo

3nauenue Ly = L(t = to) ompenenum us (5.15), moxcraBasasa

BMecTO V NpUOIMKeHHOe PellleHue:

OBoA( L | L _1+4k
2n1 LO LO 4k

®:pgA L L _1+4k

om?(1+4k) Lo Lo 4k

v
U

ITonyuenHoe mpubiAMKeHHEe HATJIAIHO NEeMOHCTPUPYETCA Ha
puc. 5.2.
OxoHUYaTeJbHO NMeeM

w/1+22m§oc2c1)1ABO, ecim PyA< 21

32kny 0c2d>1
DA
\/1+4 2(1+4k)’ 32kmio’o,
172
3
1
|
|
2 |
|
I
1+ 4k I,
Ly I 4k
L

Puc. 5.2. Tounoe pemrerue (1) 3aMeHeHO AByMs OTpesKaMu MpaMbIX (2) u (3)
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ITocne ymapHoOii BOJHBI IepeMeIllnBaHue OyAeT pasBUBATHCH
COTJIACHO PEeIeHUI0

(LR
V=(E’J Vi (Bo), (5.25)

5 B
8nyaVy (Bo ) (t —to)
BLIO

L=1ILol1+ (5.26)

OTMeTHM OJHY BasKHYIO OCOOEHHOCTH IOJYYEHHOTO DENIeHWS:
B ciaydae mepeMernmBaHusa PuxTmaiiepa—MeIkoBa ImupuHa o6JyiacTu
IepeMenInBaHUA CYIIIeCTBEHHO 3aBUCUT OT HAYaJbHOU III1€POXOBATOC-

™ Ly , B oTimuue oT nepememuBanusa Penes — Teiinopa, korga mpu
Ly — 0 pemeHme CTpeMHUTCS K aBTOMOJeJIbHOMY 3akKoHYy [(5.20),
0<t<ty]. B paccmorperrom ciayuae (5.26) npu Ly, — 0 pemrenne

CTPEMUTCA K TPUBUATLHOMY 34 C4eT Toro, urto Lo — 0.

5.3. BausHune HaYaJBHBIX JAHHBIX Ha Pa3BUTHE
TypOYJI€HTHOTO IepeMeIlINBaHUSI
IIPU MOCTOSITHHOM YCKOPEHUU

YeranoBuM 3aBUCHUMOCTD pelienuda OT HavyaJIbHON IIIMPHUHBI IIe-

pemMemmBaHuA Ly, KOTZa yCKOpeHHe g, IOCTOAHHO. Kak ToIpKO uTO

ObLTO0 OTMeUeHO, Tpu Ly — 0 peleHne CTPeMHUTCA K aBTOMOJEILHOMY.

Breinumem pemrerune (5.14) A4 MOCTOAHHOTO yCKOPeHUS g, B 00-
IeM cJyJae IIPOM3BOJILHBLIX (HEHYJIEBBIX) HAUAJBHBIX NTaHHBIX (5.16)

4k
Vz _ <I)1g0AL + 1702 _ d)lgOALO ﬁ
2n? (1+4k) on? (1+4k) |\ L

OnpefenuM B SBHOM BHJE 3aBHCHMOCTH CKOPOCTH V OT IIHpHU-
HbI L ¥ moAcTaBUM B ypaBHeHUe IJid IMIUPUHLL (4.13)

= Sn%oc

dL
dv/2s g0 2n? (1+4k)

B mae [ e

L on? (1 +4k)
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IIpu Ly — 0 pelleHMe CTPeMUTCA K aBTOMOJeILHOMY, Uero HeT
IIpY UMIIYJIBCHOM 3aKOHe ycKopeHudA. Eciu

Vo _ ®(m)AL
g0 2n? (1+4k)’

TO ypaBHeHue (5.27) uMeeT peleHue

DA
JL = /Ly +4n,a /1+14k\/§. (5.28)

IIpu 170 # 0 ¥ yMepeHHBIX 3HAUEHUAX 0e3pasMepHOro rmapamer-

pa 17(? /(g0 L,) BBIXOJ Ha perueHue (5.28) IPOUCXOAUT JOBOJIBHO ObIC-

TPO B CHJIY TOTO, UTO, KaK OyIeT IToKasauo B 5.5.3, crenens 4k Beauka:
4k = 5. BrlIlre ObLIN IPEACTABIEHELI PACCYIKICHNUI B PAMKaX IIPUOJIN-

sKeHHOTOo paccMoTperus 0V /dx = 0. Ha puc. 5.3 HaHeceHBI pellleHNs,
IIOJIyYeHHBIEe IIyTeM MHTErPUPOBAHMUA MCXOLHOHN CHUCTEMBI ypaBHE-

uuii(3.4), (3.5) opu ciemyromux mapamerpax: A =0,5; k=125
B=0,25 09 =0 gna Vy =0 wu Tpex smauenuii Ly: 0,1; 0,45; 0,5.

. y /4
74

\\\Y\

|
Z
0 4 8 12 16 Js

Puc. 5.3. BeIxXoj pellleHusa Ha aBTOMOJEIbHBIA PEXKUM B 3aBUCHUMOCTH
or L, B mepeMeHHBIX (Jf, \/§ ),A=0,5;k=1,25

YcTaHOBJIEHVE IMHEWHOTO 3aK0HA B IIEPEMEHHBIX +/L, «/S IIpomc-
XOAHUT JOBOJBHO OBICTPO.
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5.4. Poxp mapamerpa o,

Huxe Oyzer uccie1oBaHo BINAHNAE IIOCTOAHHON Oy Ha CBOMCTBA
pellleHNA U IIOKAa3aHO, YTO eCJIU Olg IOJOMKUTH IPUOIN3UTETHHO 1, TO

pOJIb ee HeCYIeCTBEHHA M MOJYKET IMPOABJIATHCSI TOJHKO IIPU 3HAUU-
TeJbHBIX Iepenagax HavadbHOM IIJIOTHOCTH, TO €CTh IPHU uuciax AT-
ByIa, OMU3KUX K 1.

Bepremca K ypaBHeHwumo (3.5) u ycpemHUM €ro ¢ y4eTOM TOTO, UTO
0l # 0. CobeTBeHHO 9TO IPUBEZET K TOMY, uTo ypaBHeHUe (5.10) ocrarercsa
B TOM K€ BUJIE, TOJIHLKO BMeCTO KoadpuirmenTa k, ornpenesaeMoro hopmyJioi
(5.11), Temeps ciaenyeT B3ATH Apyroe k, 0003HAYNM €T0 Uepes k:

v D, 2_20c20L2
16nja® 1242 3

IIpu oy =1 posb mocnefHero ujleHa IPU MAIbIX A IIpeHeOpexu-
Mo maja. OHa He cyIecTBeHHa U Ipu A = 1, O3TOMY Yac-TO IOJIAraioT
09 =0, uyTo MBI paHbIlle, B IiIaBe 4 u genanu. XoTda B OyAyileM Ipu
TIATEeJIHHOM OINMCAHUU SKCIEPUMEHTOB 3TOT UJIEH MOMKET IOTpedo-
BaThCA.

kE=0,25+ niat.

5.5. Yuer HecUMMeTpPHH TYPOYJIEHTHOTO IEepPeMeIInBAHUS

5.5.1. Onpedenenue necummempuu mypoyreHLmnozo
nepemeuwLuéanus

IJKCIIEPUMEHTHL ¥ PACUETHI II0 IIOJHON MOJEJIN IOKAa3bIBAIOT, UTO
TypOyI€HTHOE IepeMeInBaHue IPOUCXOIUT HECUMMETPUYHO: NHTEH-
CUBHOCTD IIEPEMEIINBAHNUSA B CTOPOHY JIETKOTO BeIlleCcTBA OOJIBIIIE WH-
TEeHCUBHOCTH IIePEMEIVBAHUSA B CTOPOHY TAKEJIOTO.

Ha puc. 5.4 nokasana HecumMmerpusi Lo /L; B 3aBHCHMOCTH OT
Iepenaja IJIOTHOCTER 1 = P / pg , TOJNIydeHHas B onbITax flarca — Puga
[13, 14], Kyuepeurko—IIsinaesa [15] u pacuerso mo ke —momenu [16].
HexoTopsie paznuumsa MeKIoy pesyabTaTaMU MOTYT O0BACHATHCA Pas-
HBIMU cIIoco6aMu onpefeeHns (GPOHTOB IepEeMEIINBAHUA.

Ecnu opumentmpoBaTtbcsa Ha pedysabTaThl onblToB KyuepeHko —
IIprmaeBa [15], B KOTOPBIX M3MeEPAJICA MPODUIb IIIOTHOCTH, a IIUPUHY
TepeMeInBaHusA ONpeNendaTh 3¢ (PeKTUBHO (MHTETrPAIbHBIM CIIOCO00M
(5.2)), To monyuum opmyry

Ly/Iy = (1+4)"% (5-29)
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NssecTHO [cM. riaBy 4], uTo ecnu mupunsl Ly u Ly onpenendars
mo o0beMHOI KoHIeHTpanuu f; B Touke 0,1, To HecumMmeTpusa Gyzer

u3MeHAThCA B uHTepBajie [1:15]. IIpunaras mamu Gopmyaa (5.29)
Oymer oTBeuaTh (hpoHTaAM TYypOYyJEHTHOTO IEepPeMeNInBaHUA, OIpeme-
JSeMbIX 10 00'beMHOII KoHIleHTpanuu = 1,01 + 0,02 .

2,5
2,0
qv—{
~
[\
~
1,5
—A—ke [16]
e [13,14]
* * [15]
1,0 | n
0 10 20 30

Puc. 5.4. HecumMeTpus nepeMemuBasnus Lo /Ll B 3aBUCHUMOCTHI
OT OTHOILIEHUS IJIOTHOCTEH 1 = Py /Py

5.5.2 IIpubnuxcennvie ypaéHenus

Bynem paccmaTpuBaTh 3amaduy O IepeMeIINBAHUU ABYX BEIECTB
¢ mroTHOCTAMHU Py mpu X >0 u py mpu X <0 mpu sazaHHOM yCKO-
peruu g = g(t), apnaromumMmca (pyHKnueil BpemeHu. MoKHO IIOCT-
POUTHL aHATUTHYECKOE PeITeHne, IPEAI0JI0MKUB, UTO KOIPPUITUEHT Typ-
oysieHTHON nud@ysuu D ABIAeTCA KYCOUHO—IIOCTOIHHON (QyHKITHeN

¢ paspeiBoM B Touke X =0

oLV, eciz x> 0;
= _ (5.30)

oByLV, ecmm x <O,
rme V — cpexHee 3HaueHHe TYpOYJIEHTHOH CKOPOCTH IO OGJIACTH
IIepeMeIInBaHu A [—Lz, Ll], By — HOBBINl SMIUPHYECKU K0d(DHDHU-

IIIeHT, onpegensaeMslii B (5.31). ITonaramocs, uro Koadduruent By = 1.
9TO TPUBOAUIO K CHMMETPUUYHOMY II€PEeMEIINBAHUIO, IPU KOTOPOM

L =Ly.
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Hacrosiee yTouHeHue MO3BOJSET 00ECIEUUTHh HEOOXOAUMYIO
HECUMMEeTPHIO IepeMeInBaHUA, ONPeNeIIeMyI0o U3 dKCIepuMenTa (UIn
pacueTHO) uepes umcao ATByna:

By =@+ 4", (5.31)

ITpu TakoM HpPeANoONIOKEHUN ypaBHEHWE IJIA IIJIOTHOCTH CMECHU
(5.4) cBoguTCA K JUWHEHHOMY ypaBHeHUIO Au(pdys3um ¢ paspbIBHBIM
K03((PUIITMEeHTOM, a pelleHue IJA ABYX HECKUMAaeMbIX KHIKOCTeM
C HauaJbHBIMHU IIOTHOCTAMHU (P U P9 IIPEJACTaBISETCS Uepe3 MHTer-
paJl BEpOSITHOCTH:

2
ai) = Q opu x >0,
0T Jx?
op 9%p mpum x <0, (5.32)
oo
ot = aLVot.
P =Po +(pl—p0)<b(n), eciu 1 >0,
P =P +(p0 —pz)q)(‘r]), ecim 1M <0,
+
Po = M, J' dz,
By 0 (5.33)
n= o ecitm x>0
NG ’
n= ad eciu x < 0.
2Byt

ITonyuennoe perterue (5.33) He mMeeT TBHO BBIPpasKeHHOTO (DPOHTA,
0 KOTOPOMY MOJKHO OBIIO OBI OIPEJeIUTh IIUPUHY 00JIaCTH HepeMe-
muBauuA. [losTomy GpoHT TypOyJIeHTHOTO IepeMelIuBaHuA OIIpee-
JseTcs, KaK U paHbIle, adeKTUBHO. [JId 3TOTO BBOAATCSI 00HEMHEBIE
KoHIeHTpanuu: fi u f5 (cm. (5.2)). Ilo aTuM BerwmYmHAM IpexJa-
raeTcsa MHTeTPANbHBIN CIIOCOO OmpeneieHus MIUPUH L1 u L2

fde T
le -2 2
0

(5.34)
f (
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Ucnonbsys penrerne (5.33), moayuum
2
Ly =2t Ly =2 Byts My = L= (1+\B2) . (5.35)

31ech U majiee 3HAUOK * OIYINEH.

Ocrajyioch IOJMYUYUTh YPaBHEHUE AJIA cpefHell TypOyJIeHTHOI CKO-
poctu T7(t). Bepnemcsa k ypaBuenuto (5.5) u ocpeJHUM ero Imo Bceit
o0JacTu IepeMenInBaHuA. JTO NOIOJHUTEJNHHOE IPEAIOIOMKEeHNE YII-
pOIITaeT MoJIyUYeHe aHAJIUTUUECKOTO PEIlleHnsA U, KaK MMOKa3bIBaeT I10C-
JIeYIOINH aHaJINU3, BIIOJHE OIIPaBAaHO.

Beuay Toro, uro mososkeHo 0V /dx =0, muddysuoHHLIH uieH
¢ Koo duimenToM [} MOKeT OBITh OmyIeH. IIpUCYTCTBYIOIIUMA B APY-
rux ujgeHax ypaBHeHUs (3.5) Koadgdunuent D OyaeM cUHUTaTh pas-

peIBHBIM coriacHo (5.30). Tak Kak mosjaraeM CKOPOCTb V IOCTOSH-
HOM MmO Bceil 00JjiacTu TepeMeIuBaHUsA, TO 3TO IPEAINOJIOKEeHNe I
yupomenua ypaBHeHus (3.5) BmosHe ompaBmano. HeobOxomumas
HECUMMEeTPUSA B IePeMeINBaHUY JOCTUTHYTA BBeJleHNeM Pa3pbIBHOC-
™ (5.30) B Koahdurniment D nns ypaBHeHusa nuddysuu (3.3). Takxe
B ypaBHeHuu (3.4) BpeMeHHYIO IPOM3BOAHYIO 3aMEeHUM COTJIACHO

(3.5 a). Paszgenum (3.5) Ha D, = oLV u mepeiifieM K IlepeMeHHOMH t:

2D, dx dx 3 dx

apV2+vpV2£_g£@+1 D3pav? 1 > D (3
20t 212D, D ,ox 2D, 0dx dx 3 D,

2
2
W22 4 2pr2y?| OlnP —D(alan (5.36)

6 ot 3 ot D,| ox
Kax u pabie, 3gech 0T = oLVt . UT06BI OIYIUTH CPELHEE 3HA-
wenue V (t) IpoBeieM ocpenHeHue ypaBHeHUA (5.36) mo obaacTu mepe-
MemuBaHua —Lg < x < L;. meem
72 _
d(V M) M

2dt 212 = g®1\By - (p1 —p2) -

Dy, AFMV? x4 002 MAGV 20}
1242.1 °F 3t
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rae

I
M= | pdx=2m; (py +pafiy V7 (5.38)

_L2

P —p 0,45 P —p
2 By =1+ oA=L g

"oy +poBe P +Pg
4932 (\By —1)nf
Xp=\1- (4c1>2 ) VB
1+./p
xo- U g a1 62).

IIpu BeIBOZE (5.37) OBLIM WCHOJB30BAHBI CJEAYIOINE IPUOJIH-
JKeHHBbIE€ BBIUUCJIECHUA:

1432
" Ipv2£dx=v2M s

D 1+
i3 4 By

L
d D _
6) J. gi\/@'adx :gAOq)lpO\/g(lJr\/E);
_L2
ap 8V2

8) ox 0x
_L2

J. vz P dp dx =
2)
_L2

K, dlnp\ D T amp? D
0) J. sz np Z dx=V? J. gnp —pdx =
Jdx ) D, Jox | D,

—Ly —Ly

= 0;

_ ®y AFMV?

X3
N P
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2
J‘ alnp DY .. AmiMV® x
e) D+ 0;

_Lz 321 (1+J@)

2
J' alnp 2alnp dlnp dx = 0.
94c) ot dx

Cnenye'r TaKksKe 3aMeTHUTh, UTO IPU BEIBOAe (Gopmysa 0) u e)

nosnoxeHo @y =1, a TaKxKe

m y Ny y Ny 5
J‘e““‘ @ (n)dn = %; je—Zn @ (n)dn = 11 ; J-e_‘l” dn
0 0 0

ITepenumiem ypaBHeHue (5.37), mpeobpasys ero K IPUBBIYHOMY
Buny (5.10):

av? Vi ooy
& ik = A /Bs-
2t Y 1 27]1\/; g0 P2 (5.40)

3nech K0 PUITIEHT ky MMeeT cJeAyIolllee 3HAUEHNE:

v(1+[3§/2)
Ky =0,25+ 3 +
oczn% (1+\/§)
D242 0‘20‘ ni ALX,. (5.41)
122 7 F

Hamee, Kak u paHbIIle, coryiacHo (5.32), BepHeMCA K UCXOTHOM IIe-
pemeHHOU t, a B ypaBHeHHuU (5.40) ot ¢ mepeiigem K L. IToryumum:

av? v Be®184,
o YL T e B
1 (1 * 52) (5.42)
d
d—L = 20m7 (1+ ,/Bg)

B npeznoso:xeHNN CHMMETPUYHOTO IIepeMeInBatud 39 = 1 ypas-
HeHuda (5.42) nepexonart B ypaBHeHnud (5.12) u (5.13).
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5.5.3. Yuem donoanumenvnozo yckopenusa.
Bwvito6op nocmoannsix modenu

Bosuukaroiiee TypOyJIeHTHOe IlepeMelllrBaHNe BbI3LIBAeT IIepe-
MellleHVe BeIecTBa CO CKOPOCTHIO U
dln
D omnp )
ox
VYcepegHUM 5TO COOTHOINEHHE IO 00JiacTH IepeMeIluBaHus

-Ly <0< x < L;, upefBapuTe bHO YMHOXKUB 00e UacCTU DaBeHCTBAa
Ha P . ITomyuum

LU (Apll =) = —a(1+By ) B2 40V,

Bosuukaloiiee IBuKeHNe IPUBOAUT K CMEIEHUIO JarpaHKeBoi
rpaHUIBI pPasjesia, KOTOPOe U3MEHUT YCKOPEeHUe 9TOM IPaHUIIbI:

du
g =g+ =g-ol+|B )b 1dt (5.43)

JomoHUTEILHOE YCKOPEHUE CJIENYeT YyUeCThb IPU BLIUMCJIEHUN
TeHEePaIMOHHOTO YJeHA B YPaBHEHUU AJISA KWHETUYECKOH JHEPTUU
TypOysaeHTHOCTH (5.36). [[JIg 9TOr0 B ypaBHEHUU YCKOPEHNUE g HYKHO,
coryacHo (5.43), 3aMeHUTD Ha g7 . ITa 3aMeHa IIpuBefieT K N3MeHeHUIO0
B ypaBHeHUU (5.42) KosdduiimernTa mpu TPOUSBOTHOI dI72/dL:

72 72
V=g Vo 1By g, (5.44)

ZOdT yf_nl(lJr\/»)

2
20 =1+620(2 (1+ Bz) qu)%.

IlonyueHHOE ypaBHEHHE SBJISETCH JUHENHBIM OTHOCHUTEJIBHO
GYHK-IMH V2 U M0STOMY MHTErPUPYETCH IIPH IIPOUBBOIBHOM YCKO-
peHuu g, 3aBUCAIIEM OT BPEMEHU.

B mopenp BXOZAT TpU IIOCTOSHHBIE: O, O,V . Beibepem ux. s
9TOTO PACCMOTPHUM CJydail Manbix uucena ATByzna A, xorga Py =1,
Ap = A u B KoshdpunueHaTax ypaBHeHHA (5.44) MOKXHO 3aMEeHUTD:

~ky=0,25+ 22,20z1’
16nja
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a YCKOpEeHM’eE 3aaTh B BUJE KYCOUHO—IIOCTOAHHON (PyHKITUU:
go, ecaim 0<t< to,
g =
0, ecmm t>t,.

IIpu cmenaHHBIX TPENIOJOMKEHUAX pellleHUe ypaBHeHUA (5.44)
nosydaerca B aHajautmueckoM Buze (5.20). IIna ymobGcTBa mpouTte-
Husa mepenuiireMm (5.20)

802 n1d>1g0At

, 0<t<t,
1+ 4k,
L =
' L[1e 2 tot A (5.45)
0 BO tO ’ 0>
80°n2d, gt A 1
rae LIO =¢;BO i —
1+4k:0 1+2k0

IIpu HTErpUpPOBAHUY IIOJIOMKEHBLI HYJIeBble HAaUaJIbHbBIE JAaHHBIE:
t=0; 170 =Ly =0. 3mech L ecTh moJsiHaA IIUPUHA.

Teopusa [15] u skcunepument [15] npu A = 0 moxckassIBaOT, 4TO
crenens B, pasHa 2/7, cienoBarensHo, ky = 1,25 uin v/ (1611%062) =1
3HaueHMe IMOCTOSIHHOI O BEIOMpaeM 13 YCJIOBUA, UTO L; =0,06g, A2
[1,13,18].

ITocrosrnyo o, momaraem paszoi 1. IIpu n; =1,128, ®; =0,89,
OKOoHuaTensHO moxyuum: o = 0,282, oy =1, v =1,62. C arumu moc-
TOAHHBIMHU IIDOBOJUTCA JabHelee uccaenosanue. Ilpu oy = 1 poasb
9TOI IOCTOSIHHON He3HAUYMWTEJbHA, II09TOMY HUIKE IJISI IPOCTOTHI MbI
mosjaraeM: Oy =0.

5.5.4. Ananumuueckue peuteHua 0ns NOCMOAHHOZ0 U
UMNYNbCHOZO0 YCKOPEHUU NPU NPOU3EONbHOM Hucie Ameyda

Kax 0n10 moxasaHo BbIIle, ypaBHeHUE (5.44) BMecTe ¢ ypaBHe-
HUEeM »OJsa MupuHbl u3 (5.42) MOryT OBITH IPOWMHTETPUPOBAHBI KaK
IPU TOCTOSAHHOM, TaK U IPU HUMIYJLCHOM yCKOpeHUsX. IloBTOpssA
paccy:KaeHUS TyHKTa 5.5.3, moayuum

dL, o’nf [32(1"r Bz) cD1A0

= J .
ads 17 20 + 4k, (5.47)
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HamomuuMm, uto 25 = g0t2 , a Bemannsl Pg, Ao, B, u z) saBucar
or uncia Areyna A. ITosydaercss cIoKHAA 3aBUCHUMOCTH OT A, OHA
mpeacTaBjeHa rpaduuecKku Ha puc. 5.5.

3aBUCUMOCTD HHTEHCUBHOCTH ; MOXKHO AIIPOKCHMHPOBATH
dopmynoi

Ji =0,06(1+0,254%) A. (5.48)

Kak Buamm, mocTpoeHHAs 3aBUCHUMOCTDL 3aMETHO OTJIUYAETCS OT
npuaaTon furcom [13] (5.45): B npenenbHOM ciryuyae A=1 mocTosAH-
Hag o = 0,06 B dopmyae Aurca (5.45) sapdexTuBHO mOTKHA OBITH
yBeauueHa B 1,25 paaa.

Perrenne 11 MMITyILCHOI'O YCKOPEHUS MOJYYUM B 00II[eM cayudae,
Korga L (0) # 0 u BBogMTCS GespasmepHsiil mapamerp B = (Ugty/Lg) -
Torma, kax 1 paHbIlle, pellleHne AJIS MOJHON MUPUHBI L MOJIyuYnuTCa U3
cjenyollell CUCTEMBI ypaBHeHU

v’ LV JBa®y

20tk = gAg; (5.49)
dL L nl (1+ B2)
J1, B
0,40 L
B(lv 1
0,35 /()/,
— /
0,30 —| — —
B(ke)
0,25
0,20
0,15
0,10
J1(lv) ——
e N
0,05 —] J1 (ko)
— L [ la
0 0,2 0,4 0,6 0,8 1,0

Puc. 5.5. 3aBuCUMOCTb UHTEHCHUBHOCTH J; = Ll/Zs

¥ cTeleHu 3aTyxaHus B or uuciaa AtByna A miaa ke u lv—mopgeneit
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dL 2 _
HelicTBUe MMIYJIbCHOTO YCKOPEHUS NPUBOAUT K TOMY, UTO IIPU
HavaJIbHOU IIIEPOXOBATOCTH L, # 0 3a mamoe BpeMa t; (GoOpPMHEPYIOT-
ca sHavenus V;(B) u L, KOTOpBIE B pACCMATPUBAEMOM CJIydae IOJIy-
YaloTCcA KaK M B pasjesie 5.2, HO Telnepb OYAYT CaAeNYyIOIINMU:

20+4ky
_ Aq) —
) -y | A Bl (Bo| o |
' % 2n2 L I (5.51)
2nf (2o + 4k, )Bo Lo 0
\/1"'8”% @Dy ABy, ecau By Es%
Lo

Ly .
4k N (5.52)
g [20PAB g A0
20 +4k, 2(29+4k, ) 32k, nja’

31ech UCIOJIb30BAHBI paHee MOJyueHHbIe (DOPMYJIbI pasgena 5.2.
dopmasbHO BBEIEHEI BEIUUUHBI A, O, uToOBI ypaBHenusd (5.49) u (5.50)
IpuBecTH K BUAy ypaBHeHui (5.12) u (5.13):

2o =1+ 02 /By (1+\/@)2A§q>§,

qo 24 ~ (1+\/@)2

(o) 4

Pemrenne nocie neiicTBUA UMITYJILCHOTO YCKODEHHUA OyeT ompee-
asitbest popmynamu (5.25), (5.26). S3uauenus V; (BO) u Ly, cremyer
Temephb BBIYUCIATE coryacHo (5.51), (5.52):
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1-B
v[%} A
& B
L= 1+8n2 Vi (Bo)(t—t } , 5.53
Lag 1 80F 2 T o)t~ 5.59)
__*
Dz +2k,

Kax Bugno us popmyasl (5.53) mupuHa o6acTy TypPOYIeHTHOTO
IepeMeInBaHusA I0ocJIe AefCTBUS UMITYJILCHOTO YCKOPeHus OymeT pa-
CTH IIO CTEIIEHHOMY 3aKOHY CO CTeIeHbI0 B, a CKOpoCcTh TypOyJIeHTHOTO

HmepeMeIIBaHusa 6yaeT yOBIBAaTh, TaK Kak crenens (1 — B)/B > 0. Un-

TePEecHO IIPOCJIEIUTh N3MEHEeHNe CTeeH:n B B 3aBUCUMOCTHU OT UMCJIA
Atsyna A (cMm. puc. 5.5). OHa MOsKeT OBITH aIIIPOKCUMUPOBaHA IPOC-
TOH (hopMy.JIOi

B =§+0,074(1+0,64A)A_ (5.54)

5.5.5. Ilepemennoe yckopenue

ITpu 06paboTKe pesyILTATOB SKCIIEPMMEHTOB IO OIPeAe/IeHIIO II0C-
TOAHHBIX TEOPUU TYPOYJEHTHOrO IIepeMeIlrBAHUSA JYallle BCEero IpPHu-
XOIUTCA UMETh JeJIO C HEIIOCTOAHHBIM YCKOpeHueM. I10aToMy UCIIOIE-

3YIOT XOpPOIIIO M3MEPSEeMYI0 B OIBITE XapaKTePHUCTUKY — IepeMe-
IieHyle CHCTEeMBbl S, OHO CBA3aHO C VCKOpeHueM COOTHOIIIeHHneM
s = j j gdedt .

OnHa 13 TJIaBHBIX MOCTOAHHBIX O XapaKTepu3yeT NMHTeHCUBHOCTD
pPas3BUTUS MePeMeIINBAaHUS BO BPEMEHU U OIpeesseTcsd Ha OCHOBAa-
Huu popmyaisl (5.47)

ar, o2 (L4 By ) @ (ny) A9 Bz

2ds 2o + 4k,

(5.55)

ITlycTh ycKOpeHUe nMeeT BUJ

g=gyt", (5.56)
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TZie CTEIeHb M MOXKET OBITh KaK IOJIOKUTENbHOMH, TaK U OTPUILIATEIh-
Hoil. 3HaueHne m = —1 sABJseTCA 0COOBIM BBHUIY PACXOLUMOCTU WH-
Terpajga OT YCKOPEHMs, II09TOMY OymeMm cuuraTb m > —1. Pemenue
Ipu TepeMeHHOM YCKOPeHUU IMOoCTpoeHo B rJuase 5 [5.14, 5.15].
B o6miem coryuae oHO He mosiyuaeTcs B sBHOM (opMe, a IPegCTaBIAETCA
B Bujie GYHKIMOHAJIBbHBIX U Au(GHEePeHITNATbHBIX COOTHOIIEHWI:

. 4k L 4k,
_, DA T, Z0 >
v2 =171 2 gL dL; dL = 8n26cV. (5.57)
207 ar
0

IlJ1s IPOCTOTHI 3[1eCh PACCMATPUBAIOTCS HYJI€Bble HAaUaJIbHbIe JaH-
Hple: Ly =V, =0 mpu ¢t = 0.

ITonyuum popmyny Auas orHomenus L/2s mpu yecxkopernu (5.56).
Hcnonpaysa (5.56) BEIYUCINM IepeMeIlleHne S:

.o 2o tm+2
(m+1)(m +2)° (5.58)
B (5.57) or t mepeiiieM K S U IOJYUYUM
L 2o (m+1)By

— = 8 2~2(D Z.
25 zg(m+1)+2k, (m+2) moc e (ny) (5.59)

IIpu m = 0 (mocTOsTHHOE YCKOPEHME) COMHOMKUTENb 00palaeTcs
B 20/(20 +4k,)u dopmyna (5.59) nepexozur B (5.55). Ilpu m >0
VHTEHCUBHOCTb YBEJINUYNBAETCSA 34 CUET YBEJIMUYECHUS COMHOMKUTEJIS
no mpenenbHOro sHauenus 1/(1+2k). Ilpu m <0 HHTEHCHBHOCTD
yMmenbInaercss. @opmanbHo npu m = —1 COMHOMKUTEIb O0pallaeTcs
B HyJb. [Tpu ky = 1,25 umeem

L m+1 2.9 ~
2o P gn2ala ALB,.
25 3.5m+6 * 1 P2

OTMeTuM OOWH IpeneJbHBIN cayuaii. Ecau ky =0, TO COMHOXKU-

Teab B (5.59) He 3aBUCUT OT M.
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5.6. BaussHue HA4YaJIbHOrO Pa3sMBITHS HMPO(HIA MIOTHOCTH
HA 3aTAKKY B PAa3BUTHH TypOYJEHTHOrO INMepeMelIdnBaHUSI

WsBecTHO, UTO ec/iv rpaHUIla pasieia MePBOHAYAIBHO Pa3MBbITA,
TO 9TO CYIIECTBEHHBIM 00Pa3OM MOJKET IIOBJHUATH Ha PA3BUTHE TYP-
OyJieHTHOTO TepeMeIruBaHusa. [Ipeskae Bcero HempepsLIBHOCTD MPOodhu-
JIs ILUIOTHOCTU MPUBOAUT K OIPAHMUEHHIO B 3HAUECHUU MHKPEMEHTa

(Dz = g(dp/dx) [17]. Taxk BEIrNIAAUT MHKPEMEHT AJI KOPOTKUX BOJIH,

npu OOJIBINNX 3HAUEHUSA BOJHOBOro umcia k. IIpu paspuIBHOI ILIOT-

HOCTH uUMeeM o = gAk , tne k= 1/L. Ilostomy npu L — 0 umeem

HEOTPAHUUYEeHHBLIN POCT MHKPEMEHTa, B OTJIUYUE OT CAydas C PasdMbl-
THIM HIpoGUIEeM IJIOTHOCTHU.

IxcunepuMeHT [18] mokasas, UYTO IPU HEIIPEPLIBHOM paciipejee-
HUU IJIOTHOCTU MOJKET IPOMUCXOIUTH 3aleP:KKa B PAa3BUTUU TYpPOy-
JIEHTHOTO IepeMelnuBaHusa. IloJyyeHbl KOJUUECTBEHHBIE OIIEHKU Ta-
KoM 3aiep:KKu. 3aech (5.6) mpoBeneHo TeopeTuUeCcKoe MCCJIeT0OBaHIe
9TOTO ABJEHUSA U IMOJYUYEeHbl aHAJUTHUUECKUE (DOPMYJIbI, YCTaHABIMBA-
I0II[Me 3aBUCHUMOCTD BEJIMUMHBI 3aJeP:KKU OT IapaMeTpOB 3aJayu.

IIycre L, sddexTnBHAA IMEPHHA, HA KOTOPYIO PasMBITA ILJIOT-
HOCTBH y I'paHUIlLI pasgeina (puc. 5.6).

|

|

I

|
| /
<t
Q‘_.

pg =1 n Ty

Puc. 5.6. Cxema 3amaHus HAYaJIbHBIX JAHHBIX
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B oGsracTu 3amaHbl HavuaJlbHBIE BO3MYIIEHUA, IPUBOAAIINE K Pas-
BUTHIO TyPOYJIEHTHOCTH. B dKCIIEpMMEHTAX 9TO YACTHUUKU IIPOMEIKY-
TOYHOH IJIOTHOCTH. B HallleM paccMOTPEHUN 9TO MOJKET ObITh 3aJjaHIie
HEKOTOpPO#l HauYaJlbHONM KUHETHUYECKOHN SHEPruum TYypOyJIeHTHOCTH
k (LO ) . OKasbpIBaeTCs, €CJIN ONPENEJIUTL BPEMA 3aJeP/KKU KaK BpeMs
t., IPU KOTOPOM IIMPHHA IlepeMellINBaHUsA CPAaBHAETCS C IIMPUHOH
HavaJbHOTO pasMeiTusa L = L., To cumpaBegausa ¢GopMya

Lo _ o [on o [ ®184
Lo _ox b4
I p| 2m L+26)L, | (5.60)

ITonyuum ee.
Ypasuenue (5.12) ciengyer mepenucaTh B BUAe

o, gA
) ) 1% LA’ ecim L<L,,
V V 2
L
1g2 ) eciu L > L.
2n7

I/IHTeI‘pI/IpOBaHI/Ie IIOJITYYEHHOI'O YPaBHEHUA IIPUBOJUT K PEIIIEHUNIO

_ PgAL L<L

’ = Heo

- An?L, (1 + 2k)
- 1+4k
_ O, gAL L (5.61)
V62+21g{1—c} , L>1L,.
207 (1 + 4k) L
172 _ (DlgALc

© and(1+28)
ITopcTraBuM aTy 3aBUCHMMOCTb B ypaBHeHUE (5.13) A MIUPUHBI
L u moxyuyum
o, gA
Ly exp| 2nq0. [—2—t|, L<L,,
0 p{ L (1+2k)L, ) ¢

8P, gA

JL -

(5.62)
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3necy npu L > L, paHO NpubIMAKeHHOe IIpeJcTaBjeHle PellleHus.
O0paTuM BHUMAHHE HA CYII[ECTBEHHYIO 3aBUCHMOCTDL PEIIeHUS
oT HauaJbHOI ImepoxoBaTocTu I HyneBomy sHaueHHIO OTBeuaer

TPUBHAJbHOE PeIieHre. ITO MOATBEPIKAAETCA U B dKCIIepuMeHTax. Kc-
JI He 3a4aBaTh HAYAJIBHBIX BOSMyH.IeHHﬁ, TO IIepeMeIllBaHe He Pa3-
BUBaeTCd.
dopwmyaa (5.60) momyuaercs, ecau B (5.62) momoxkuts L = L. .
Kak y:xe ormMeuasioch, 3aBUCHUMOCTD 3aJePKKU ePeMeIlInBaHNIS
u3ydanach sKcrepuMeHTansbuo. Hamuuwme dopmyansl (5.60) mosBosaeT
00paboTaTh SKCIIEPUMEHTHI, IEePEHIA K IIJIOCKOCTHU IEPEMEHHBIX (X, Y):

L
x=In-%; y=|F*A
Ly L

IKCIIepUMEHT

0 1 | 1 | 1 ln i
0 1 2 Ly

Puc. 5.7. CpaBHeHue Teopuu U 9KCIEPUMEHTA
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rae s, = (gtf )/2 — cMmelenue cucremel npu ¢ = £, . Torma pesynbra-

ThI SKCIIEPUMEHTOB JOJMKHBI JOXKUTHCA HA npamyio y = 1,02x +1,5.

PesynbraThl 00paboTKu M300paskeHbl Ha puc. 5.7.

KoadhduimenT npu x MOUTH COBIALAT C SKCIEPUMEHTAJIBLHBIM.
3amMeTHUM, YTO €ro TeoOpeTUYeCKoe 3HaAUeHNe MOKeT ObITh YTOUHEHO 3a
cueT yueTa HecuMMeTpuu IepemelnuBanusd. Takum obpasom mojayde-
HO KOCBEHHOE ITOATBEPIKAeHNe TPAaBUIbHOCTY IIPOBEIEHHOTO PaHee BbI-
6opa MOCTOAHHBIX @ U N.

IKCcIepUMeHTAIbHAA IPAMAasi B OTJINUNE OT TEOPETUUYECKON He IIPOo-
xXomuT udepe3 Hauanao xKoopauuatT (x =0, y =0). 910 MoxKHO 06BsAC-

HUTH PASHBEIMH CIIOCO0AMU OIpefieleHns HauaJbHOH IIepOX0BATOCTH
B omeITe U B Teopuu. Ecnu monosuts Ly = ¢ Ly , To mpsamMas mpoii-

JieT dyepes HyJb Ipu ¢y = 0,32 . M310KeHHbIe 3/leCh Pe3yIbTAThI OBLIN
omy06snKoBaHbl B [26].



T'JIABA 6. ke—MOJIEJIb 1 EE CBOHCTBA

Mogens TypOyJIEHTHOTO IepeMeIlnBaHus, OCHOBAHHAA HA ypasB-
HeHnu 6aJjiaHca IJI KMHETHUYECKOU sHepruu TypoOyaeaTHocTH (lv niau
k—MopeJeil), MOMKET C YCIIeXOM IIPUMEHATHhCS IJIS YNCJIEHHOrO MOJe-
JUPOBAHUSA JOBOJBHO IITMPOKOTO KJacca 3amau [1]. Mogesnb omuchiBa-
eT U3BeCTHbIe JIa00pPATOPHBIE SKCIEPUMEHTHI 10 TI'PABUTAIIMOHHOMY
nepemermuBaHuio [17], a TakKe MO3BOJIAET MOJIYUYaTh KOJUUECTBEH-
HBI€ OIIEHKY BIUAHUSA TYPOYJEHTHOrO IIepeMelInBaHNuA IPU PeIlleHun
KOHKPETHBIX 3axa4 [16].

Ogmaxko obpaTuM BHMMAaHME HA OOUH HENOCTATOK kK—MOIEJIU —
oHa TpedyeT BhIUMCICHUSA d(PPEeKTUBHOM INMTUPUHLI IMepeMelnBaHus.
9TOT HEIOCTATOK IIPOSBJIAETCS IIPU PacueTax B3aMMOIEHCTBUS Iepe-
MeIlIaHHBIX ob0JacTeil MexK Ay co0oii, a TaKkiKe IPU 0000IeHuN MOLeIN
Ha MHOroMepHLI ciayuaii. OH JIerko ycTpaHseTcs BBeJeHUeM eIle
OIHOT0 YPaBHEHUS IJi CKOPOCTU OWCCUMIAIINYN KUHETUUYECKO! JHEep-
ruu TypOyJI€HTHOIO IIePeMeIINBAHNS, aHAJOTUYHOr0 YPABHEHUIO IJIs
KHHEeTHYEeCKOH Momeau TypOyeHTHocTH. Mogean TaAKOro THUIIA HAa3hI-
BaioT ke—mogenamu. OHU IIXPOKO IPUMEHAIOTCA AJIS OMMCAHUS CIBU-
TOBOTO IepeMeIlluBaHUA, OCOOEHHO B CTPYHHBIX TeueHuAx [23],
ke—Mozesu TaKsKe UCII0Jb30BAINUCDH U IJIS OMMUCAHUS I'PAaBUTAIIMOHHO-
ro nepemermuBanuda [24]. syueHnio cBoficTB ke—Moesi Ha aBTOMO-
IeJbHBIX PeIlleHUusaX MOocBsIleHa pabora [25].

B HacrosIeii riiaBe paccMoTpeHa ke—MoJIeNb, coAep KaIas ypaB-
HeHue OajiaHca IJIs KUHETHUYECKOI 9SHEePTUU TypOyJIeHTHOCTHU k 1 ypaB-
HeHHe CKOpPOCTH AHuCCHUIanuu TypOyJIeHTHOH sHepruu €;,. B m. 6.1
NIPUBOJATCA YPaBHEHUA MOJENU, B I. 6.2 B IpUOIMIKEHUN KYCOUHO—
IOCTOAHHOTO KoagpumnueHnta nuddysuu IojiyueHa OCpeJHeHHas II0
obyiacTu TepeMeIInuBaHUs CUCTeMa OOBIKHOBEHHBIX MupdepeHIInaib-
HBIX ypaBHeHUI (6.8). dTa cucremMa cupaBeAanBa AJs 3aKOHA YCKOpe-
HUA, 3aBUCSAIIETO TPOU3BOJBLHBIM 00pa30M OT BpeMeHU. 3aMeTUM, UTO
YpaBHEHUA MOJYUYEHBI C YUETOM HECUMMETPUU TYpPOYJEHTHOTO Iepe-
MmemuBanusg. B m. 6.3 cucrema (6.8) mHTEerpupyerca mpu KyCOUHO—
TIOCTOSTHHOM YCKOpeHuu. PellleHUe TpW HYJIEBBIX HavaJ bHBIX IaH-
HBIX IIPEJICTABJAETCS B aHAJUTHUUYECKOM BUJE.

ITOT BUJ JOBOJBHHO 'POMO3IOK, IOATOMY AJIS MPAKTUUECKUX IIPU-
JIOYKEHUH IPUBOJATCS IPOCThIE MPUOINKEHHBIE BRIPDAKEHN, YCTaHAB-
JIMBAIOINEe 3aBUCUMOCTU MHTEHCUBHOCTU U CTEIIEHU 3aTyXaHUA Typ-
OyJIeHTHOTO IlepeMelInBaHUA OT umcaa ArByma. B m. 6.4 moapobGHO
HUCCJIeAyeTCs cIydyail HeHYJeBbIX HAaUaJIbHBIX JAHHBIX.
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6.1. YpaBHeHue ke—momenu
B NPHUOJIMKEHUH HECKHMaeMOCTH

ITonysmnupudueckas Moaeab ¢ OaJaHCHBIM YpPaBHEHUEM JMJIs
KMHETUYECKOH SHepruu TypOyJIeHTHOCTH, B KOTOPOIl MacIiTab Typoy-
JIEHTHOCTH [ CBA3BIBAETCS C IIUPUHOUN oOJlacTH IepeMelnuBaHuUs L,
obJsalaeT TeM HeZOCTATKOM, UTO B MOMEHT B3aUMOAENCTBUSA HECKOJIb-
KuX o0jacTell IIMprHAa 00JIACTH IIePEeMeINBAHUSA M3MEHSEeTCSI CKau-
KOM, 4UTO, B CBOIO OUepelb, IPUBOAUT K CKAUKy B 3HAUEHUU KO0dPPu-

nueHnTa guddysuu D = [v, a 9T0 BpAL JU OTBEUAET AEHCTBUTEIBHOC-
Tu. [IosTOMY IJIA MOJHOM MIUPUHBI IPUXOAUTCI UCKATh BCIKOT0 Poja
VHTEPIOJIAINNONHBIE 3aBUCUMOCTH.

s cCABUTOBBIX TeYeHUII CO CBOOONHBIMYU I'DAHUIAMU N3BECTHBI
MOJeJIV C YPaBHeHUAMU IJid MaciiTaba [ wiau aasa Kosddumenta gud-
¢ysuu D, TpOoTOPIIMOHATIHEHOTO l\/E . B aTom ciyuae TypOyI€HTHOCTH
OIMCBHIBAETCA ABYMSA NOMOJHUTEJbLHBIMYA YPABHEHUAMU: IJIs KUHETHU-
YeCKOU SHepruu TypOyJIeHTHOCTH k 1, HAIIpUMeEp, OJId MaciiTadba Typ-
OyJeHTHOCTH [. OTU ABa ypaBHEHUS MOMOJHAIOT ra3ofuHAMHUECKIIE
ypaBHEHHUS, IIOJyUEHHBIE [I0CJIe OCPEeIHeHUA U COJepIKalIue TypoyIeH-
THYIO BA3KOCTh U TypPOYJIEHTHYIO TEIJIONPOBOIHOCTh. B KauecTBe BTO-
POro IOMOJHUTEJHLHOIO0 YPABHEHHS YacCTO HCIIOJb3YeTCs ypaBHEHUeE
mepeHoca OJisd CKOPOCTU AUCCHUIIAIIMYM TYpPOYJIeHTHON KHWHETHUUYEeCKOU

9Hepruu, o003HauaeMoi €, U CBA3aHHOH ¢ MacmTaboM [ 1 KUHeTHUeC-
KOUl sHeprueil k COOTHOIIEHWEM €, = kz/ 31, Mopenp Takoro Tuma

HA3bIBAIOT B OTJWYME OT K—MOJEJU C OOJHUM ypaBHEeHUeM ke—Moje-
abi0. McxomHble ypaBHeHHUS IIOACKasaHbl 0630pHOI paboroit IT. Xap-
mu [20]:

dk 2 9 ok 2 dp
==+ pg, =pD,0? + oy, — (pD, ) — + Sk ="
pdt P = PLe kax(p 8)836 3 dt’ (6.1)
de, &3 € 2 d de;, 4 dp
Lt tp=cqap Do+, —(pD.) =L+ —€, —
Prae T2y PPy e £ PPe) 5y T 5% gy - (6:2)
31ech
2 dln D g
o =g ——+=|;
£ 0x 2
V2 E d 9 dlnp 9
2 e Aot f ox ax’ (6.3)
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Cus> Ce1s Ce2s Og» Ol — MOCTOSHHBIE MOJENU; C — CKOPOCTH 3BYKA.
B macrosamem paccmoTperun ¢ = . HoBasa GyHKIuUA €, ompeenseT
CKOPOCTh AMCCUNANNY KHNHETHUYECKOH dHepruu TypOYyJIeHTHOCTH.
B ke—ypaBHeHUuA He BXOAUT B SBHOM BHE IIIMPUHA 00JIaCTU HepeMe-
IIUBaHUA, ¥ STUM OHA BBITOJHO OTJIMYAETCA OT K—MOIEJNU, II03BOJIA
OIMCHIBATDH MEPEeMeIlNBaHNe MPON3BOJHLHOTO UNCJIA BEIECTB.
VYpaBuenus (6.1) u (6.2) 4yacTo UCHOJB3YIOTCSI B MPUIOKEHUIX.
IToguepKHYTHIE YIEHBI IPYTUMU HCCIEIOBATENAMU HE BCErJa YUUTHI-
BAIOTCs, XOTSA OHU IIOJYYAIOTCS B Pe3yJbTaTe OCPETHEHUS MCXOMHBIX
ypaBHEeHHUA ra3oBOll IMHAMUKIN. Y PaBHEHHUE AJSA CKOPOCTH MHCCHUIIA-

ouu €, COCTABJAETCA II0 aHAJOTUHU C YPaBHEHUEM bamaHca AJId KUHEe-

THUYECKOU SHePIuu TYPOYJIEHTHOCTH K, BEIBOJ KOTOPOro OLLI AaH B IJIaBe
2. Kak OymeT mOKasaHO HUKE, POJIb IMOAUEPKHYTBIX UJIEHOB MOJKET
OBITH 3aMETHON IpM umciaax ATByjaa, OJU3KUX K €IUHUILE.

6.2. IIpuban:xenne KyCOUYHO—IOCTOSTHHOTO
Ko3dhdunuenta gudpdysuu

Bynem paccmaTpuBaTh IBe HecC:KUMaeMble JKUIKOCTH, HaXOIs-
IIecs: B IoJie CUJIbI TsKecTu g. IlocTpouM npubIMMKEHHYI0 MOIEJb,
moJiaras, YTo B 00JIaCTU IMepeMellNBaHuA QYHKIUN kB 1 €, ABIAIOTCA
(byHKIIMAMY BpeMeHH, a II0 IPOCTPAHCTBEHHOM HePEMEeHHON X 9T (PyHK-
YUY TTOCTOSHHBI.

Insa ypaBueHUit ke—Moeu TaK Ke, KaK 9TO ObLIO CIeJIaHo B IJia-
Be b mya k—Mozjenu, MOYKHO IIPUMEHUTDH IIPUOJINKeHre KYCOUHO—TIO0-

CTOAHHOTrO Kos(punuenra gudpdysun D, :

C,—> ectu x >0,
€
D, = L (6.4)

cMB2 g, ecsim x <0,

rae Bz — K03(h(PUIINEHT, ONPeeIAeMblid DMINPUUECKI, COTJIACHO (POP-
myse (5.31). DHeprusa k U UHTEHCHBHOCTb €, ABIAITCA PYHKIUAMU
TOJIbKO BPEeMEeHHU, IOJyUYaeMLIMU B Pe3yJbTaTe OCPeIHEHUA MCXOTHBIX
ypaBHeHUi mozenu (6.1) u (6.2) mo o6acTy nepeMenInBaHuA [—Lz, L ]
Taxum o6pasoMm, mojaras KosdduiueHT TypoyareHTHOR nuddysuun D,
Pa3pLIBHBIM, YIAeTCS OMUCATh HaOJII04aeMyIo B 9KCIIePUMEHTaX
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HEeCHMMETPHUIO IIepeMeIlInBaHuA N IIOJIYUYUTHh aHaAJUTHUYECKIe (l)OpM-
yaAbl, TPUTOAHBIE AJiA 00pabOTKM NMIMPOKOTO KJacca MPUKJIATHBIX
3ajgad.

Kak u pambliie, pacCMOTPUM CHAaYaJjia ypaBHEHUWE [JIA TJIOTHOCTHU
cmecu (2.1), KoTopoe ¢ yuetom momyiienus (6.4) mepeiizer B caemyioriee:

2
@:Q, apu x > 0,
0T 9x2
I _, 9%
gzﬁ2g, npu x <0, (6.5)
=2
or=c, o
&

9Tu ypaBHEHUA COBIIAAAIOT ¢ pamee moayueHHBIMH (5.32). Ompe-
nenerve 3(pPeKTUBHON MIMPUHBI ocTaeTca OpeXHUM [cM. (5.2)]:

Lo=2nVG L =2m\Bots L=Li+L=2n(1+B;  (6.6)

IIpe:xk e uem npoBecTu ocpegHeHMe ypaBHeHui (6.1) u (6.2) pas-
nenuM ux Ha Koapdunuent udpdysuu D, . AHATOIUIHO MBI IIOCTY-

HaJy B rJiaBe b [Jisi B—MOJeJIu.
Ilepetizem K »5#JepOBBIM KOOPAMHATAM U IIOJYUUM

D
M+p St =g Ea£+ OL8 ipDeaj+
ot D, D,, ox D, ox ox

ap D, (dlnp 2
kBl ——=p—— ;
ot Dg | ox

I, | CoaPe; _cucaak 9p  oeg 0 de,
i ) ax "D, 0x P ot 6.7
ot kD, D,, Jdx D, ox ox (6.7)

2
N D, 81np8pst+z€t aﬁ_p D, (dlnp '
3 at D ox

D,
+ De dlnpdpk 5
D,, ox oJx 3

D Jx Ox -

£+

3xecs, coruacHo (6.5) BT=D€+dt=cM(Ez/§t)at.
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Kaxk yxe ormeuanocs, 3HaK + B Koa(pdunuenre gupdysuu D,
o3HauaeTr, uTo u3 GopMyJbl (8.4) 6epeTca TOMLKO BepxHee 3HaAUEHUE
mpu x > 0 .

IIpoBemem ocpemHeHue 1o obiaacTu |:—L2, L1] 3nauenua L
u L, cBA3aHHI C IepeMeHHOH T cooTHomeHuamu (6.6). 3neck ciexyer
3aMeTHUTh, 4YTO OTHOIIeHHNe KoahdumuenTos D, / D,, , Bxogamee B (6.7),
OoyzmeT B Touke X = 0 MMeTh PaspbiB, 4 3TO HYKHO YUYUTHIBATH IIPU
MOJIy4eHUU OocpeqHeHHBIX (hopMmya. OKOHUATEIbHBIN PE3yabTaT MOCJIE
OCPeIHEeHUS MOJIYUYUM B BHUJE:

dk k A 1 g 2]

R ) Ca= ’

dr L 4n? (1+ Bz) c, * 2711L(1+ [32)

_ _ 3 _

di;_p i; Ce2 . & _ & (44
dr L 4n? (1+ 82) c, ® 2111L(1+ Bz)k

dr? 9 2

E=4nl(1+ B,) e

rae

@ 2
By =-0,5- 240 Xp,

62

p = P12 g4
. amy

2
(o}
P2:—0,5— 2A0 XP’

3v2

Temeps MOACHUM AJITOPUTM IOJYUEHUS BHIIIE IPUBEAEHHBIX (DOP-
mya. OH BO MHOTOM HANOMWHAET MHPOIEAYPY OCPEeIHEHUS IJIA
k—mopenu. A UMEHHO, UCIIOJIb30BAHBI CJIeAYIONe (POPMYJIbI:

I
J. pkdx = kM; tre M =2n; (py +p2\Bs JV7, (6.8 a)

_LZ
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I
J. gll))s %dx=§¢1@(pl—p2)=§A0<D1p0\/E(1+\/@),( 6.8 6)
e+

_L2
Jp ok ap ast
P dx .
J. dx dx J. dx 0x 6.8 ¢)
—Ly —Ly
r 0
P, _
J. ko dx=0 (6.8 2)
_L2
Iy _
J. ok dlnp 2 D, doe = <I>2A02XP Mk
ox | D, YN (6.8 9)

o 2
J.pﬁt(alan De (o DyAZX p Me,

D,, W2 T (6.8 ¢)

BosBpamiascs K cucrteMe ypaBHeHUH (6.7) ¢ y4eTOM COOTHOIIIe-
HUU a—e MOoJIyUYuM

d(kM) g2 o A

M=, - -2 A2MX, "

& o 1yB2 (1 —P2) & oz AgMXp
d(&M)

dt c

Ce2 Et3 5 §t
+fl?3M=%1q’1g\/g'(91 —pz)f‘
n

3[ AOMXP

Ucnonbsys coornomenune L = 2n, (1 +4/Bs )\/; , moayuum (6.8).

Ecnu monosxuts By = 1, UTO CIpaBeAJINBO IIPH YuCIaxX ATBya GJIus-

KHX K HyJI0, TO B cucreMe (6.8) caexyer nonoxuts Xp =1 u 4y =4.
Takroii cuMMeTPUYHBIN ciaydai ObLI u3yueH B paborax [16, 24].
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6.3. CBoiicTBa penIeHUil YIPOIIEHHON CHCTEMBI.
Perienue mpu KyCOUHO—TMOCTOAHHOM YCKOPE€HUU

Uccrnenyem cBoiicTBa pelieHuii cucTeMbl ypaBHeHu (6.8). 3ame-
TUM, YTO 9TH YPaBHEHUS WHTETrPUPYIOTCA B ABYX CAydadX: IIPU IIOC-
TOAHHOM YCKOpPEeHUHU g = const (P1 = const), a TaK/Ke IPU OTKJIIO-
yeHHOM yckopenuu & =0 (Pl = 0). ITocnemuuii ciyuyaili oTBedaer
ACUMIITOTUYECKOMY PEKUMY, Ha KOTOPBIHA BBIXOAUT PeIlleHle 3aTaun
0 IIepeMeIIMBaHUU CJIOA CMeCU C HauaJbHON KMHETUUECKOI pHepruei
k (0) , MMEIOIIero B Ha4YaJIbHBI MOMEHT KOHEUHYIO INUPUHY L .

IIycts g = const . B sTom ciyuae, ecrecTBerHHo mpu L = 0 mpu-
HATb € = kE = 0. DTa Touka aBIgeTca 0cobOii AN CHCTEeMBl ypaBHe-
Hui (6.8). UcciaenopaHue MOBeIeHUA NHTErPAJbHBIX KPUBBIX, IPOBE-
nenHoe B IlpuiioskeHuu 5, mOKas3bIBaeT, UTO IIPU HYJIEBBIX HAYAJIBHBIX
IaHHBIX peIlleHre MHOTO3HAYHO: CYIIECTBYET OJHOIapaMeTpuUecKoe
CeMeMCTBO MHTETrPaJbHBIX KPUBBIX, VIOBJIETBOPAMOIINEe HYJEBLIM Ha-
YaJbHBIM JaHHBIM. KpoMe TOTO, TOMHMO 3TOTO CeMeliCTBa, €CTh eI H-
CTBEHHOE pellleHune, KOTOPOe IPU MOCTOSHHOM YCKOPEeHHM obecIeuu-
BaeT KBaAPATUUYHBLIA 3aKOH OT BPEMEHHU. JTO peIllleHue IIOJyUYeHO
B I[Ipunokenuu 5 1 mMeeT BUJ

L 0,5m; (1 +\/E)cM (Cez —cgl)2 pt? -

2
[T (1-2R)-0,5+2R]
i=1

(6.9)

IIycts g =0, (P1 = 0). Cucrema ypaBHeHuii (6.8) 3HaUUTEIBHO

yIIpoIIaeTcs:
dt & g2
—=—P -——,
dt = c k2
! (6.10)
- -3
&_itp _%2 &

2 -3
dr T Gk
dTa cucreMa UMeeT WHTerpas

§ 3R -1-2Rk
T b (a9 ) 1 6.11
ek By(8-2¢y) T (6.11)
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Ucmonbays ero, mMOJyYnM peIlleHusd CUCTeMbl ypaBHeHUi (6.10)

B.-1
1 2B,-3

o

5 = /e M.kETZBET 2B€
t " Py (3-2¢) 1

’

_ 1,5-cy9
© 1-Bteg(R-1)

B

(6.12)

rfie k; U Ty BBIUHCIAOTCA coryacHo dopmynam (I1.5.3) m (I1.5.4)

B KOHIIe HHTepBaJa t;, Ha KOTOPOM YCKOpPeHIUe IIOCTOAHHO:

by = Py (Cep — 1) Jo

082 (0,5_P0)—0,25+P2

2
euP (¢e2 1) 15

Ju = 2
16]][0,25 - B, +¢,; (By - 0,5)]
i=1

IMonyuum popmyny aaa mupussl L. Pemenne (6.12) mogcraBum
B TpeThe ypaBHeHUe (6.8), KOTOpoe MOKET OBITH IIPEACTABJIEHO

B Buge dt/dt = cu(Ez/Et) .

OKoHUATeJIbHO IIOJIYYMM BBIDAKE€HUEe OJId \/E , 4 3aTeM OJId IIu-

pusel L mpu t = 1;:

- \/ cuky (8- 2¢2) (t-1o)

1
= 1+ =
\/; \/E -I—B8 (3PO—1_2P2)T]_

Be

b

~ | 1 | 6k (8-2¢y) _
b= o 1+198\/(3P0—1—2P2)T1 (=)

(6.13)
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Ob6patum BHMMAaHWe, 4TO IPHU ¢ = f; KUHeTHUYeCKas dHeprus E
IPpUHUMAaeT 3HaUeHne Ry, a 3HaueHHe (PMKCHPOBAHHOM (PYyHKIUM €,
O0yZeT pa3pbIBHBIM B CUJIY TOT'O, UTO IIPU €€ BBIYNCICHUU UCIOJB3YIOT-
ca pasaele BeIpaxkeHusa (I1.5.2) mpu t<t, u (6.11) mpu ¢ =1¢,.
NmenHO:

2

- - 53
. (t0—0)=810’25 Py + ¢y (By 0,5)C Ry

Ce1 — Ce2

2 By-1+2P, K
tg +0)= "0 ~ "2,
8t(0+ ) P0(3—2082)CM 4 .

Onnako sHaueHUe €, OyJeT B TOUKe ¢ = fj HeIPEePBIBHBEIM B Yac-
THOM CJIy4ae BhIOOpa IMOCTOAHHOR ¢ =1,5.
Taxkum obpasoMm, pellleHUe AJIA IIOJHOHN ITUPUHBI OyaeT ompese-

aaTeca Gopmyoii (6.9) Ha urTepsBane [0 +t,] mIOCTOAHHOIO yCKODe-

Hua u (6.13) nmpu BBHIKJIIOUYEHHOM ycKopenuu. Popmyay (6.10)
MOJYKHO IIPpeJCTaBUTH B OoJiee o0IleM BHe, MPUTOAHOM U B cjydae
MeJJIEHHO U3MEHSIOIIErocsa YCKOPEeHUs, eCJIM IepeiiTh, KaK U paHbIile

B riase b nis lv—Mopenn, OT BpeMeH! { K IepeMeIeHNIIo s:gt2 /2:

I - cuq)lAO (1+\/g)\/g<ce2 _cel)2 S
B 2

2[1[0,5-2B +¢ (2B -1)]
1

. (6.14)

Ob6paTtuM BHHMAaHWE, UTO 3aBUCUMOCTH OT umcja ATByaa A mpo-

ABJIAETCA Uepesd mapaMerpel A, NI F,, P, KOTOpBIE OIpe/eeHbl

BhIle. I1o3ke 9Ta 3aBUCUMOCTE OyAEeT MccaefoBaHa 0ojiee AeTAIbHO.

W3 dpopmya (6.13) u (6.14) BeITEeKAIOT BasKHbBIE CJIECTBUSI OTHO-
CHUTEJbHO MOCTOAHHBIX RE—MOIEIN:

1) cremnens 3aTyxaHus TYpPOYJIEHTHOIO IePEeMEIINBAHNS IIPU BIK-
JII0OYeHHOM YCKOPEeHHUH OIlpeflesiIeTCA TOJILKO IIOCTOAHHOM Cgq;

2) MHTeHCHBHOCTEL TypOyJIeHTHOTO HepeMemuBanus J = dL/2ds
3aBUCHUT JIUHENHO OT IOCTOSAHHOMI €, ¥ DPasHOCTH (Csz - 81), BXO/[-
el B cTemeHu 2;
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3) cTemeHb 3aTyxXaHHA TYypOyJeHTHOCTHM B, U MHTeHCUBHOCTH
TypOyJIEHTHOTO IIepeMeIllnBaHusd J 3aBUCAT OT uncja ATsyma A uepes

napameTpsl A, By, P, . OqHaxo, 4ToOBI HOIyIUTEL OKOHYATEIbHBIE (Pop-

MYJbI, cjieAyeT KaK W B IJIaBe 5 YTOUHHUTH PEIIIeHMe 3a CUeT y4deTa
AOIIOJTHUTEJIBHOTO YCKOPEHUA.

6.4. YueT MOMOJHUTEJIHLHOTO YCKOPEHUS

IIpe:xme uem sTO chmenaTh, mepeiieM K YaCTHOMY CJIYYAl0 MOJIe-
au, Korja c¢.; =1,5. Torga ypasHenus (6.8) monmyckaoT HHTerpas, Bep-

HBIY KaK IIPU TMTOCTOSTHHOM YCKOPEHUU, TaK U IPU HYJIEBOM. JTa OyaeT
dopmyraa (6.11). Ee moxxHO mepemnucaTh, ecau mepeiTu oT T K L:

218 -2 - D, AZX
&2 = anje, (1+\/7) 208223) pk 2 (6.15)

Suauenus Ay u Xp ompegeieHsl B riase 5 (5.39). Yurem go-
IOJHUTEJNbHOE YCKOPEeHHEe, BO3HHKAaIee 3a CUYeT IepeMelleHus
u=-D,(dIlnp/ox).

YcpeaIHUM 9Ty CKOPOCTD II0 00JIaCTH ITepeMeITBaHI A [—Lz <x<Iy ],

IpeaBapUTeIbHO YMHOMKHUB 00e YacTy paBeHCTBa Ha p. Kak u pamHbIiie
B I'JIaBe 5, yuTeM PaspeIBHOCTE Koadunuenrta D, . [Toryunum

- fD dp+ng+dp = —c, @1 Ag\By - (1+\/*)

L, 0

@4 | 3(202-3)
N \18-v20,42X,

— CMB2

3mech UCIONB30BaHO cooTHOIIeHUE (6.15). uddepeHnupysa cko-
POCTHU TI0 BpeMEHU, IOJYYUM 3HAUEHNE JONOJHUTEIHHOTO0 YCKOPEHUA

Y

18 -2 - &, 42X, dL’
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Eciu ero mo6aBuTh K YCKOPEHUI0O g B IIpaBble YACTH CHUCTEMBI
ypaBHeHUii (6.8), To OKOHUATEJIBHO MOJIYUUM

dk k_ ©180494Bs

dL L oy (1+@)’ (6.16)

dL 3(2c,5 -3 -
df‘“‘l@'(“@)\/ s NS

18 -2 - d,A2Xp

18 -2 0,43X,
12(2¢,5 - 3)

P3 :—P0+

’

3 (2082 B 3)62%@%‘43
n (18 -2 CD2A§XP)

VYpaBHeHUe IJIf WHTEHCUBHOCTH € MCKJIOUEHO M3 PaccMOTpe-
HUA C TOMOIIbI0 cooTHomeHus (6.15). Takum oGpasom, MOJIyUUM
cucremy ypaBHeHuii (6.16) u (6.17) B mepemeHHHIX k, L, t . CBoOlicTBa
MOJOOHBIX YpaBHEHWM XOPOIIO WM3YUYeHBI B IJaBe 5, B TOM YHCJIE
¥ 3aBUCHMOCTb OT HEHYJIEBBIX HAUYATbHBIX JAHHBIX.

Bepuewmca K perntenuio ypaBHeHU# (6.8) my1s ycKOpeHUA, 3aJaHHO-
ro crymneHuyaToi Gyuknueii (5.17), onucsiBaemoro dopmyaamu (6.13)
u (6.14). YTouHHM 3a cUeT AOIMOJHHUTEILHOTO ycKopeHus. IIpu sTom
dopmynsr (6.13) u (6.14) mepeiiAyT COOTBETCTBEHHO B CJEIYIOITHE:

BE
2y (1+ Bg)\/cukl (8-2c)

L=1L|1+ LyoB, 3P -1-2P, (t=to) |
(6.19)
L1z (1+B2 ) VB2 - @149 (e — ) (26,5 -3)S (6.20)

O + 2P 18—«/§-<D2A§XJ

O6GpaTuM BHUMaHUe, 4To Buj pelrneHus (6.13) coxpanuics 3a uc-

KioyeHueM crenesu B, . Temeps B, = 0, /(0 + P3).
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ITonyuuanuck HOBOJBHO TPOMO3AKIKE (POpMyJbl. UTOOBI ycTaHO-
BUTH 3aBUCUMOCTh MHTEHCHBHOCTH TYPOYJIEHTHOTO IIepeMeIlnBaHUS
J =dL/2ds u crenmeHu 3aTyxXaHuUA TypPOYJIEHTHOCTHU ES, KaK ¥ B IJia-
Be 5, IOCTPOUM TI'paPUKU IPpU (PUKCUPOBAHHBIX SMINPUUECKUX IIOCTO-
AMHBIX: ¢, =2 € =15 cp=15/8, n =2/Vn, @ =0,89,
®, =0,97. IloguepkHeM elle pas3, YTO MOCTOSHHAA u BbIOpaHa TakK,
YTOOBI MHTEHCUBHOCTD IepeMeInBanusd J aasa k€ u k—Moeseli coBIa-

JaJiy IIpU MajbiX uncaax AtByna A. Torga mpuxoauM K CJIeLYIOIUM
IIPOCTHIM aIPOKCHUMAIMOHHBIM (opMyJsiaM:

2
J=—2=0,06(1+0,254%)A ; ,
1= g ( ) (6.21)
B, =§+0,05A2+.... (6.22)

CpaBHeHUe Pe3yJIbTATOB ABYX MOJejell MOKa3bIBaeT, UYTO 3aBUCH-
MOCTH MHTEHCUBHOCTU II€PEMEIINBAHUSA OT Yncjaa ATBy/ia MOJydaeTcs
daxTUUEeCKU OJHONM M TOHM ’Ke, CTeIeHb 3aTyXaHUA B RE—MoOmenm —
HECKOJIbKO HIKe. OTY HECYIIeCTBEHHYIO PAa3HUIY TPYAHO 3aMETUTH
9KCIEPUMEHTATBHO.

IToguepkHEM OCHOBHOI PE3yJIbTAT, CIAEAYIOIIUHA M3 IMOJYUYEHHBIX
aHAJINUTUUYECKUX (POpMYyJ, Kak qiud ke—mogmennm — (dopmyssl (6.19),
(6.20)), Tak u ama k—moxenu (popmyasl (5.48) u (5.54)). MureHcus-

HOCTB TypOyJIEeHTHOTO ITIepeMelINBaHusA J U CTeleHb 3aTyXaHUd Typ-
OyJIEHTHOCTH Es JIOBOJILHO 3aMETHO 3aBUCAT OT uyucyga ATBynpa. Hiasa

Jq B IuTepaType IPHUHATO CUYUTATH 3aBHCHMOCThL OT umcia ATByzna

JuHeHHO#. 31ech yCcTaHOBJIEeHA HEJIWHENHOCTh, U3 KOTOPOI cjenyer,
yro nmpu A = 1 HOCTOAHHAA IIepeMeIlMBAHUA Kak OBl BO3pacTaer

Ha 25 %, cremenb 3aryxaHusa B, Bospacraer Ha 18 %.

6.5. Biuanue HaYaJbHBIX BO3MYIIEHUW

OrparmyuMcsa YacTHBIM ciiydaeM ke ypaBHeHHM, Korga ¢, = 1,5,

TO ecTh OyZieM U3yuaTh IIOBeleHre pelteHus ypasuenuii (6.16), (6.17).
Cmauaja 3aMeTHM, UTO HOAOOHAA CcHUCTeMa ypaBHEHHUI y:Ke Oblia
uccaenoBaHa B riiaBe 5. (ypaBHeHus (5.12), (5.13), a ¢ yueTom HecuM-
MmeTpum 3To cucrtema (7.44). 3mech OyaeM HCCJIEIOBATH CHUCTEMY
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ypaBHeHui (6.16), (6.17) npu HeHyJeBbIX HAYAJBHBIX YCIOBUIX
t=0L=Ly;E=ky.

IIpu mocrossnHOM yckopeHuu u3 (8.16) mmeeM pellieHue I K :

7= VB2 - @18040L .
- 2
2(1+Bs )07 (0 +4By)

4P
By - @189 A9 Ly [Lo]@j (6.23)
2(1+ By )nf (09 +48) |\ L

+| Ry —

3ameTuM, YTO IIPHU ONPeNeeHHbIX HAYAJIbHBIX JAHHBIX, IPUBOIS-
WX K 3aHYJEHUIO KBaJPAaTHOHM CKOOKM, IIOJIyUaeTCA cpPasy aBTOMO-
IenbHOE perienue. B apyrux ciaydasax OymeT MMeTb MECTO BBIXOX Ha
aBTOMO/Ie/ILHOE PEIIeHNEe, KOTOPOE OMPeeIAeTCs MIEPBLIM CJIaraeMbIM
B BeIpaskeHuu (6.23). Bropoe ciaraemoe ¢ pocrom L crtpemMurca
K HYJIIO.

YpaBuenue nasa mupunbl (6.17) mociie moacTaHOBKYM B HETO pe-
menud (6.23) npumer BUx

dL _4(1+\/@)\/c— 3(2¢.9 - 3)
dv2s 2 MN18 -2 y40X)p

Bz - @1 4oL . 2ky o B2 @140 Lo
(1+B2)(00 +4B;) | &0 ' (1+B2 )(©0 +4B;)

Ly Yo,
X( LJ : (6.24)

s IIOJITYYE€HHOI'0 YpaBHE€HUA BHUJHO, KaK IIPOMCXOJUT BBIXOJ Ha
aBTOMO/JEJIBHOE PEIlIeHue. HYCTL HavaJIbHbI€ JaHHBbI€ TAKOBBI, UTO

2ky _ JBa 149 Lg

g (1+By)nf (0 +4By)"
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Torga (6.24) MOKHO IPOMHTETPUPOBATEH U MOJYUUTH

3(2682 B 3) >
18 -2 - Dy Ay Xp

By - @14,
(1+B2) (00 +4B)

VL =Ly +2(1+ By ) o

(6.25)

3ameTuM, 4TO, KaK M paHbIne B riase b (5.28), 1epoxoBaToCThb
BXOIUT B KauecTBe CJaraeMoro, ecJii pellleHre MPeACTaBUTh B IIepe-

MEHHBIX +/L, s . Takas 3aBUCHMOCTb MMEET MECTO TOJIBKO IPH OIIPe-

IeJeHHBIX HAYAJIbHBIX JAHHBIX, OTBEUAIOIINX aBTOMOIEJILHOMY pellle-
Hupo. Takue mmepeMeHHBIE PEKOMEHAVIOTCA IJIsi 0OpabOTKU SKCIepH-
MEHTAJbHBIX pe3yabTaToB. OHU MO3BOJIAIOT Ha OoJiee paHHEl! cTaguu
BBISIBUTH aBTOMO/€JIbHBIN XapaKTep TeUeHU.



T'JIABA 7. IEPEMEINIUBAHHUE CJIOA
KOHEYHOI INIUPUHBI

Bo MHOTMX sKCIIepMMEHTaxX Ha TPaHWUIle pasfesia IPUCYTCTBYET
ninerka. Cinoxxubie muinieHu B mpobseme JITC xax mpaBuiao mMeroT
TOHKHNE IPOCJIOAKH.

K mocramoBKe 3asauy ¢ TOHKUM CJIO€M IPUBOAAT TaKiKe HEKOTO-
pble 3agaun aTMoc(epsl 1 OKeaHa, B KOTOPHIX IIPeIMeTOM HCCJIeI0Ba-
HUSA ABJISIETCS OIpe/esieHre 3aK0OHOB PACIIPOCTPAHEHUA HAaYaIbHO TYP-
OyJIM30BaHHON IPUMECH.

PaccmoTpum 3aKOHOMEPHOCTH ITOBENEHUA TOHKOT'O CJIOS P 00JIh-
X BpeMeHax B MPUCYTCTBUHU IIOJSA CHUJBLI TAMKECTH. PaccMoTpum
caMbIl IPOCTOM cJiyuaii, KOTJa TOHKHUI CJION OJHOTO BEIecTBa IIoMe-
1IIeH B CPeIy APYroro BelecTBa. 3ajaua NHTepecHa TeM, UTO IPU 6OJIb-

X BpeMeHaxX, Korga L/ Ly >> 1, ycranaBiuBaeTcs JUHeHHbINH 3aK0H

OT BpeMeHU. B sKcIiepuMeHTax ompeneaserca KoapuiueHT sToi 3a-
BUCUMOCTH, 8 B TEOPUU BBIYUCISAETCS 3aBUCUMOCTD 3TOT0 Koahduu-
€HTa OT KOHCTAHT MOJEJIH.

B 7.1.1 B npubamKeHnN KYCOUHO—IIOCTOSHHOI'O KoadduirmeHTa
Iuddysuu mosydeHbl aHaJIuTUUYecKue (popMyJIbl A BE—MOIesn.

B 7.1.2 npuBogarca ¢opMyabl Oid kE—Momean W OOCY:KIAeTCs
cpaBHeHUE C k—MOJeJbIo.

B 7.1.3 paccmoTpena Oojiee obIfas IIOCTAHOBKA O IIepeMellnBa-
HUY TOHKOTO CJIOSA, IIOMEIIIEHHOT0 MEXKIY JBYMS cpelaMU Pa3HOM ILJIOT-
HOCTH. AHaJIUBUPYIOTCSA BCE BOSMOJKHBIE CUTyaluu. B 3aBucMMOCTH
OT COOTHOIIIEHUS IIJIOTHOCTEN IPUMECH U OKPYIKAIOIIel cpeabl MOKET
IPeACTaBUTHCA HECKOJBKO XapaKTePHBIX cuTyanuii. Eciiu mIoTHOCTH
IpUMeCcH UMeEeT IPOMEKYTOUHOE 3HAUEHNE, TO B 3aBUCUMOCTHU OT pac-
TOJIOXKEHU A JIETKOU U TAMKEeJOU cpell cO BpeMeHeM OyneT MMeTh MECTO
1160 MHTEHCUBHOE IIepeMelllrBaHue 10 KBaApPaTUYHOMY 3aKOHY (TH-

JKeJioe BeIlecTBO CBepXYy), Jubo ciaaboe mepeMelInBaHle CO CTEeIIeHbI0
2

755 (1erkoe BelrrecTBO cBepXy). IIpumecsh OyaeT pacTeKaTbCsa IpuMep-

HO II0 OMHAKOBOMY 3aKOHY BBEPX M BHUS. Ecam ke IIPMECH TdAMKeJiee
OKPYMaIIuX Cpen, TO B Ciiydae, Korjga TdxxKeJjasd cpega HaXoAuTCA BBEPXY,
HMeeT MECTO IIepeMelllnBaHue C TIOCTOSAHHOM CKOPOCTBIO TOJIBKO B CTOPO-
HY TAMEJIOT'0 BellleCcTBa. Amnayornunas KapTHuHa Ha6JIIOlIaeTCﬁ, €CJIu IIpu-
MeChb Jierde OKPYXamIIux cpen. Toma IIepeMellInBaHe IIPOUMCXOONT
B CTOPOHY JIETKOTI'O BeIlleCTBa, PACIIOJIOMKE€HHOI'0O BHU3Y, U TaAKMe C IIO-
CTOSSHHOM CKOPOCTBIO, TO €CTH IIO HHHeﬁHOMy 3aKOHY OT BpEMEHU.
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Bce aTH cayuau u3ydyarTCA Ha OCHOBE HOJYIMIUPUUECKUX MOJe-
aeii. YacTHBIN cirydail AJId TOHKOTO CJIOSA, HOTPYKEHHOTO B TAKEJIBbIH,
B paMKax k—Mojesu BIepBbie ObLI paccMoTpeH B pabore [1]. O606-
IIEHHBIH aHaIu3 COAEPIKUTCA B paborax, re U3ydasicsi TOHKUH CJIO0M
y IHA U KPBIINIKK yCKopsAmIeroca cocynga [26, 27], a TaxkKe Oblia
uccjeJ0BaHa aBTOMOENbHA 3a/auya O PACILIBIBAHUN TYPOYJIEHTHOTO
cnoda cmecu [28].

7.1. PenieHue B NPUOIHKEHUMH KYCOUHO—MOCTOSHHOTO
ko3 dunuenrta gupdysuu

7.1.1. k—moodenv

Hrak, cioii BemecTBa, HOMEIEHHBIN B Cpey APYTroil IIJIOTHOCTH,
mepemeriaeTrcsa B J000M ciydyae, HE3aBUCHMO OT 3HaKa YCKODPeHWUsd,
TaK KaK OJHAa M3 I'paHUI OyAeT HeyCTONUMBOIl Bceraa.

Ha mepBoii cragum A0 BBIXOZa 00JIaCTHM IIepeMeIIMBaHUSA Ha
YCTOMUMBYIO T'DAHUIy pelleHue OygeT aBToMoaeabHbIM. OHA Oymer
IIPOJOJIXKATHCSA TOKa CYIICTBEHHO BJIMSAHNE T'PAHUYHOTO YCJOBUA Ha
ycToiiumnBoii rpanuiie. Co BpeMeHeM 3TO BIuUsSHUE OymeT ociabeBaThb
U pellleHre CTPEeMUTHLCA K PeIlleHnI0 TPeThell CTaAiui, aBTOMOIEIbHOI,
KOTZla BIMAHMNE T'PAHUYHOTO YCJIOBUA Ha YCTOHUMBON I'pAHUIlE IIpe-
HeOpeKuMo MaJo.

Ecnu crenaTh IpeanoiosKe e o0 IMOCTOSAHCTBE KoaduiineHTa Typ-
OyseHTHON AudGdy3uu IO HIPOCTPAHCTBY, TO pellleHUHEe 3agadu
0 IepeMeNINBAHUY CJIOS MOYKHO CBECTH K MHTETPUPOBAHUIO CUCTEMBI
O00OBIKHOBEHHBIX AU depeHnalbHbIX ypaBHEeHU, a caydaii mepeme-
IIMBaHUA TOHKOTO CJIOs OIMCAaTh aHaauTuuecku [28].

Ilycrs cooit mmpuubl Ly (0 <x< Lo)nomemeH B 0oJiee JIETKYIO
cpeny ILIOTHOCTH pg (cyuaii @) u B 6ojIee TAKETYIO p(l) (puc. 7.1, cay-
yaii 0). B moJe cuiibl TAMKecTH gy OfHA U3 TPaHMIL OyeT Bcerja yCToii-
YMBa, Ha HEM 3aJal0TCA YCIOBUS HEIIPOTEKAHNS, a APyrasd — HeyCTOMYH-
Ba u mepemernuBaeTcA. OCHOBHAsA 3afada IOCTIEAYIOIIETO M3YUEHUA —
OIIPeNeNUTs, NPOPUIL CMecH, a TaKyKe 3aKOH PAaCIJLIBAHUSA ee BO
BpeMeHU.

Kak u pambllle TpUMeHUM NOPUOIMIKEHHBIH moAxof] (CM. IJI. 5)
U TOJOXUM Koa(pdunmeHnT aud@ys3mu MOCTOAHHBIM. I[JId mpoCTOTHI

OTPAaHUYNMCA CHMMETPUUHBIM cIydaeM, Korpa [, =1. Torga samaua

CBeJleTCA K PellleHnIo ypaBHeHUudA nuddysuu
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op 82p
o ox
[ CJIOS TLJIOTHOCTH p? , IMeIOITeTo Ha4aIbHyI0 Toamuny L . Tou-
Hoe perienue ypaBuenud (7.1) miaa cayuas i =1 (cayuait a)) umeer

BUL
_ 0 1 0 _ 0 X _ x—2L0
P =Pz +§(pl pz){d{gﬁ] q)(zﬁ H , (7.2)

rae @ (M) — uHTErpas BePOATHOCTH.

g 3aMBIKaHUSA YPaBHEHUU HEOOXOAUMO OIPEAeJIUTh CI0CO0
BBIUMCJIEHUA IINPUHBI 00JIACTH IIepeMeIlInBaHusA, TaK Kak us (7.2) cie-
IyeT, 4TO HNpo(uJb IIJIOTHOCTH He MMeeT (DPOHTA M3—3a JIMHEMH-
HOCTHM MCXOAHOTO ypaBHeHus nuddysuu. [losTomy, Kak u paHbIIle,
BBeJeM IMUPUHY 3(PHEKTUBHO, WCIIOJIB3Ysd IJS 3TOr0 0e3pasMepHbIi

(7.1)

IpO(UIb IIOTHOCTH O :

ol X ]_q)(x—2L0)
s__ PPy _ (2% 2V )
p(L(),T)_pg 2B Lo (7.3)
2t

SHaueHHne 0 M3MeHAETCA MOHOTOHHO oT 1 mpu x = Ly 1m0 O npnu
X=-—co, BBezeM HOBYIO IPOCTPAHCTBEHHYIO IIEPEMEHHYIO M:

n_x—LO
PN

Onpenenum (QPOHT IIEPEMEIINBAHNAA U3 PABEHCTBA

0

1

—oo

3zxeck GpoHT M, ompexenserca sP(PeKTUBHO, ecau PYHKIUIO &
IpeACTaBUTh NPAMOM, coeguHaromel Touku 0 1 1, .
IIpu Gosbminx BpemMeHax (PYHKIUIO O MOMKHO HPUOIUIKEHHO
3aMEHUTDH SKCIIOHEHTOM:
2

dze™M . (7.5)
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3to caenyet us (7.3), eciiv BOCIOJIb30BaThCA Pa3jioKeHEeM (PyH-
krnuu @ B OKpecTHOCTH HyJsaA @ (T])E(Z/\/E)T] . Ioncrasnas (7.5)
B (7.4) monyuum

n, =—~m L, -Ly=-2n,t- (7.6)

3HasA 3aBUCUMOCTb IITMPUHEI 00JIACTH [IePEMEITNBAHUA OT T, Bep-
HeMCA K YPaBHEHUIO 0ajlaHca IJI1 KHHEeTUUECKON DHePIuu, IpeIBapu-
TeJbHO 3aMEHUB BpeMsd { Ha T HA OCHOBAHUU COOTHOIIEHUSA JT = Dot
(em.(7.6)):

o ov?

opV* eV [ v
ox dx

201 OL2L?n

_ _op
—gax+B

(7.7)

2

1 9p V2

19p V= 1 ,afdlnp | 5200

dox 6 0T

YcpennuMm mocsenHee ypaBHeHME O 00JIACTH IepeMeIlnBaHUsd,

IPOWHTETrPUPOBAB €ro MO0 MepPeMeHHOI X B MHTepBaje [—Lm, Lo]
J‘ 2 _ 12 _

U 3aMEHUB Vepdx =V m,roe m = J. pdx . IIpu 3TOM [JIA ILJIOT-

-L, -L,,

HOCTH CMeCH MCII0JIb3yeM perrrerne (7.2) uiu ero mpudJInxKeHHoe Ipe]-
CTaBJIeHUE B BUIE

L 9
p= P(z) + (0(1) —p(z))\/ﬂ%e(LO/‘m.

Omnyckas mpoMe)KyTOUHbIe BRIKJIAAKU (cM. [Ipuioxkenue 7), mo-

ayunM auddepeHuaIbLHOe YpaBHeHNEe IS |/ 2:

72 2 gLy |1- e’ 0
LA P Y- ( )(n_1); n=%. (7.8)
ot 2t N, wm P2

IMocTosuHaA cKopocTb V., 6y[eT pellleHMeM HIOCTeJHEero ypas-
HEeHUS

_ 28L, o’n _
V., = \/—0 5 (l—e ”)(n—l). (7.9)
V+oom
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VYpasuenue (7.8) e mpumenumo B okpectHoct T = 0 . ITosTomy,

0.2 _12
4yTo0BI YAOBIETBOPUTHh HAYAIbHBIM maHHBIM mpu T=0:V*=V{§ | cie-

IyeT BEepHYThCS K IOJIHOI ITOocTaHOBKe 3amaur. OJHAKO 9TO MOIKHO
U He JeJaTh, TaK KaK KaKUM ObI HU ObLIO mOBeAeHME GYHKIUU B OK-
PECTHOCTH HYJIs IPU OOJBIINX BPEMEHAaX, a CIeJ0BaTeJIbHO U T, (DYyH-
KIusa V 6yIeT CTPeMHUTLCA K IOCTOSHHOMY 3HAUEHUIO, OIIPefeIaeMOo-
My BbIpaskeHueM (7.9). B 3aBucmMOCTH OT HauaJbHON CKOPOCTU 170
9TO cTpeMJeHUe Oyaer b0 cBepXy, JuOO CHU3Y.

Bosspamiasce K UCXOAHBIM IepeMeHHBIM { u L, ¢ IOMOIIBIO
(7.6) u (5.3), mony4uuM IpefeNbHbIN HAKJIOH, YCTAHABIMBAEMBI, KOTja
L, /Ly>>1: dL,, /dt = 20nV,,. Wan

Al _ 9322,

d/2sL

(7.9)

rae s = gt?/2.

Cayuaii 6 MOXKeT OBbITh PACCMOTPEH aHAJOTUYHBLIM 00pasoM. PPoHT
nepeMeInuBaHus 6oJjiee JETKO CMecH pacIpoCTPaHAeTCA BBEPX OT yC-
TOMUYMBOI I'paHUILI, HaxonAeiica B Touke x = 0. IIpoduas Gespas-
MEPHOM IJIOTHOCTY IIPU OOJIBIIINX BPEMEHAaX, ONMUCHIBAeTCA (POPMYJIOH
(7.5), a cCKOPOCTh TIepeMeIlTnBaHuA IIpecTaBasaAeTCa (GopMyJIoii, Tom06-

Hoit (9.10), Tonbko 7 —1 Hy:xHO 3aMeHuThL Ha (n—1)/n:

dln,  _ 5322,

d/2sL,

Ecau sMnumpuuecKue MOCTOAHHBIE O U V ObLIM yiKe BBIOPAHHI,
TO UMeEEeM JOIOJHUTEJbHYI0 MPOBEPKY MMPABUJIBLHOCTY UX BBLIOODA.

n-1

(7.11)

n

7.1.2 ke—modenv

B cayuae ke—ypaBHeHUii perieHne B IPUOJIMKEHNN KYCOUHO—IIOC-
TOAHHOTO Koa()puiimernTa 1udpPysnu CTPOUTCA aHAJOTUYHO TOMY, KaK
9TO IIPOJeJIaHO IJid k—MoJeau B npenbinyineM nyHkTe. Ilocse ocpen-
HEeHUsA 10 Bcell obyiacTu TypOyJIeHTHOI'O IepeMeIlnBaHuA [—Lm, L0]
HOJIYYHM 7Ba YPAaBHEHUA IJId k H €, (YHKIHUI.
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Ilpu L, /LO >>1 pelreHueM OyOyT COOTHOIIIEHUS:

k, = 1_0871 Ry &L, = 2¢M, 1_6871 RS/Z’
Ce2 Ce2
gLy ‘po—p? .
Ry = 00 T,
pinm

ITociie uero, BcmoMmuHast ypaBHeHHE dT = cMDtdt ¥ COOTHOIIIEHUE
(7.6) momyumm

dL, |26 [ _om|q_ G

d 23L0 - cg]_ c£2

3mech, ecau i = 1, To po = pg (Ts2KesI0e B JIETKOM); ecau i = 2,
0o _ .0
TO P~ =P (JIerkoe B TAMXKEJIOM).

7.1.3. O6ob6wenue

Briire pacecMoTperHasa 3ajaua JOIycKaeT 0000IeHre, ecau CJa0u
C IJIOTHOCTHIO 0~ HAXOAUTCS B OKPY'KEHUU KUIKOCTEl Pa3HBIX ILJIOT-
HocTei. Torma BO3BMOYKHEI CUTYallu, KOTIa IJIOTHOCTH CMECH p0 00JIb-
1I1e TJIOTHOCTEeH OKPYKAIOIINX CPell, MeHbIIIE U JIEKUT B IIPOMEIKYT-
Ke MeXJIy HUMMU:

a)p®>pd, p°>pd 0% <o), 0% <pd;
6) o} > p° > pf; 2) pg <p® <pf.

ITu cayvau IIpeacTaBiIeHEl Ha puc. 7.1, a, 6, 8, 2. 3aMeHa B OKpPY-
JKeHUHU JIETKOTO BeIeCTBAa Ha TAMKeJ0oe B Cayyasx a u 6 OTBedyaeT
HOBBIM caydasam 0 u e (cMm. puc. 7.1, 9, e). Ha puc. 7.1 u3BUINCTBIMU
KPUBBLIMY M300Pa’keHbl I'PAHUIBI BCe BPeMsA HEyCTOMUMBLIE, KUPHBI-
MU JAHUSIMH — BC€ BPEeMSA YCTOMUYMBBLIE W OOBIYHBIMHU JUHUAMU —

ycToliunBble orpaHndeHHoe Bpemsa 0 <t <t .
Amnaus ycTOMYMBOCTY Ha IPAHUIIAX Pa3fiesia, BHIIOJHEHHBIHN B IJ1a-
Be 1, IPHUBOAUT K YCJIOBHUIO HeycToituuBocTu g(0p/dx) > 0. B mporus-

HOM cJIy4yae IpaHMIla YCTOMUYMBA U T€HEPAIMOHHBIN WjeH B k— U ke—Mo-
IeJlsdx IoJiaraeTcs paBHBIM HYyJa0. OZHAKO HajJuuue OTJIUUYHOTO
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X ‘g o \g
Ly |_ Ly
0 0 0 (U(1] 0
P2 P1 p p-p P
0 W\ 0 2 1
| p
a (9]
X
‘g x ‘g
L0/2 B Lo/z I~
0 0 0 0 0 0
ol—P2_[p o 0 Pp_|P P1
p
—-Ly/2
0/ L _l _ LO /2 L
8 e
X X
‘ g g
0 0
P2 P1 p 0 0 0
0 0 P P2 P1
p
e

Puc. 7.1. Pasuble coyyau HaYaJbHOTO PACHOJOKEHUA TypOYyIM30BAHHOMN

0__0_ 0 0_ _0_ 0
a— py<p)<p’s 6— p <py<pPr;6— p; <P <Pg; 2

C IITOTHOCTAMH Py U P9 COOTBETCTBEHHO:

9 — py<p) <p’se— p%<py<p;

IpuMeCH C ILLIOTHOCTBIO Py H JIETKOH U TSAMKeJION mm{}coc'reﬁ

— p9 <p® <p;
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oT HyJIs Koadumuenta gudpdysun D (Ds ) IIPUBELET K TOMY, YTO B YCJIO-
BHUSIX, KOIIA I'PAHUIA YCTONUMBA, 00OpasyeTcs IMPOTEKAIOIINH Yepes Hee
TypOyJIEHTHBII MMOTOK. ITO OyAET B caydae 8, KOrIa BOSHUKAET ABMKEHNe
IIPUMECH B YCIOBUAX YCTOMUMBOI cTpaTu(duKaiuy. ITa 3afada yKe nusy-
yajiach [ 28], u ObLT IOTyUeH 3aKOH U3MEHEeHUA IMITUPUHEI 00JIaCTH TIepeMe-
IIMBAHKA BO BPEMEHHU CO CTEIEeHbI0 B, 3aBUCAIIEN OT IOCTOSHHBIX Ol U V.
31ech IPUBOAUTCA YTOUHEHUE 9TON 3aBUCHUMOCTH.

Cuayuaii 2, Korza o0e TpaHUuIlbl HEyCTOMYUBBI, AaCUMITOTUYECKN BbI-
XOIUT HA M3BECTHOE aBTOMOJE/JIbHOE PeIleHUe AJIA IBYX HeCKHMae-
MbIX Kugkocteil [26]. Ilupuma obsacTu mepeMeniuBaHUA TPUMECH
pasBuBaeTCA ¢ TeUEeHUEM BPEeMEHU IO KBaJPaTUUYHOMY 3aKOHY.

Ciyuau a u 6 IPUBOLAT K IIOCTAHOBKE, KOr[a OJHA I'PAHUIIA YC-
TOMUMBa, a Apyras HeT. HeycTOHYMBOCTL OQHOW 13 I'DAHUI] B 3aBU-
CHMOCTH OT PACIIOJIOKEHUS TAIKEIOTO (p(l)) ¥ JIETKOTO (pg) BeIIeCTB
MO’KeT UMeTb MeCTO TOJBKO /0 HEKOTOPOTO MoMeHTa f, (B ciaydae 0
u e Ha puc. 7.1). Hauunasa c momeHTa f;, 00e IPaHUILI CTAHYT Heyc-
TOMYUBBIMHU, UTO OyeT SKBUBAJEHTHO CJIYYalo 2.

Ina omupeseneHHOCTH OyAeM IIOJaraTb BeJIUUYMHEI Vy u pO
B uHTepBane 0 < x < L, mMOCTOAHHBIMHU. PaccMOTpUM pellleHUA ypaB-
HeHuti (9.8), (7.12) u (7.13). Co chopMyIupoOBaHHBIMU BHIIIe HAYAJIb-
HBIMH YCJIOBUSAMHU IIPU JOCTATOUHO OOJIBIIIOM BPpeMeHH’, KOTOPOe MOXK-
HO CBA3aTh C IMIMPUHON o0JacTu mepemernuBanus L. CiaemoBaTesbHO,
onpezeaum peuerue, korga L/Ly > 1.

OKOHUYATEIbHO aCHMITOTHYECKHEe peineHus mpu L/Ly > 1 6y-
IYT CJEMYIONTNMMU:

1) cnyuau a u 6:

2 77no’ k—Mopenn
dL _ |[Vv+ o2
d/2s
0,978| 1 - ke—mope
2) cnyuaii 6: [, ~ +B , TIe
1+40242
B= * , k—wMomenb, ke—moze

\Y

1,5+ +(4(12+0,11)A2

8o°m
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3) cayuan ¢z, 0, e:

s Vo . ®(ng)AL L704k

7dL =8nja +
- 1 ’ - .
dv2s g0 am(1+ak) L)~ Fovorem
31ech B caydyasax 2) u 3) UCHOJNB30BaHBI Pe3yJIbTATHI (CM. TJI. 5, 6).

7.2. PacnasiBanne TypOYJIH30BAHHOTO CJIOS CMeECH

B sTom pasmese oTmenbHO paccMoTpeH cayuait g (9.1.3). Usyue-
Ha 3ajaya 0 PacIJIbLIBAHUN TYPOYJIEHTHOTO CJIOSI CMEeCH, 00pa30BaHHO-
ro Ha I'PaHUIlE JBYX HECKNMAEMBIX CPeJ C IIOCTOSIHHLIMY, HO PA3HBIMU
mioTHocTaAMHu. IlokasaHo, uTO mpM OOJBINMX BPeMeHaX peIlleHNe
CTPEMHUTCA K aBTOMOJE/JILHOMY, IPUUYEM CTEelleHb aBTOMOJEJIbHOCTH
He MOKeT OBITh OIIpelelieHa U3 aHAJIM3a Pa3MEpPHOCTel, a HaXOAUTCS
B IIPOIlecce PelleHns KpaeBoi 3agaun. Cremedb ecTh PZYHKINA DMIIU-
PUUYECKHUX IOCTOSHHBLIX Momenau. I[Jisg psga mapamMeTpPoOB IIOCTPOEHBI
aBTOMO/I€/IbHBIE PEIIeHN W JAHbI Ipa)MKK 3aBUCHMOCTY CTEIIEHU aB-
TOMOJEJBHOCTH OT IOCTOSHHBIX MOZENHN. B mpuOIMKeHUuUN IIOCTOSH-
cTBa TypOYJIEHTHON CKOPOCTH II0 IIPOCTPAHCTBEHHOM IepeMeHHOM I10-
JydyeHa )OpMyJIa IJIS CTEIIEHN aBTOMOLIEIbHOCTH, a PellleHne AJIs I1JI0T-
HOCTHM CMECH BBLIPAYKEHO Uepe3 MHTErpajl BePOATHOCTU. Pe3ysbTaThl
BBIUMCJIEHUH YaCTHOTO CJIyYas 3aJauu AJA ogHOopomHoIt cpensl [1, 30]
COrJIACYIOTCS C MOJYYEHHBIMH B HACTOSAIIEH padoTe.

7.2.1. [Ilocmanoéxa 3adavu

IIpocTpaHcTBO 3aIlOJTHEHO NBYMA HECKUMAEMBIMU JKUIKOCTIMU
C ILJIOTHOCTSAMU p(l) u pg . 'panuna paszgesia IPOXOAUT IO IIJIOCKOCTH.
IIycTs B HAUANMBHBINT MOMEHT BPEMEHU B OKPECTHOCTH T'PAaHUIIBI CO3/1a-
eTcA IJIOCKHUI TypOyJIeHTHBIH cioil mupuHbl L , cocToamuii us cme-
cu oboux BelrecTB. Takoe COCTOSAHNE MOYKET BOBHUKHYTh, HAllpuMep,
O6saronapa YCKOPEHHOMY ABUKEHUIO I'DAHUIIBI B MHTEPBaJie BpEMEeHU
ty TIPH COOTBETCTBYIOIEM 3HAKe YCKODPEHHd, TaK UTO 3a BpeMd i
reHepupyeTcs 30HA TypOyJIeHTHOI cMecu IIUPUHOR Ly U ¢ HEKOTOpPO
HavaJbHOI TypOyIeHTHOI ckopocThio V(x, ty). B oTcyTcTBHE HCTOU-
HUKOB TypOYJIEHTHOCTH HAaUaJIbHBIN CJIOM CMecHu PacIiupseTcs, BOBJIe-
Kasd cocefHUe KUAKOCTU. TypOyaeHTHaA sHePrus, olpejesigeMas ye-
pes3 XapaKTepHYIO TypOyJIeHTHYIO CKOPOCTh, IIPU dTOM 3aTyXaeT, AUC-
CUNIUPYSA B TEILIO.
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i onnrcaHus BOZHUKAOIIEro TYPOYJIEHTHOTO ITepeMeIInBaHus
OymeM IPUMEHATb k—MO/eJib, OCHOBAHHYIO Ha ypaBHEeHUYU OajlaHca AJIsd
KUHETUUYECKO 9HepIuu TypOyJIeHTHOCTH 1 OIMCAHHYIO B IJiaBax 3—5.

Wcxonuble ypaBHEeHUs 31ech BosbMeM B Buze (3.4) u (3.5). ua
ymobcTBa ypaBHeHUe (3.5) mepenuineM B BUIe

2 3 2 2
dpV= D dlnp dpV __wV +Bi pDaV N
20t 2 dx Jdx l dx dx

2 2
+5pV alnp_D dlnp
6 ot dx

(7.12)

B (7.12) B oTsmume ot (3.5) OTCYTCTBYET TeHEPAIIMOHHBINA YJIEH.
ITepBeiit unen B nmpaBoii yactu (9.12) mopokaaeTr Auccunanuio Typoy-
JIEHTHOY 9Hepruy M (hpaKTUUECKU OIpeJeiisieT 3aKOH 3aTyXaHUud Typ-

6ynenTHOCTH. Bropoil (1ud@y3uoHHBIH) 4leH ¢ KoapduiuumeHTOM [

BBOIUTCS [AJIsI OIMMCAHUSA IIPOCTPAHCTBEHHOI'O PACTEKAHUSA TYpPOYJIEHT-
HOCTH.
Hns ypaBaeHnuit (7.12), (3.4) ctaBuTCA ciaenyomnias 3ajgada: ompe-

IeJUTh pellleHue npu ¢t > 0, ecau B HavaabHLIN MoMeHT (¢ =0)

L
V(0.2)=Vy(x), p(0,x)=po(x), /<,  (7.13)

rae Vy(x), pg(x) — obyHKIHM, XapaKTepusyioliue TypOyJIeHTHYIO
cmech. Hauajio KoopauHAaTHOM ocu BO3bMeM B cepenuue cios (puc. 7.2).

KpaeBble ycaoBusA Ha JIEBOM W IPaBOM (PPOHTAX IIepeMeIlnBa-
HUA UMEIOT BUJ,

0
V[xz(t), t]= 0, py [xz(t), t]= P2, TpH X = xg(?),
7.14)
0 (
V[xl(t), t]z 0, py [xl(t), t]z pi, Opu x = xy(2).
ITocraBnenHasa 3amaua HEAaBTOMOIEJIbHA, HO IPU OOJILIIINX BpeMe-
HaXx, Korjga t >> 1ty u L >> L, HaualbHEIe JaHHBIE 3a0BIBAIOTCA U pPe-

IIIeHue, BOOOIIe TOBOPS, CTPEMUTCSA K aBTOMOIEJIbHOMY.
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Vip

0
P1

Puc. 7.2. Pacupesenenne HaualbHOTO COCTOAHUA Vi (x)
u pPo(x) B MomeHT t =0

7.2.2. AéemomodenvHoe pewenue

Cucremsbl ypaBHenuii (7.12), (3.4) momyckaioT mpeodpasoBamue mo-
mooms:

B B-1
x=FghTBHL, ¥V =x2eTBH,  p=plA (7.15)
3lech X, — pasMepHas IIOCTOsSHHAdA, oIpefesseMas HadaJlbHbI-
mu gaHHbIMEu (7.13); B — 1moKa Opou3BoJibHaA Oe3pasMepHasi IIOC-
TOSHHAfA, IIOKa3aTe]ab aBToMomenbHocTH; A, E(A) m A(A) — 6Gespas-
MepHbIe IPeCTABUTEIN IJIUHBLI, CKOPOCTU U IIJIOTHOCTHU; T — HOBasA
nepeMeHHasdA, CBsIBaHHAA CO BpEMEHEM YpaBHEHUEM

dt
—=aL, (7.16)

d¢

B oramuune oT panee BBeIeHHOU IIEPEMEHHOM T, 3/1eCh T .

W3 (7.15) caenyet B

L = .io (}\.0’9 - }\'O,I)TTH ’ (7'17)

rie 7\-0,9 u 7»0,1 OTBEUYAIOT KOOPAMHATAM, IPY KOTOPLIX Oe3pasMepHas
nA-1

0/.0
JIOTHOCTH O = (n =P /pz) npuuuMaer 3Havenus 0,9 u 0,1.
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UcmonbayeM HOBLIE IIepeMeHHbIe My npuBemeHus (7.12), (3.4)
K cucTeMe O0BLIKHOBEHHBIX qupdepeHInalbHbIX ypaBHeHuii. [[1a aTo-
ro (7.15) moxcrasum B (7.12), (3.4)

B , ’
y[—B+17»—&j=(y3+2y)&; (7.18)
26 2// [ B AR Viz
=8 -2 g (142 _ —
g(aa) TR R A T
_B-1, § 2 B 2|_ 7.19
Br1° 3Y |Brt T 0 (7-19)

IITpux osHauaer guddepennuposanne mo A. Ilpu BuiBoge (7.18)

u (7.19) ucmoabp3oBarHa 3aMeHa y2 = A’/A, TIO3BONMMBIIAA IOHU3UTD

IIOPAJOK IEPBOTO0 YPaBHEHUA.

Kpaesrnie ycimoBua (7.14) B GespasmMepHBIX IepeMeHHBIX (7.15)
MIPUMYT BU[

1

A=A1:E;=0, A=1;A=Ny:E5=0, A=;. (7.20)

Pemenue 3agauu ana ypasuenuii (7.18), (7.19) ¢ kpaeBsIMHE ycJI0-

BuaMu Ha (porTax (7.20) Bechbma mpobJsieMaTHUYHO, TeM 0oJjiee, UTO

B Toukax (7.20) ypaBHeHUS HNMEIOT OCOOEHHOCTHL: KOd(h(PUIINEeHT @2

IIpHU cTaplieil MPOuU3BOLHOM oOpaIiaeTcsa B HYJIb.
OmHaKo CYIIecTBYeT YVHUBEPCAJbHBIN CIIOCO0 pelleHus BO3HUK-

et KpaeBoil 3a/jaun — UNCJIeHHOE UHTeIPDUPOBaHNE UCXONHBIX ypPaB-
HEHU#M B YAaCTHBIX HpoumdBOAHHEIX (7.12), (3.4) ¢ HayaIbHBIMU
magHbIMu (7.13). UnclieHHO MHTErpupoOBaJIUCh UCXOMHBLIE Ta30JUHA-
MmuuecKkue ypasHeHud (2.16)—(2.20), mpu 3TOM HECKUMaeMOCTh UMU-
THPOBAJIACh 3aJaHUEM JOCTATOUHO OOJIBIION HAYAJHLHONW CKOPOCTH
3BykKa. Takum obpasom, ycTaHaBamBaeTcA (haKT BHIXOJA HA aBTOMO-
JleJIbHOE pellleHne, KOTOPoe OJHOBPEMEHHO U onpexesnsercs. Ilpexae
YyeM HePeXOAUTh K OOCYXKJEeHUIO0 Pe3yJbTaTOB UKWCJIEHHOTO MHTETPHU-
poBaHUsdA, cAejaeM IBa 3aMeYaHUIA.

3amevanue 1. [Ina oguoponHoii cpensl n = 1 ypaBaenue (7.18)
uMeeT TpuBHanbHOe pertenue y = 0, a (7.19) npuBoauTca K BUAY

sz(éZE_.’)/+ B e ve? _B-1,

- =0. 7.21
£ B+1 oc2(7»0’9—)»0,1) B+1 ( )
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AToT ciayuail paccMmoTpeH B paborax [1, 30], rme oTmMeueHO, UTO
[IOKAa3aTe/b aBTOMOAEJbHOCTH B [OJKeH OIpe[elsaThes B IIPOILecce
pellleHusT KpaeBoi 3agaun. [[eficTBUTEIbHO, (DPOHTHI TepPEeMeINBAHNA
B 9TOM CJIy4ae PACIOJOMKEHBI CUMMETPHYHO Ay = —Ag = Aq. 3ajzauy

B HOBBIX IIeDeMEHHBIX (A=L/A, E=§/7¥(2)) MOJKHO CBECTH K KDPaeBON

Ha uHTepBaye [0, 1] ¢ ycioBueM cuMMeTpuu B TOUKE A=0:

g=o, (7.22)
U TIOJTHOCTBIO OIIPelesIseMbIM peIlleHIeM B TOUKe A=1:
~ B = 1 ~\2
S "y J— )
¢ (B+1)4B( ) (B+1)4[3( J o+ (7.23)

Vpasuenue (7.21) B mepeMeHHBIX X u 27; oyneT

Perienre HaxXOAUTCSA UMCIEHHBIM WHTETPUPOBAHUEM IIOCJIEIHETO
ypaBHeHUsA. Beixoas us Touku A = 1 1o pasiokenuio (7.23) 1 uHTErpu-

pyd 10 Touky )\ = 1, BHaYeHMe IapaMeTpa aBTOMOAEIbHOCTH IIOAGHPAEM
TaKHUM, UTOOBI YIOBJIETBOPATE YCJIOBUIO B IeHTpe cumMmmMmeTrpuu (7.22).
3ameuanue 2. CTenneHb aBTOMOJENBHOCT B — (QyHKIIUA ITOCTOSH-
HEIX MOZeau O, [ u v, IpuYeM ABe IOCTOSHHBLIE BXOJAT B BUe OTHO-
IIeHU v/ o2 . DTo 0BCTOATETLCTEO He 3aMEUeHO B pab6orax [1, 30], rae
K02(hPUIMeHThl yPpaBHEHUA 3aBUCAT OT IapaMeTpoB O, U V. 3aMeHa
MCKOMOTO pellleHns B YKadaHHBIX paboTax Ha HOBOe <i>((i>=oc2d>) pu-

BOOUT K YPaBHEHUIO C OOTHUM KO9(D(DUIIMEHTOM, IPONOPIINOHAIbHBIM

OTHOIIIEHUIO (V/OL2 ,v=ec, $=0,25).

7.2.3. Pe3aynvmambsL paciemos u ux oocyrcdenue

PesyabTaThl YMCIEHHOTO MHTETPUPOBAHUA UCXOMAHBIX YPaBHEHU
B UYACTHBLIX IPOM3BOAHBIX IIPeACTaBJeHBI Ha puc. 7.3—7.7.

Pemnrenne ocyiectsieno mo nmporpamme TYPUHB [31]. B kauecr-
Be HavaJbHBIX [JAaHHBIX IPHHUMANNCh 3HaueHua Vy(x) um po(x):
Vo(x) =V, — mocroarHas,
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x L
PO, x) = p3 + () —pD)| T +0,5|, [
L 2

PaCCMOTpeHa 3aBHCHUMOCTDb PEIIeHNdA OT HadaJIbHBIX IIapaMeTpOB

B, v/ az, n . YcraHoBJIeHO cinaboe BIMAHMNe 3HAaUeHUH P u n Ha cre-

IIeHb aBTOMOJeNbHOCTH B. 310 ciexyer us puc. 7.3, rme nmpu n = 1
IpuBeleHa 3aBUCUMOCTH CTeIleHW B oT oTHOIeHusA v/ o , TOUKU —

pes3yJbTaThl YMCJIeHHOro uHTerpupoBanusa mpu P=0,25, xpusas —
TpUOAMKEeHHasA 3aBUCUMOCTD, onpeaeaseMaa Gopmyoit (7.29). Yuc-
JIEHHO OITpeiesIsiyioch pelenre u npu = 0,75 orauune B 3HAUCHUAX

B, menbine 1% u Ha PUCYHKAX HEPA3IUUIUMO.
Ha puc. 7.4 npencraBieHbl pe3yabTaThl PACUeTOB IPu (GUKCUPO-

BaHHOM 3HaueHHU Koapdumnuenrta B=0,25 u n = 3;10; 20 (Touxnu
1—3) B 3aBUCUMOCTH OT V/O .

IIpodunan Ge3pasMepHOII CKOPOCTH & W IIJIOTHOCTH O M300paske-
HBI COOTBETCTBEHHO Ha puc. 7.5 u 7.6. CTpyKTypa pelreHusa B OKpec-

THOCTH (PPOHTA CJEeAYeT U3 Pa3JIOKEHUS

g= Bh oy AA) 3 1,2

= v . — + ey =D. - +---, ] — ,
p(een)ti y=D;(h-2) 2 (=1.2)

(D; — nmocroanHbIe). PasnoskeHne IOTyYeHO IPY OTPaHNYEHHBIX 3HA-

YeHHAX Ay U Ay. PPOHT IepeMeIINBAHUA OTCYTCTBYET TOJBKO

B IpUOJIMIKEeHHOM perteHuu (cM. 1. 7.2.4), Korjga TypOyJIeHTHAas CKO-
pocTh & mojaraeTcsa He 3aBUCAINEl OT IPOCTPAHCTBEHHOH KOODAWHA-
ThI. PagioskeHue 11 GQYHKIINY J HOCUT HeaHAJTUTUYECKUH XapaKkTep.
Snauernue 3 = 0,25 B 3TOM CMBICIE KPUTHUYIECKOE, AT HETO CYIIeCTBY-
eT pasJjiolKeHUe B BHUMAE DPAfa IO IeJLIM CTEeNeHAM, a QYHKIUS Y

B TOYKAaX A; M A, IPUHUMAaeT OrpaHHYEHHOe 3HAUeHUe.

IIpoduns ckopocTu & moaydaeTca CHMMETPUUHBIM Ipu n = 1,
CUMMETPHUA HapyIlaeTcs, ecau n > 1: MakcuMaJbHOe 3HAUEeHUE CKO-
POCTH CHBUTAEeTCs B CTOPOHY JIETKOTO BeIlleCTBa ¢ BO3pacTaHUEM 7.
DpoHT nmepeMenINBaHU TaKKe O0yaeT 6ojiee TPOJBUHYTHIM B CTOPOHY
JIETKOTO BelrecTBa. Ha puc. 7.7 meMOHCTpUPYeTCA BBIXOJ Ha aBTOMO-
OEeJTBHBIN DPEeXUM 3aJaduyu ¢ HadaJdbHbBIMU AaHHBIMEU (7.13) mpu
v/a? =12,5.
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B B n=3
n =10
n=20

0,4 0,4
+
\ N
0 0,4 v/o? 1072 0,4 v/o?-1072
Puc. 7.3 Puc. 7.4
&/E max
03] TS N
3
/=l NI
W/ ; \\\
-1,6 -0,8 0 0,8 i
Puc. 7.5
5 n=1
0,8
20
0,2
3
-1,6 -0,8 0 0,82
Puc. 7.6
B \
0,2
2 4 6 8 LI,

Puc. 7.7

Puc. 7.3—7.7. T'padpuku 3aBUCHMOCTeI peIleHnus
OT ITapaMeTpPOB 3a7au
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ITepBoHauaIbHO HEABTOMO/EJIbHBIE IPOMUIN CKOPOCTH U ILJIOTHOCTHU
TaKKe CTPEeMSTCS B Ipejesie K aBTOMOAENbHBIM, M300paKeHHBIM Ha
puc. 7.5 u 7.6.

7.2.4. IIpubauicennoe peutenue

AHanusupysa npodun MoJyJyaeMbIX pemienuii (cM. puc. 7.4), Bu-
IUM, YTO TypOyJIeHTHasd CKOPOCTb B 00JIACTH IIePEeMEIINBAHUA UMEET
KOJIOK0J1000pas3HbIi Buj. IlosTOMYy MOKHO, KaK U B IJIaBe 5, MOCTPOUTH
IpUOIMKEeHHOe pellleHre, 3aMeHUB TyPOYJIEHTHYIO CKOPOCTE B obJiac-
T CMeCH IIOCTOSHHOM BeauuunHoii. C aToii IIe/JbI0 YCPeoHNM ypaBHe-
uue (7.12) mo obsacTu cMecu

72 72 2
BV keozsr Y42 (7
2dt T 16n§oc2 3n

dt = vdg; (7.25)
5§=0 5{1 +@| }
=% ’ 7.26
90,5 ( )
- 0,5 -
L=4nyt"°, mng =0,906. (7.27)
S1ech TakKe IpuBefeHO pemeHue giasa L u 0;® — wunHTerpan

n
BeposiTHocTH: D (1) = 2/n0? J.exp(—nz)dn.
0
IIpu BBIBOZE (7.24) MCTIOTB30BAHO peIleHMe AJIs1 II0THOCTH (7.26).
YcpenzeHme IpOBeEHO IyTEM WHTETPUPOBAHUA IO 00JIaCTU IIepeMe-

IIUBaHUA ‘x‘ < L/2. IIpexBapurensHo B (7.12) BBeZeHa BMECTO BpeMe-

HU ¢ IepeMeHHasd T, a IocJe NHTETPUPOBAHUSA IO 00JIaCTU ITepeMeIIu-
BaHUA COOTBETCTBYIOIIE MHTETPAJIBI 3aMEeHEHBI TPUOINIKEHHBIMHU BbI-
PaKEeHUSIMU:

2 o(V2m 2
aov? ., 2(7M) [
ot ot Jx OJx 0x

el i<y

b
x=0
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2
.[ ade =0,
=0 dx

2
J‘ W V" _ g P
L

Jdx oOx dx
x<Z xf<
2 2
2
.[ Vz(alan pdxz(alnpj VZM,
x 0 x=0
‘x‘sg

0,0
pdxzpl +Pg L dlnp

2 ox

A

M = .
x=0 (71;1:)0’5

|x[<L/2

Vpasuenus (7.24)—(7.27) uHTerpupyoTcs, 1 pelleHre 3allucChl-
BaeTcsA B BUE

1 L 2
L=Lotl*2k 7V =___ 8 4 142k

gttt : 7.28

8ang (1 + 2k) (7.28)

3recn L; — mocrosHHasA, ompefeiseMas HAdYalbHBIMHU JaHHBI-

mu (7.13). CpaBauBasa Gopmyasl (7.28) u (7.17), HaxoAUM SBHOE BBI-
paxkeHue

1

v 1, (7.29)

8n(2)(x2 3n

B:
1,5+

npuMeHuMoe U pu 1 = 1. 3aBUCUMOCTB [JI 9TOTO cJaydas udobpake-
Ha KpuBOi Ha puc. 7.3. 3ameTrum, uto popmyay (7.29) MOKHO TaKKe
TIOJIYUYNTH, KOHCTPYUPYS IPUOINKEHHOE PelleHue I cucteMsl (7.18),
(7.19). 910 crenano B npuaoxkenuu 8. @opmyaa (7.29) BmosHe yooB-
JIETBOPUTEJIHHO paboraer u B obiieM ciaydae. Ha puc.7.4 smuHMEH 1O-
KasaHa cremeHb B B opmyie (7.29) nmpu n = 3. CpaBHeHUe pe3yJbTa-
TOB UHCJIEHHOT'0 MHTETPUPOBAHUA ¢ IPUOIMIKEeHHON hopmytoii (7.29),
mpeAcTaBJIeHHOE Ha puc. (.3 u 7.4, CBUIETEILCTBYET O XOPOIIei ToU-
HOCTH HpuOIMKeHHON Gopmyabl. HuciaeHnble pesynbrarhl [1, 30]
COTJIaCYIOTCS ¢ KpUBOM puc. 7.3.



I''TABA 8. BbIBOP IIOCTOSAHHbBIX BEJINYHUH
MOJEJHN. CPABHEHHE C 9RCIIEPUMEHTAMMU

B aT0i1 rmaBe obcyikgaeTcAa BHIOOP NOCTOAHHBIX BEJIMUUH MOJEJIN
TYpPOYyJIeHTHOTO IlepeMeInuBanus. IIpoBoauTcsa comocTaBjaeHue Teope-
TUUYECKUX Pe3yJbTaTOB, IIOJYUYEHHBIX II0 IIPEeIJIaraeMoi TeOpuU, C nU3-
BECTHBIMU JIa0OPATOPHBIMU 9KCIIEPUMEHTAMU, NTBYMEPHBIMHU U TPEX-
MEPHBIMU pPacyeTaMu.

Peanbuble IBUIKEHUSA rasa U KHUAKOCTHU, MEePEXONsIIue B Typoy-
JIEHTHBIE, CJIOKHBI 1 MHOT00OpasHbl. Ha nx dhopMupoBaHue CyIIecTBeH-
HOe BJINSHUE OKas3bIBaeT Pl (GU3NUYECKUX CBOMCTB Cpebl, TAKUX, KaK
HavaJIbHas IIePOX0BATOCTh, BA3KOCTb, IMOBEPXHOCTHOE HATMKEHUe,
MoJIeKyaApHaa nguddysusa. Bece aTu GpakTOphl MPUBOJAT K TOMY, UTO
pasBuTas TypOyJIEeHTHOCTh BOBHUKAET HE Cpasy, a II0ocCJie IMPOXO0sKIe-
HUSA OIIPeJeIeHHOr0 IIPOMeKyTKa BpemMeHu. EcTecTBEHHO, UTO IOJY-
IMIUPUUYECKasd MOAENb He MOKeT IepelaTh BCIO CJI0KHOCTD SBJIEHU,
OJHAKO OCHOBHbIE MHTErpajbHbIE UePThl OHA Uallle BCEro OIMMCHLIBAET.

HecmoTpst Ha OTHOCHTEIHFHOE MHOT00OpAa3Ke OIBITOB IO OIIpeaesie-
HUIO OCHOBHOM IOCTOSHHON I'pPaBUTAIMOHHOTO MepeMellnBaHuA,
MMeeTCs JOBOJBbHO OOJBIION pasdpoc M HeCOTrJIaCOBAHHOCTH (Pes3yJb-
TaThl IOPOIO OTJIMYAIOTCA APYT OT Apyra B 2 — 3 pasa).

Bce ombITHI YCJIOBHO MOKHO pasfeJuTh Ha Tpu rpymnnbl. K mep-
BOIl OTHECeM OILITHI, IIOCTABJEHHBIE B YCJIOBUAX HECKUMAEMOCTH
10.®. Anekceesbim [39], U.K. Kuxkounsim [1], }O.A. Kyuepenko [15],
E.E. MemkoBeiMm—H.B. HeBmep:kunkum [40]. 3gecs Takke cieqyeT
ckasaTb 00 ombITax 3apy0Oe:kHBIX mccienoBateneii: Puga [13], fdur-
ca [14], Hemouru u [lueiigepa [41].

Bropas rpymnna sKcnepuMeHTOB OblLiIa MpojiesiaHa Ha rasax, Koraa
rpaHuIla pasjejia IoJBeprajach lepeMelInBaHnuIO [0 JefiCTBUEeM ce-
puu ymapHbIX BOJH [9], 1100 mociie MPOXOKAeHUS 3aMeAJIsIoNniecs
ynapuo#t BoaHBI [9]. Ilo3kKe OBLIM ITOCTABJIEHBI U JKCIEPUMEHTHI
B maboparopusax C.I'. Saitnena [42] u CriopreBanTa [43], KOTOpPBIE IPU-
0aBUJIM MHOTO ITOJIE3HOUN MH(GOPMAIUU.

TpeThbsl TPyINIIa ONBITOB HOCHUJIA PACUETHBIN xapakTep. BieHue
TYpPOYJI€HTHOTO IIepeMeIlInBaHuA MOAEeINPOBAIOCH IPAMBIMU UKNCJIEH-
HBIMU pacyeTaMM TeUeHUs BHaUaje B JBYMEPHOI, 3aTeM B TPeXMep-
HOY TOCTAHOBKe. ITU pacyeThl ObLIM NIPOBeAeHBI Kak B PDAIl —
BHUUT® [18, 48], Tak 3o BHUMNO® [47] u 3a py6exxom [33].

B nmosnysmnupuueckoit lv—momenu, n3J0KEHHOI B IJIaBe 3, moJJIe-
JKaT ONpejieJIeHUIO YeThIPe IIOCTOAHHBIE: O, V, f3, Oy . Posb IoCTOAHHOM
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Oy yiKe Oblla BHIACHEHA B IiIaBe 5: IpHU Oy = 1 oHa ciabo BaudeT HA
pellleHre BO BCEM AUAaIla3oHe umces ATBYAa, IOSTOMY AJS IIPOCTOTHI
OBLIO IPUHATO, YTO Oy = 0. [TocrosHHas [} BiHAeT Ha IPOCTPAHCTBEH-
HOe pacIpejeenne mwiIoTHocTu p. CpaBHEHNE ¢ SKCIEePUMEHTAMY I'PYII-
nbl }O.A. Kyuepenko [15], B KOTOPBIX M3MEPAJCSA TPOPUIL ILIOT-
HOCTH, IIOKA3aJI0, UTO HAWJIyUIllee corjiache IJA N = 3 IMOJyd4aeTcs

npu [ =0,3. ITosTOMy OCTAaIOTCA HEoImpeAeJeHHBIMY IIOCTOSHHBIC O, 1 V.

Ilist onpesiesIeHUsA 3TUX MOCTOSAHHBIX PACCMATPUBAIOTCA CIAyYaU, IPHU-
BOJAINME K aBTOMOJAEJIbHBIM PeIleHUAM.

EcTb sKcIepuMeHTHI, B KOTOPBIX YCTAHABJIWBAIOTCS PEKUMEI,
ompejesaeMble paHee BEIOPAHHBIMY ITOCTOSHHBIMU. OTH 9KCI€PUMEHTHI
CIY2KAT MOMOJHUTEJIbHON MPOBEPKOIN CIIPABEIJIMBOCTA KaK TEOPUH,
TaK U Pe3yJIbTATOB CAMUX SKCIIEPUMEHTOB. OTO IIPeXk /e BCero sKCIe-
PUMEHTBI II0 MEePEeMEeIINBAHUI0 TOHKOro cJjod. Takike MHTEpPECHBI
SKCIIEPUMEHTHI C HAYaJbHBIM Pa3MBLITHEM IPAHMIILI pasfesa, Korga
BO3HUMKAET 3ae€P/KKa B PA3BUTUM TYPOYJIEHTHOTO IepeMeIlnBaHusA.

8.1. Onpenenenue MOCTOSTHHON, XapaKTepU3yHOIIei
MHTEHCUBHOCTH IepeMelIuBaHUus

Kak y:xe oTmMeuasioch, IepBOe TEOPETUUYECKOE N3yUeHe I'DABUTAa-
IIUOHHOTO TYypOyJIeHTHOTO IepeMeIlnBaHusa 06110 mipoBeneno C.3. Be-
aeabKkuM u E.C. @®pagkuusiM [1]. OHU nyTeM aHanm3a 9KCIEPUMEH-
TOB II0 TAHIE€HIIMAJHLHOMY ME€PEMEIINBAHUIO IPEAIPUHSIINA IIOMLITKY
HafT OCHOBHYIO IIOCTOSTHHYIO (), OIPEIeJAIOIIYI0 CKOPOCTDh IIepeMe-
muBanud. OKasaniock, UTO TapaMeTp ¢, B PA3HBIX OIIBITAX II0 CABUIOBO-
MYy IIePeMeIlNBAHUIO IMOJYyYUJICsa pasHbiM. OH M3MEHsSJICA B IIpemesax

0,06+0,15. [Ipyras mocroaHHasd, V, IPU 3TOM IIoJarajach paBHOU equ-
Hurte. Ilepecuer o ¢popmyie (3.21), mosydeHHO# B T1aBe 3, IPUBOAUT

K 3HAUUTEJIHLHOI HEOIIpeaeJIEHHOCTH IIPM BBIYVCJIEHNM OTHOIIIEHUA L1 /S :

L 4
Lo goln(1+A4), ap =540,
S v

L _ (0,007 +0,27)In(1+ A4). (8.1)
S

ITosToMy nasA rpaBUTAIIMOHHOTO IIePEMEINNBAHUSA OBIJIU CIIe-
IIMATBHO IIOCTABJIEHBI ONBITHI II0 M3MEPEHHIO IIapameTrpa O . OmbI-
THl IPOBOLUINCH AJISI HECKHMAEMBIX MXHUIKOCTEH IPU MOCTOSHHOM
YCKOpPEeHUU.
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}0.®. AnekceeB ¢ corpyasHukamu [39] paccmorpen amamasoH
n: 1,19 +1,83, yckopernsa 6b11u1 =508, 3mecr gy = 980 CM/C2 — ye-
KOpeHMte CUJIbI TsaiKecTH. JKUIKOCTH pasae/isainuch Ieperopoakoi, Ko-
TOpas 3aTeM BBIAEPTUBAJACh. OTO MPUBOAUWJIO K 3HAUUTEJIbHBIM HAa-
YaJbHBIM BO3MYIIIEHUSIM.

B onbirax .K. Kukouna [1] yeckopenus ObLiu g = (1, 5+3, 3)g0 .
ITeperoposnka oTcyTcTBOBaJja, COCYZ C KUAKOCTAMU YCKODPAJICH
CHenUuaJbHBIM YCTPOMCTBOM CBEPXY BHU3, II0ATOMY OO0 BKJIOUEHUS
YCKOPSAIOIIEro YCTPOIiCcTBa rpauuilia 6blma yeroiunsa. Hanmmnume Ha rpa-
Huie Iudp@y3noHHOTO CJI0dA, a TaKKe BIUAHNE BA3KOCTHU IIPUBEJIU
K IIOSBJIEHUIO 3HAUNTEJbHOM 3aTSKKU B PA3BUTUM IepeMelInBaHUs.
ITosToMy GBLIM MPUHATHI CHEIUAJbHBIE MEPHI II0 CO3JaHUI0 HAUAJb-
HBIX BO3MYII[EHUIA.

B omeitax I0.M. Kyuepenko [15] Tak:Ke OoTCyTCTBOBaja IEpPero-
POJKa Ha IpaHUIle pasfesa, a YCKOPEeHUs ObLIM MOPSIIKA HECKOJIbKUX
ThICAY gy. TeM caMbIM OBLIO yCTPaHeHO BIMUAHUEe BA3KocTU. OmHAKO
00HaAPYKUJIOCH, UTO HAUMHAA ¢ HEKOoToporo momenTa (s=100 MM) cKo-
POCTh TIepeMellIuBaHuA 3aMEeTHO yMeHbIIaeTcs. BosHUK BOIIPOC, Ka-
KYIO CTaAuio MepeMeNIuBaHNA CUNTAThL AaBTOMOIEJIbHOM: 0 9TOTO MO-
MEeHTa WJIU IIoce.

PesyabTaThl IIepeunCcIeHHBIX OIBITOB CBeZeHbI B Tabi. 8.1 u mpen-
craBiyeHbl Ha puc. 8.1. I3 mHOrounciaerssrx onbiToB 10.A. Kyuepen-
Ko [15] BeIOpaHBI Te, B KOTOPBIX M3MEPAIOCH pacipeneseHe IIOTHOCTH.

Ha puc. 8.1 maHeceHO OTHOIIIeHNE MOJHOM MUPUHBI K YIBOEHHO-
My IepeMelleHnIo aMIyasl L/2s B 3aBHCHMOCTH OT uncia ATsyna A.
« %+ » momeuens pesyabratsl I0.A. Kyuepenko. Bepxuee «+» 3Haue-
HHUe BeJUUYMHBI OTBeUaeT HauvaJbHOU crazmu, Korza s < 100 mm,
HUXHee — IIoCJeAyIolneil craaum, Korga s > 100 mm. OTpesok
nmpamoit 3, coorBeTcTBYeT HaHHBIM onbiTa I0.D. AnekceeBa, mepeodbpa-
oorauabiM B.I'. fIKOBJIEBBIM C yUeTOM CHEIMAJbHOM 3aBUCUMOCTHU
OT HAYaJbHBIX JAHHBIX, YCTAHOBJIEHHOU B IiaBe 5.

Kax Buguo u3 puc. 8.1, pasbpoc MeKIy ONBITAMU Pa3HBIX aBTO-

POB [0BOJILHO 6oJbIoii. OH 3aKJOUEH B MHTEpBaJe [0,07 5+O,35]:

L
— = (0,075 + 0,35)A . (8.2)
s
KakoBbl mpuumHBI Takoro pasdopoca? Cxopee Bcero, ux cjiemyer
HUCKaTh B YCIOBUAX KaiKJOI'0 OIBITA, KOTOPhIE€ IPUBOAUIN K OTKJIOHE-
HUAM OT aBTOMOIEJIHLHOCTH.
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Tab6auua 8.1
n=p;/py L/2s HcTouHuK IIpumeuanue
1.44-1.98 (0, 34 + 0,12)A N.K. Kukoun _
’ ’ u ap. [1]
}0.®D. Anexceen
- 0,24 £ 0,08)A —
1,19:1,83 | ( A | b, [39]
. 10.®D.Anekcees ObpaboTka
1,19-1,83 (0,13£0,04)4 u gp. [39] B.T. fIkoBieBa
. I0.A. Kyuepenko
0,035 +0,077)A . 5,
3 ( ) i np. [15] BHUUT® (. 5, 6)
. I0.A. Kyuepernko
20 (0,165+0,3)4 | o, [15] BHUUT® (ra1. 5, 6)

Tax B ombiTax F0.®D. AnekceeBa [39] BuImepruBaHMEM IIepero-
POJKY CcO3JaBajiach HAUaAIbHAA TypPOYJIEHTHOCTh, XapaKTepusyeMas He-
KOTOPO# HauaJIbHOMI U_U/IpI/IHOI‘/'I Ly u HauanbHOM TypOy/IeHTHON KuHe-
TUUYECKO 3Heprnen Vo /2 B riase 5 moxasaHo, UTO IpU KHHETHUYEC-
KOIl sHepruu VO 2, mocraTouHo GosbIION IO cpaBHeHUIO ¢ Lyg,
pasBUTHE MEPEeMeINBAHNS HAaUMHAeTCsI ¢ 0OoJIbIllell CKOPOCTHIO, UeM
IpW HYJIEBBIX HAYaJBHBIX MaHHBIX. B HabiiomaeMoe BpeMsA IepeMe-
IIUBaHMe He ObLJIO aBTOMOJEJIbHBIM.

L/2s
0,3 +
0,2
1 i\‘ ,:‘
-
LU R
- +
///E
0 0,2 0,4 0,6 0,8 A

Puc. 8.1. 3aBUCUMOCTH OTHOIIIEHUSA L/Zs oT umcaa ATByzna:

1 — onsiTer 1.K. Kukouna [1]; 2 — ombiTel 10.®. Anexceesa [39];
3 — ombiTel }0.®. Anexceesa B o6paborke B.T. fAxosiesa; 4 — Teopusi—pacuer,
«+» — onsIiTel }0.A. Kyuepenko [15], BepxHUe TOYKHU «+» OTBEUYAIOT CTAJUU
s <100 MM , HHIKHHE TOUKU «+» — s> 100Mm
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B ommirax N.K. Kukomna [1] 3aMeTHO IpPOSABUJINCH BA3KOCTH
u [uddysnoHHOEe pa3MBITHE IDAHUILI pasfiesa, KOTOPblE IPUBEIUN
K 3aTsAKKe BOBHUKHOBEHUS IlepeMellnBaHUA. B ToM ciyuae, Korjga
rpaHuIla pasfeiia CIenuaIbHbBIM 00pa3oM BO3MYIIaIach, 4TOObI n3ba-
BUTHCA OT 3aTSIKKU, IlepeMelnBanue, kak u y 10.®D. AnekceeBa, MOTJIO
13—3a HeHyJIeBBIX 3HaueHuil Ly u V|, pasBuBaThCs 6ojlee HHTEHCUBHO.

B oneitax I0.A. KyuepeHKO pasBuToe TypOyJIeHTHOE IIepeMelln-

BaHUE HACTYIAaeT Ha BTOPOi craguu, Koraa s > 100. HauannHbIe BO3-
MYIIIeHUA 3aai0TCA C IIOMOIIIBIO YaCTUIL IPOMEKYTOUHOMN IJIOTHOCTH.
9TO MPUBOJUT K OoJiee MHTEHCUBHOMY TYPOYJIEHTHOMY IIepeMeIlnBa-
HUIO Ha MepBOii ctaauu. IMEeHHO ¢ 3TOT0 MOMEHTa U YCTAaHABINBAETCSA
aBTOMOJIeTbHBIN PEKUM.

Kaxk cnemyer us puc. 8.1, cCKOpOCTh IepeMelninBaHUSA BO3pacTaeT
C poCcTOM HaYaJIbHOTO mepemnaza (u uucaa Ateyzaa). Ilpu ManbIx umeaax
ATByna, Korga n 6J1u3K0 K 1, XapaKTep 9TOM 3aBUCUMOCTHY JIMHEHHBI:

L

— =g, 8.3

9g = %0 (8.3)
IIpu 3Hauenmax A B uarepBaye 0,5 < A <1 mMeeT MeCTO 3aMeT-

HOe OTKJIOHEHUE OT JIMHEIHOCTH, OIuChIBaeMoe hopMyaoi

L _0,06(1+0,2542)4 .
S

Jra Gpopmysa moaydeHa B riaase b (5.48).

W3 ob1reit TeopeTuyuecKoii Mmoaesu (CM. 1. 5) BRITEKaeT, uTo 6es-
pasMepHBIA TPoduIb IJIOTHOCTH 3aBUCUT OT Uncjaa ATByZa 0COOEHHO
y (bpoHTa IIepeMelInBaHusA B CTOPOHY JIETKOT'O BeIlleCcTBa: C Bo3pacTa-
HUeM uwncjaa ATByIa pacTeT HECMMMETPUS IIePeMeIlUBAHUA B CTOPO-
HY JIETKOT'O BeIIeCTBa.

3aBHCUMOCTb HECUMMETPHUHY I€PEeMeIINBAHNS ObLIa N3MEPEHA TaK-
JKe 9KCIIePUMEHTAJIbHO. Pe3yIbTaThl 9KCIIEPUMEHTOB W TEOPUU IIPEej-
CTaBJIEHBI HA pUC. 5.4, aHAIUBUPYSA IPUXOIUM K BHIBOAY, UTO HECHM-

MeTPpUsA HOCUT PacXofAInuiicsa xapaxkrep Lo / Ly > npun— o, nee

MOKHO IPUOINIKEHHO onucars Gpopmynoit Ly /Ly = n%2,

Ec/u Temepb paccMaTpUBaTh MHTEHCHBHOCTb PA3BUTUSA TypOYJ/IeH-
THOTO [IePeMeIINBaHuA Ly /s B CTOPOHY TSAKEJIOro BELecTBa, TO OKa-
3BIBAETCS, OHA MOKeT ObITh TPUOIUKEeHHO TIpecTaBIeHa caeayoIei
dopmyoit Ly /s = 0y A1 + 0,47 A).
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B rakoii nmocranoBKe o0paboTaHbl Bce aKcrmepumeHTHI [l. SlHrca
u K. Puga. B Tabu. 8.2, samMmcTBOBaHHOM m3 paborwl [44], u Ha
puc. 8.2 maHO cpaBHEHUE C pe3yIbTaTaMy IPYTUX aBTOPOB. B Tabmu-
e 8.3. IPUBOAUTCS CPABHEHNE C Pe3yIbTaTaMU IIPSIMOTO YNCIEHHOTO
MozenupoBaHus. B pabore [44] 6iarozapa HaJIWYWIO TOUHOTO pellle-
HUA ygaJoch o6paboTaTh CJOKHBIE HEABTOMOJEJbHBIE TeUEeHUA
U OIpeJeuTh IIOCTOAHHYIO O, XapaKTepU3YIOIIYyI0 MHTEHCHBHOCTD
TypOyJI€HTHOTO IepeMeIlnBaHmua. Pe3yIbTaTsl eIUHONM 00paboTKU MO-
TyT OBITH IPEACTABJIECHBI AHAJIUTUYECKON KPUBOM

L; = 0,06A(1 + 0,25A4%)gt?.

Bce pacueruble pesynbTaThl, IpuBOAMMBIe B Taba. 8.3 u Ha
puc. 8.3, MOKHO OIMKMCATh aHAJIUTUYECKON KPUBOM

L; = 0,025A(1 + 0,25A%)gt> .

L,/2s
0,20
0,18

A A

0,16
0,14
0,12

»
P

0,10

0,08 —2 =

0,06 | < *

0,04 A4

0,02

0 0,1 0,2 03 0,4 o5 06 07 08 09 A
Puc. 8.2. OObBITHL € KULKOCTIMUI

A — I0.®. Anexceen; A— WU.K. Kuxoun; O — I0.A. Kyueperko; ¢ — K.I. Read;
VY — G. Dimonte, M. Schneider; @ — E.E. Memxkos; © — H.B. HeBmep:xunxuii;

X — Teopus: 0,06(1+0,25A2); — — Teopus 0,025(1+0,25A2)



Tabauua 8.2

I ITosryuennoe
Hﬂoiggﬁiﬁ Yexopenue B DKCIIEPUMEHTaxX 3HaueHue o,
Hcrounur 2
n=p,/ps (g9 =9,8m/c”) 3HaUeHUe o nocie 06patoTK
WK Oy
Aunexcees 10.®. u ap. // Oruer, 1,19 + 1,83 1 0,24 +0,08 0,04 + 0,076
Capos, 1956] 0,13 + 0,04
Kurkoun U.K. u gp. // Ortuer JIUTIAH . 2:3)g
CCCP B zByx yactax / u.l. uaBNe 9/776; 1,19+ 1,88 ( €0 0,34+0,12 0,1+0,21
4.2 unas. Ne 9/761. — Mocksa, 1954
Kyuepernko F0.A. u gp. /Workshop . 102 = 104 + 0.056 + 0.068
on the Physics of Compressible Turbulent 8+20 ( ' )% 0,07 +0,0025 ’ :_ ’
Mixing. Abbey of Raymond. — France, 0,055 £ 0,005 0,047 £0,057
1991. — p. 427—454 5 =0,01 +0,98
p. 45—57]; Aurc // Physica D12, —
+

1984. — p. 3234 0,045 £ 0,085
fAurc [Physica D37.— 1989. — 8,5 + 29,1 0,05+ 0,077
p. 270—287
OumvonTtu, ueiigep // Physical 1,37 = 50 (30 +80)g, 0,051 + 0,005 0,037 + 0,055

Review E. — 1996, v. 54. — No 4. —
p. 3740—3743; Physics of Fluids, 2000,
v.12. — p. 304—321




OxoHuanue mabauyvt 8.2

MemikoB u gp. // Proccedings of 8-rd 50—60 (102 = 10%)g, |01 =0,053+0,126 0,043 +0,102
IWPCTM, Abbey of Rayaumont— France. — (yBemmumpacres

1991. — p. 467478; IIpenrpuatr PUAH. — ¢ yBemueHIeM

Mocksa, 1990. — Ne 56. — c. 52—63 IABJeHUA rasa)

Hesmepxunuruit H.B. u xp // BAHT, cep. 60 (102 - 104)g0 Cc pocToM g OT c pocToM g OT
Teopust u npuriagu. pusura. — 2003. — 102g0 10 103g0 oy 102g0 10 103g0

Bpmm. 1—2. — C. 563—56
YBEIMUMBAETCA OT | Ot; YBEJIMUIH-

0,015 o 0,14 Baercs or 0,012
JAajee ¢ pocToM g 10 (xo 0,11 masee
10°g, o ¢ pocToM g 10
YMEHBIIaeTcs 10°gy oy

o 0,03 YMeHbIIIAeTCs

o 0,0024




Tabnuua 8.3

Yucio PacueTHoe
Wcrounuk CeTka Arsyna A sHAweHWe 0L
Youngs D.L. // Phys. Fluids A. — 1991. — v. 3. — p. 1312 160x160x160 |0,2 0,04
240x160x160 |0,5 0,035
Youngs D.L. // Laser Part. Beams A.— 1994. — 12. — p. 725 0,2 0,027
270x160x160 |0,5 0,025 + 0,028
0,9 0,029
Anyunna H.H. u 1p. // Tpyzsl 5x 3a6abaxMHCKUX HayIHBIX 60x60x60 0,49 0,064
urennit. — 1998. — c. 452—459. 120x120x120 0,074
Laser and Particle Beams— 2000. — v. 18. — Ne 2. —
p. 175—181
Auaunkua I0.A. u ap. // Proceeding of 8-th IWPCTM. — 200x200x400 |0,2 + 0,95 |0,025 + 0,055
Pasadena, USA. — 2001. — C6. BAHT, cep. MaremaTuueckoe
mozenupoBanue ¢us. nporeccos. — 2003. — Bprr. 3. — c¢. 3—9
Linden P.F. et. al. // Proccedings of Workshop on the Physics of | 168x168x230 |0,2 0,033
Compressible turbulent Mixing. — Princeton. — 1988. — p. 95
Li X.L. Phys. Fluids A.— 1993. — v. 12.— p. 1904 40x40x120 0,33 0,07
Cheng S. et. al. // Proceedings of 8—th IWPCTM. — 100x100x200 |0,33 0,08
St. Peterburg. — 1999. — p. 385—390
Dutta S. et al . // Proceedings of 8th IWPCTM. — Pasadena, 128x128x512 |0,5 0,08
USA. — 2001
Dimits A.M. et. al. // Proceedings of 8—th IWPCTM.— 256x256x512 |0,33 0,011 + 0,013
Pasadena, USA. — 2001.
Weber S.V. et. al. // Proceedings of 8~th IWPCTM. — 256x256x512 |0,5 MomnoTonno
Pasadena, USA. — 2001. YMEHBIIaeTCA
BO BpeMeHU
¢ 0,055

1o 0,03
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L /2s
0,09

0,08 ®

0,07 ° j

0,06

0,05

0,04 %

0,083 W
A

0,02
0,01 ¥

0 0,1 0,2 083 0,4 0,5 0,6 0,7 0,8 0,9 A

Puc. 8.3. IIpsamoe unciaenHoe MoaesupoBaHue (3 MepHoOe)

A — Youngs D.L.; A— Anyunsa H.H.; 4+ — Asunkur I0.A.; o — Jlunges;
O — JIu; @ — Yenr; X— Iyrra; X — Jumurc; x — teopua 0,025 (1+ 0,25A2)

PesioMmupyst Bce BMecTe, MOKHO OKOHUATEJIbHBIM Pe3yIbTaT IMpe-

craBuTh B Buge L; = (0,025 + 0,06)A(1 + 0,25A%)gt> .
3HAUNTENbHBINA pasdbpoc B OIpeaeIeHNN ITIOCTOSHHOMN
o4 =0,025+0,06,
BUAMMO, CJIEYET OTHECTU HA CUET 3aBUCHMOCTH OT uucja PeitHosbaca, Ha

uyTo sABHO yKasaHo B paborax A.C. KosmoBckux u zap. [45] u A. Kyk
(A. Cook), II. Jumoraruc (P. Dimotakis), T. Madtruep (T. Maftner) [46].

8.2. OmpenesieHne MOCTOSTHHOW, XapaKTEePUSYIOUIEHl CTEIeHb
3aTyXaHUs TYPOYJIEHTHOTO IepeMelInBaHUSI

B rmaBe 5 ObLim HaliieHBI pellleHWe IS KYCOUHO—TIOCTOAHHOTO
YCKOPEHUs M 3aKOH PAa3BUTHUA 00JaCTH TYPOYJIEHTHOI'O IIepeMeIllnBa-
HUSA TIPU BBIKJIOUEeHHOM yckopeHuu (5.20):

B
t—1 1
L:L10{1+2(1+2k) . 0} . B=— (8.4)
0
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3neck Lo — mupuHa obnacTu TypOyJIeHTHOro IepeMellnBa-
HUA B MOMEHT BBIKJIIOUEeHUA ycKopeHusa. O6paTuM BHUMAaHUME, UTO
B CTeleHb B MOCTOAHHBLIE (f U V BOIILIA B BUAE OTHOIIEHUS Ocz/v
(cm. (5.11)). Kpome TOTO, 3Ta CTEIEHb 3aBUCUT U OT uucga ATByma A.
Takum 00pasoM, IPOBOAA CPaBHEHUE C Pe3yJIbTaTaMU 3KCIIEPUMEH-
TOB, MOKHO HajiTi 3HaueHue 02/V .

B oneitax N.K. Kukonsa moJay4mnioch, UTO IPU YKUcCIaX ATByna

A=0,17+0,33 B=0,19+0,38. B onbiTax Apyrux mccjaemoBareei
[15] sHaueHME BTOM MOCTOSHHOM IMOJYUYUJIOCH IIPUMEPHO TAKUM JKe.

EcTs TeopeTnuecKue pacCyXKIeHUS, HPUBOAAINE K 3HAUYECHUIO
B(A=O)=2/ 7 IlpuHMMAs 3TO 34 OCHOBY, IIOJYYMM, YTO IIOJYYEHHOE
B ryaaBe 5 3mauvenue B (5.54) OymeT u3MeHATHCA B IIpemesiax
(0,28 +0,44) npu 0< A <1. CopaBeJIuBOCTb BTOI 3aBUCHUMOCTU
SKCIepUMEeHTAJILHO IIOKA He IOATBepP K IeHa.

8.3. IlepememinBaHHEe TOHKOTO CJIOA

Kaxk 6b1710 OTMEUeHO B IJ1aBe 7, 9Ta 3ajaya UHTepPecHa TeM, YTO KOT-
Ja 30HA IIepeMeIlInBaHuA 00JIbIlle HauaJIbHOMN TOJMIUHEI CJIOS (L/ L, >>1)
yCTaHaBJINBAETCS aBTOMOJEJIbHOE DeEIleHUe, B KOTOPOM KUHETHYEeC-
Kas 9Heprusd TypOYyJEeHTHOCTH CTPEMHUTCS K IIOCTOSHHOMY 3HAUEHWUIO,
a mupuHa 06JacTH U3MEHAETCA OT BpeMeHU JIMHelHo. B sKcmepuMeH-
Tax OIpeneaAaoTca Kod((UIINEHThI 3TOM 3aBUCUMOCTH, & B TEOPUU BHI-
YHUCJIAETCA 3aBUCUMOCTD 9TUX IOCTOAHHBIX OT KOHCTAHT MOZEJIU.

IIupunra o6sacTu mepeMeIINBaHUS NPU OOJBIINX BPEMEHaX OT
BpeMeHU 3aBUCUT JuHeliHO. Koapdunuenr sToit saBucumoctu b, ObLI
onpenesien B onbiTax V.K. Kukouna:

L n-1
—===b, V2s (8.5)
VLo n
rae Ly — HadanpHaAA MIMPUHA CJIOA JETKOHN KUAKOCTHU, S — IIepeMe-

IeHue.

Ecnu rsamensiii cioil HaXOAUTCA B OKPYKEHUU JETKOH JKUIKO-
CTH, TO, KaK IIOKAa3aHo B IJIaBse 7, Ipu OOJILIINX BpeMeHaX 3aBHUCHMOCTD
OT BpeMeHU TaKiKe JUHeHa:

L
%sz/(nq)@. (8.6)
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KosdhdumnuenT B s3ToM ciaydyae 3KCIEPUMEHTAJNBHO OBLI OIIpe[e-
JeH. VI3 TeopeTuyecKoro pacCMOTPEHHUA CIeNYeT, YTO OH JOJIMKEH ObITh
TaKuM JKe, KaKk u B dopmye (8.5).

3amMeTuM, UTO NPU SKCIEPUMEHTAJILHOM ompefeseHun Koahdu-
nuenta b I.K. KukonHblM u ApyruMu Oblia yCTAHOBJIEHA ero cjaabdas
YYBCTBUTEJIBLHOCTh K HAUAJIBHLIM JaHHBIM. Ha 3T0# cTagum ¢ GOJIbIIOH
JOCTOBEPHOCTHIO IIePEMEIINBAHNE MOYKHO CUUTATh TYpPOYJIE€HTHBIM.
ITOT BBIBOJ CIEJIaH IIOCJIe TOTO, KaK ObLia OoIpeleseHa «AeTaJIbHOCTD»
nepemernuBanud [1, 39]. B orinume ot HauaabHOM cTagum, Ha KOTOPO
TepeMeInInBaHue 10 GOJIBITNMU KYyCKaMi, Ha aCUMITOTUYECKOI cTa-
IUU, KOTZa ImepeMelInBaHueM 0XBaUueH BeCh CJIOH, IPOUCXOJUT UHTEH-
CUBHOE IpPOOJeHNE KYCKOB.

3HaueHua KoopduumumeHToB b, U bp OBIJIN TOJYyUEHHI

b, =0,5+0,06 Bonstax U.K. Kukouna u apyrux u by = 0,35 B onsl-

rax 10.A. Kyuepenko u apyrux. B pabore [27 a] mokasaHO, UTO ecau
00paboTKY SKCIIEPUMEHTOB IIPOBEPUTH B AaBTOMO/IEIbHBIX TI€PEMEHHbBIX,
TO PA3HUIA B OIpPeHeeHNN KO3 (PUINEeHTOB 3HAUNTEIHLHO COKPATHT-
csa. Bee meso B ToM, 4TO (DPOHT IEepeMeIINBAHUSA CJIENYET OMPeNe/IaTh
10 06'beMHO KOHI[EHTPAIINN O:

_p(xt)-p;
p(0t)=p;

JTa BeIWUYMHA Ha aBTOMOJEJBHOM CTaguM NPUHUMAET YHUBED-
caJbHBIN xapakTep. OgHAKO, eCIM BMECTO p(O, t) 6paTh IOCTOAHHOE
3HauUeHNe P; WU Py, KAK 3TO Jesajoch B 9KCIePIMeHTaIbHBIX pabo-
TaxX, TO IIPU OIpeAesieHUU (PpPoHTA TYpOYJEHTHOrO IepeMeIInBaHUs
MOJKeT OBLITh JOIyIlleHa 3HAUNTeJbHasd oIInOKa. B pesyibraTe mpej-
JIO:KeHHOH 00paboTku ObLIO moTyueHo bp =0,63+0,13.

B pesysnbTaTe TEOpPETHUECKOTO aHANNM3a, IPOBEIEHHOTO B IJIaBe 7,
ObLIO TOKasaHo, uTo b, = bp =b. Takke OblIa ycTaHOBIEHAa CBA3b
C KOHCTaHTAMU IIOJYOIMINPUUECKUX MOIesei:

0(2

\/V—I—TCOLZ

Ced —Cel [“nCe2

I B — MOJIeNH;
b =

ISt K€ — MOJIEIIH.
Cel Cel
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3amMeTuM, UTO AJIs E—MOJe/Iu MOCTOsIHHAs b oIpeaeInTcs Ha OCHOBA-
HUM TEPBBIX IBYX TECTOBBLIX 3aJa4: C IMOCTOSAHHBIM M BBIKJIIOUCHHBLIM
YCKOpEeHUEM, B KOTOPBIX Of M V BBIOpPaHBI ONpeeIeHHBIM o0pasoM. I[py-
roe geno B keé—mogmenu. Tpu mocroamuBIe €5 Cels Cc2 MO3BOJAIOT
omucaTh BCe TPU TECTOBBLIE 3aJauM, BKJIOUAsS WM TOHKUI cjoii. Bwioop
TIOCTOAHHBIX, caenanHbIli B mporpamme TYPUHD (ke—mopens) [24 ], pu-
BOAUT K 3HaueHUio b = 0,8 . BodaMOKHO HajbHeNIIee YTOUHEHUE ITOC-
TOSTHHBIX, €CJIU AJISI 9TOTO BOSHUKHYT JAOCTATOYHO BeCKHEe OCHOBAHUA.



TJABA 9. ks U kes—MOJEJH IJsI OINCAHHUS
TYPBYJEHTHOTO IEPEMENIABAHUSA
B YCJIOBUSX, IPUBONAINX K CEIIAPAITAA

ITomumo nuddy3noOHHOr0 MOAX0Ma IJA OMUCAHUA TYPOYJIEeHTHO-
ro IepeMelIMBaHUS CYIIECTBYET eIlle MMOAXO0J MHOTOKOMIIOHEHTHOM
CMecHU C YPaBHEHUAMU COXPAHEHUS AJIA KaXKI0N KOMIIOHEHThI, UME0-
el CBOI0 CKOPOCTh.

B sToMm mozxone BBOAATCSA HeM3BEeCTHHIE OOMEHHBIE YJIE€HBI, KOTO-
pBI€e 3aTeM OIPEAEIAIOTCA U3 O0IINX COOOpasKeHmil. ITOT MOAXON Pas-
BuUBaeTcs B paborax [32—34]. Ero 1oCTOMHCTBOM SABJSETCA BO3MOK-
HOCTh OIIMCAHUSA cemapariuy 00JaacTu TypOyJIEHTHOTO IepeMeIlTnBaHn A,
KOTOpasA MOKeT IPOUCXOIUTHh HPU CMeHe 3HaKa YCKOPeHWs, Korja
HEYCTOMYMBOE COCTOSHUIE MEePEXOAUT B ycToitumBoe. OqHAKO, KaK TO-
Kasamo B [33], nuHaMuKa mpoliecca, CBsI3aHHAA CO CMEHOM 3HaKa yCKO-
peHusd, IepefaeTcs HempaBMIbHO. MHOTOKOMIIOHEHTHA MOZEJb He OIU-
CBIBA€T PEKUM C BBIKJIIOUEHHBIM YCKODPEHUEM.

. furc npeajgokui KOMOMHUPOBaHHYIO Mogeab [33]. B oOMeH-
HbIe WIeHBI ObLIU BBEJEHBI IOTOKU, KOTOPhIe obecrieunyiu nuddy3mnoH-
HOCTBb Mozeau. Jlyia ompenenenua Koadduiinenra TypoyIeHTHON qud-
¢ysuu D OBLIO UCIIOIBL30BAHO ypaBHEHMe OaslaHca A KMHETUYeCKON
SHepruu TypOyJieHTHOCTU. TaKoil MOAXOJ MO3BOJIMJ ONUCATH SKCIIEe-
PUMEHTHI C YCKOpPEHHEM, M3MEHSIOIIMM 3HAaK BO BpeMeHu. Ecrect-
BEHHO, UTO KOMOMHHPOBAHHAsA MOJAEJNb IpHoOpesia MOJOKUTEIbHBIE
cBoiicTBa UM HY3MOHHONU MOIEIN.

B pab6ore [35] B mpubamkeHNT HECKUMAEMOCTH OBIIN MOJYUYEHBI
ypaBHEHUA IepBOHAUaJIbHOU Mogenu Slurca. Cucrema u3 5 ypaBHe-
HU# cBelleHa K JBYM YPaBHEHUAM [JIA IJIOTHOCTH CMECH U AJIS Mac-
mtaba anuHbl L. MI3yueHue CBOMCTB peIIeHUIl MOJYYEeHHBIX ypaBHe-
HU# TO03BOJIMJIO IMPOBECTU ONTHUMAJBbHBIH BHIOOP OOMEHHBIX UJIEHOB.
IIpennoxkenHas moguduKamusa Moaenu SIHrca CyIecCTBEeHHO YIIYUIIIn-
Jia coTJiacue ¢ pe3yJibTaTaMU dKCIEePUMEHTOB 10 OIIMCAHUIO TYPOyIeH-
THOTO IlepeMelInBaHUA Ha HEYCTOMUYMBOM CTaauU.

Amnanus momenu SlHrca moackasa, Kak ciefyeT MOAUMUIINPOBATH
k u ke—Mopnenu, uToOBI ONMMcaTh ABJeHUE cemapanuu. [IpeagokeHus
110 yUeTy cemapamnuy ¢ IOMOIIbIO IIEPEHOCHBIX YJIEHOB JeJIaJINCh TaKiKe
I''H. PeikoBanoBeiM u moaxxke A.B. IlommomoBeiMm [36]. ITockoabKy,
Kak nokasaiu sxcrnepuMeHTHI 0. A. Kyuepenko u A.A. IIsumaesa [37],
VHTEHCUBHOCTh IEePEMENINBAHUA W Cemapanuyu 3HAUYUTEJIbHO OTJIH-
YaroTCA, IIOCTOAHHAA CeNapanuu B CeEMb Pa3 MEeHbBIIEe IOCTOSHHOMN
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nepeMenIuBaHUA, TO €CTEeCTBEHHO IIONBITATHCA B paMKax AU py3noH-
HBIX kB u ke—Mogeeii yuecThb 5)(PeKT cemapariiii ¢ IOMOIILIO IIePEeHOC-
HBIX uwieHoB. OKasaaoch, UTO IIEPEHOCHbBIE UJIEHBI, 00CYKUBAIOIIE
celaparuio, Jyuine 100aBJSITh TOJbKO B YCTONUMBBLIX CUTYAIlNAX, Ha-
yrHasA ¢ MOMEHTA, KOoTJa TypOyJIeHTHAasd KUHeTHUeCcKasa dHeprusd oopa-
I1aeTcsA B HYJb JINOO CTAHOBUTCA JTOCTATOYHO MAJIOM.

Eciu nmeer MecTO HEyCTOMUYMBOCTh, TO AUMP(PY3MOHHAS MOAEIb
BIIOJIHE YIOOBJIETBOPMUTEJIBHO OIIMCHIBAET BCE€ NM3BECTHBIE TECTOBbBIEC OKC-
IIEPUMEHTHI, TOTJa KaK TAKOe OIMCAHNe Ha OCHOBE IEePEHOCHBIX dYJIe-
HOB 3aTPyAHEHO, 0COOEHHO B CJy4Yae BBIKJIOUEHHOTO YCKOpPEeHU.
ITosToMy B HEYCTOMUYMBOM CJIyUae CJAeAYyeT UCII0Jb30BATh TOJBKO Iud-
¢ysuoHHYI0 MOMIeJb 0e3 cemapamMoOHHBIX H00ABOK, a IOCJEIHUE KC-
II0JIB30BaTh TOJBKO B yCTOfI‘-IHBI:IX cuTyanuiax.

9.1. AHaTM3 3KCHEPHMMEHTAJNBHBIX PE3yJbTATOB

Curyamnusa, Korja yCKOpeHUe Ha TPAHUIE paszesia CMeHAETCA 3a-
MeJJIEHUEM, SBJIAETCSA TUIUYHON B IIPOIleCCE CXKATUA 000JIOUEUHBIX
muinieHedt B mpobaeme JITC. KauecTBenHO 5TO MoKasaHo Ha puc. 9.1,
rae n300paskeHbl TPAEKTOPUSA T'PAHUILI Pasjesia U YCKOPeHUe Ha Helt
B 3aBUCUMOCTHU OT BPEMEHU.

B HeKoTOpEHII MOMEHT BpeMeHH I; YCKOpPeHHe MeHseT 3HakK.
Ecnu B obmactu x < X HaXOZUTCA TAXeJIOe BEIleCTBO ILIOTHOCTH P,
to I cragua mo t <t, Oyzer Heycroituupoii. Ha aTo0il cTrasuu rparuna
paszesia paspylUInTcA 1 HauHETCs IepeMelnrnBanue. Ilociie cMeHbI 3HaKa
ycxopenusd HactynouT Il ycroitunBasa cragus. Kak Oyaer Bectu cebs Typ-
Oysm3oBaBIIIasaca cMechb? JIJ1sT oTBeTa Ha 9TOT BOIPOC OBLIM ITOCTABJIECHBI
9KCIIePUMEHTHI BHauaje B Aimepmactoue [33], sarem B PDAIl —
BHUUT® (Cue:xkunck) [37].

B sKcmepuMeHTax amIiyJia ¢ ABYMA HECKUMAEMBIMU JKUIKOCTAMU
CHauasa yCKopaaach 10 t = ;. B aTOT MOMEHT yCKOpeHIe MeHAIO 3HaK,
¥ 3aTeM Ipu { = {; CHOBA IIPOMCXOAMJA CMEHa 3HAKA YCKOPeHMUA. BeLin
MIPeAIPUHATHI IOIBITKY CHEJIATh YCKOPeH!e Ha KasKAOM dTale IO BO3-
MOYKHOCTU IIOCTOAHHBIM [37]. 9TO 00ecmeuymBaao aBTOMOIEJIBLHOCTH
mmpoliecca TypOyJIeHTHOTO ImepeMellnnBanus Ha I cragum:

B paGore [37] norkasano, uro u Ha II cragum ycranaBimBaeTcsa
PEeXXUM, KOTOPBII ONICHIBAETCA ciaenyolneil hopmyroit
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VI = VLinax —J0ts\20s =50 — 5.t — )], (9.1)

rie O, — HOBadg SMINPHUUECKAA IIOCTOSHHASA Cellapaliy B OTJIHYHE
OT IIOCTOAHHOI IIepeMelInBaHuA O, OTMeYeHA UHIEKCOM «S»; L .,
S, M S, COOTBETCTBEHHO MaKCHMAaJbHOe 3HaUeHVe IMMPUHEI 061acTu
CMeCH B CTOPOHY TSKeJIOr0 BeIl[eCTBa, KOOPAMHATA IepBOHAUYAJILHONI
IPAaHWIIBI Pasfiesia U ee CKOPOCTh B MOMeHT t, . Ilocienusas dopmyna
sABJIseTcs o0OOIIeHMeM Ha ciaydyail mepeMeHHOro yckopenusa. OOpa-
OoTKa aKcIepuMeHTOB [37], mpoBesenusIx Ana A = 0,5, nana o, = 0,01.

IToc-Toannaa cernmapanuy OKas3ajJlaCb B CEMb pa3 MEHBbIIIe TOCTOAHHOM

ImepeMemuBaHua o, =0,07.

B skcnepumenTax Ha III srame, Korga ycKopeHne CHOBa CMEHWJIO
3HaK [37], HabarOZaeTCA POCT MIMPUHBI 00JIACTH ITEPEMEIIUBAHUS TIOC-
Jle IPOXOAeHNU BTOPOIi SKCTpeMAaIbHOI TOUKH, Korja L, IpuHuMAa-
eT MaKCHUMaJbHOEe 3HAaUYeHUe.

Lmin max

Puc. 9.1. Tunuusaa KapTUHA IOBeJeHUs I'PAHUILI Pasjena X, JEeTKOTO Pq
1 TSAXKEJOT0 P BellleCTBa IPU CMeHe 3HAaKa yCKOpeHus g:t,,t; — BpeMeHa
obpamieHnus yckopeHus B Hyab; [0, ], t >t — Heycroituusslie I u III cra-
nun, [ty, 1] — Il ycroitumsasa. L ;, u L, — MHHMMAJIbHOE X MAKCHMAJb-
HOe 3HAUEHUS MIMPUHBI 00JIACTYU IIepPeMeIluBaHUA
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Taksxe oTMeTHM, YTO MaKCUMAaJbHOe 3HaueHHe IIUPUHBI L,
HACTyIIaeT uyepe3 HEKOTOPOe BpeMa t, — iy IIOCJIe CMEHBI 3HAKA YCKO-
peuuem [37] . Ilpennaraemble HUMKE ks — U kes —MOJAEIU IEPEemaiOT
U 3Ty 0COOEHHOCTDH SKCIIEPUMEHTA.

9.2. Mogens flHrca. AmaauTuueckKkue pelnieHUI

AHanus cucTeMbl YpaBHEHU AJIsT MHOTOKOMIIOHEHTHOM JKUIKOC-
T1 [33] IPUBOAUT B UACTHOM CJIyUae NBYX HECKUMAEMBIX KUIKOCTEN
K [OBYM YpPaBHEHUAM IJIA IJIOTHOCTH P U IJA MaciiTaba miauHbl L:

d_0 | &l

9% ox m'(pl—p)(p—pz), (9.2)

oL goL 9L |2(p1—p2)8oL
—+(py+p3—2p) ( 0 = & 9.3)

at Py —pz)pcl ox (p1+p2)cl

3mech MacIITad AJIMHBI IIOMEUYEH «~», UYTOOBLI OTJINYATH €r0o OT IIIK-
puHBI obnactu mepeMermnuBaHus. O0OpaTuM TakyKe BHUMaHWE Ha TO,
uro L siBisercsa QyHKIMEH BpeMEHHON IIPOCTPAHCTBEHHOM IePeMeH-
HOW. OTH ypaBHEHWS IOJYYEeHBI B MPEIIOJOMEHHH, UYTO
8o (p; —p2)>0. B mpoTHBHOM CiTyuae BEIDa)KeHHE O] KODHEM Clie-
IyeT OpaTh IO MOZYJIO, a Iepel KOpHEM 3HAK MEHsSeTCsa Ha IIPOTHU-
BOMOJIOKHBIN. HammoMHuM, 4TO 3HAK BEIpAXKEHUA £ (p1 - pz) CBA3aH
CO 3HAKOM MHKPEMEHTa W XapaKTepHU3yeT COOTBETCTBEHHO HEYCTOIi-
yuByio (>0) u ycroituusyio (<0) curyanuu. B mepBom cayuae mupu-
Ha 00JIaCTH IepeMeIllnBaHNWs BOo3pacTaeT u MaciiTad L pacrer, BO BTO-
poM ciaydyae MMeeT MeCTO cemapainusa u L yObiBaer. ITO ciaenyer u3
ypaBHeHus# (9.3), g (p1 - pz) — IOOTOJHUTEJIbHAA SMIINPUUECKad II0C-

TOSIHHAs, BBeJleHHasA B pabote [33]. [lamee Oygem cuurare C; = Cy.

Hnsa ypaBaeHuit (9.2), (9.3) paccMoTpuM IPOCTEHITYIO 3a7ady.
Bynmem mosiarath, uto npu t = 0 mMeeM JBe HeC:KMMaeMble JKUITKOCTH,

rpaHMyaIiue B Touke x; = 0:

p=pg npu x <0,

4
p=p; mpu x >0, ©-4)

IpudeM, KaK U paHbIle, Py < 1. IlycTh ycKOpeHUE g, CO BpeMeHeM

IBaXKIbl MEHSET 3HAK:
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g0>0, OStStO,

=lg <0, ty<t<t,

£=18 <0 o=i=h 9.5)
g2>0, tlgt.

3aMeTUM, YTO 3TOT MIPUMED HEOOXOAUM /IS OLEHKY BJIUAHUA Ce-
nmapanuu. B 9KcIepuMeHTe MPU TAaKOM 3aKOHE YCKOPEHUA IIUpUHA
Ha TIepBOM 3Tale OyaeT pacTu, JOCTUTHYB MaKCHUMaJbHOrO 3HaAUeHUd,
HAYHeT YMEHbLIIaThCAd U 3aTeM CHOBA PacTH.

ITens HAcTOAIIETO Taparpada — MOCTPOUTH B Mojesiu SIHTca Tou-
HOe pellleHre IPU MOCTOAHHOM YCKOPEHWM; Ha OCHOBAHUU IIPODPUIA
cMeCH IOJIYUYUTH (POPMYJIY A IMINPUHBLI 00JIaCTH CMEeCH M CPaBHUTD
ee C M3BECTHOI 3aBUCUMOCTBIO

Ly = o, Agyt®, (9.6)

rie L; — mupumHa 06JacTH IepeMeIlVBAaHUA B CTOPOHY TAMKEJIOTO
BemlecTBa. CoOTBETCTBEHHO, Yepe3 Ly 0003HAUUM IIUPUHY B CTOPOHY
JIETKOT'O BeI[eCTBAa. OTO IIO3BOJIUT IOJYUUTH CBSI3H BBEJEHHOU IOC-
TOAHHOU ¢ C BMIMPUYECKON IIOCTOAHHOM O, .

CroenaeM OZHO IPEAIIOJIOMKEHNE, KOTOPOE CYIIIECTBEHHO YIIPOCTUT
3amavy. AHanusupysa moBefeHVe K03(G(UIMEHTa IIPU BTOPOM UJIEHE
B ypaBHeHuu (9.3), BUAUM, UTO OH B 30HE II€PEMEINUBAHUSA MEHSIET
3HAK ¥ obpaujaercs B HyJIb IPH P = (p; +Py)/2. UsMeHeHUE KO3(D-

dbunuenta (P +pPg — 2p)/1l(p1 - pz)p MIPOMCXOAUT B MHTEPBAJe

P1 —P2 . P1 —P2
P1 P2

ITpu manom uwmciae ATByna eCThb BCE€ OCHOBAHUSA 3TUM UJIEHOM
mpeHedOpeub, HO MBI JeJlaeM 9TO WM B O0OIleM cjayuae IJs Joboro A.
IIpu Takom momyieHuu ypaBHeHue (9.3) mpeBpairaercad B OOBIKHO-
BenHoe aud@epeHIINaJIbHOE ypaBHeHHE IJs MAacliTaba SJINHBI L
U JIeTKO MHTerpupyercs. 3HadeHne L BaBHCHT TOJIBKO OT BPeMEHH,
MO3TOMY 3HAUOK THUJIbIA OIIYyCTUM.

WUrak, Opu MOCTOAHHOM YCKOPEHUU MMeeM

\/Z= L0+

9.7)
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B ypaBuenuu (8.2) mepeiiieM K aBTOMOJEJHHOIN IepeMeHHOM
A=x/L. (9.8)

ITocyie HEKOTOPBLIX HMpPeoOpas3oBaHUIl MOJYUNM

}»_M-[Zp@p—pl—pz)_(P—pz)(p—m)] dp (9.9)
20 (p1 —P2 ) 2001 a

YTo6Bl YIOBJETBOPUTH KPaeBbIM ycaoBuAM (9.4), mocTaToOdHO
NIPUPABHATH HYJIIO BhIpa’KeHNe B QUTYPHBIX CKOOKaX.

3aMeTuM, UTO YCTOMUYMBOE paspbiBHOE pelneHue (9.4) mmeer mec-
TO Ipu gy < 0. JTO cIenyeT U3 MOBeJeHUA XapaKTEPUCTUK UCXOLHO-
ro ypaBHeHus (8.3). B sTom ciyuae oHu OyAyT mepeceKaTbCcsA IO OCHU
x=0, 1 IepBOHAUYAJIBbHO 3a/laHHOE Pa3pPLIBHOE pellieHune OyAeT coxpa-
HATHCA BO BPEMEHU.

Ecnu gy < 0 u cornacuo (8.4) Ierkoe BeliecTBO HAXOQUTCS CIeBa
OT Havajia KOODAWHAT, TO Pa3PBIBHOE pelIeHWEe HEeYCTONUYUBO.
B sTom ciyuae pelrenueM OyaeT QpyHKIHA

p1 (1 +p2) [20(20 Py —p2) = (P—P2)(P—P1)]

2p (p1 — P2)+/2001 10

OmpenenuM Tpu XapaKTepHbIe TOUKU MPOGUIA P Ay U Ay, COOT-

x:

BeTCTBYIOIUe (PPOHTAM IepeMeIluBaHusA, U Pg B TouKe A =0:

}\.1 = — _pl + p2 ’
\/ 2pq

}\'2 = - p12+ p2 ’
V. eP2 (9.11)

1 2
Po =p=—[pl+pz+\/(pl+pz) +12p1p3 |-

6

Ecau uncnonnzoBats (9.7) u (9.8), To mosmyuum

L=nL, = [P1+P) pl—pz.gole
2P PrtP2 20
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Cpasrenue c (8.6) faeT nCKOMOe BBIpaKeHHE O Cq :

_ [Prtpy 1
1 e
201 20,

Paccmorpum pelrleHue IpU YCJIOBUU CMEHBI 3HAKA YCKODPEHUS.
Ilpu t <, oHO OyJeT ompeJeNAThCA BhIIIe IOJyYeHHBIMU (opMya-
mu (9.8), (9.10), (9.11). ITocse cMeHBI 3HaKa YyCKOPeHUs, corsiacHo (9.8),
OymeM HMMeThb

P1 +P2 P1 — P2 g0t2

L=ML, = .
1 201 p1t+Py 2¢

O‘-IeBI/I,lIHO, Pa3pbIB BOCCTAHOBUTCA IIPU HEKOTOPOM

tee = (1 +\-80/& )to-

31ech, Kak u B pabore [33], uCIIOIB30BAHO OJHO U TO Ke 3HAUEHUe
IIOCTOSAHHOM ¢; HEe3aBHCHMO OT 3HaKa YCKOPEHNUd, XOTd, KaK II0OKa3aHO
3mechk B 9.2, 5TO He TakK.

9.3. Moguduranua mogenun Sarca

s Toro, 4TOOBI OIEHUTH CBOMCTBA MOJYYEHHOTO PeIlleHn s, Heo0-
XOAUMO OOpaTUThCA K pe3yjabTaTaM SKCIepuMeHTOB KyuepeHKO —
IIsinaena [18] u fIurca — Pupga [33]. Jlyuime Bcero cpaBHUBATH IIPO-
buau p gns cmecu. BeibepeM aBe XapaKTepUCTUKU MPOGUIIA: 3HAUE-
HUEe TJIOTHOCTHM CMEeCH B TOUKE HAUYAJHHOTO MOJIOMKEHUS T'PAHUIIBI
(x = 0) u Mmepy HecuMMeTpuu Lo /Ll . COBOKYIHBIN aHAIN3 dKCIEpPH-
MEHTAJbHBIX MIPO(hUIeli BMECTE C TEOPETUUECKUM U3YUEeHUEM IIPUBO-
IUT K BBIBOAY [17]: eciu mupuHEI o61acTy nepeMemuBanusa Ly u Ly
onpenesnAaTh 3pPEeKTUBHO, OTXOAA OT (PPOHTA ITepeMellInBaHUA BHYTPDb
obJslacTy IepeMelIuBaHusl, TO HeCUMMeTpusl Ly /L; M3MeHseTcs B Or-
PaHUYEHHBIX IIpefesax.

HecumMmerpus perrteHns IpeabIIyIero MyHKTa 3HAUUTEIBHO OTKJIO-
HSAETCA OT JOMYCTUMON: Ly /Ly = —Ag /Ay = +/n. 9ro BugHO U3 puc. 5.4.
Tak gma n = 3 B 9KcIepuMeHTax Lo /L =1,19+1,27, B Teopumu mo
Surey L, / L = f =1,73. ILmoTHOCTE P O) B Mmozesu SIHrca coryiacHo

(9.11) ects limop(0)=0,33p1, rTorza kaxk us pabor [33] u [18]
P2—

crexyer, uto B omeitax lim p(0) = 0,45p, . Takum 06pasom, TpoduIs
po—0
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C CUMMETPHUUYHLIM IIepeMeIlnBaHreM B 00€ CTOPOHBI OyAeT MeHbIIe
OTKJIOHATHCSA OT 9KCIEPUMEHTAJIBLHOTO, TaK KaK TOTJa

lim p(0)=0,5p; .

pg—0

Mogens ¢ TAKUMU CBOMCTBAMU JIETKO IIOJIYYAETCA, ECIU B POPMY-

Jge (9.2) 3HaueHMe IMJOTHOCTHU P IIOJ KOPHEM 3aMEHUTH €€ CPEeIHUM
3HaueHHeM (P + Pg )/2 . YpaBHeHue g mupuubl L Gepercsa B popme
(9.3). OKoHUATEIHLHO TMEEeM

9 _ [260L 9 (P1-p)(P—pg) IL _ [24gL
ot A ox  (pp+py) ot o (9.13)

3nech IpeHeOpeskeHO IePeHOCHBIM uyieHoM B (9.3) (BTOpOii uiieH
B JIeBO# yacTu). PemleHre moayuyuM B Bufe JUHeHHON GyHKIIUU OT [:

_P1tP +PL7P2,
2 2

OueBupHO, A; =—Ag =1 u pg =(p; + Py)/2 . IlocrosanHas ¢; CBA-

p (9.14)

3aHa ¢ 0, PaBeHCTBOM ¢; = 1/0,, , Ay =Py —Pg, Ag =P1 +Pg -

9.4. Yuer cemapanuu B k—Momesu
HA OCHOBAHWU YpPaBHEHUSA nepeHoca (ks—Moeirp)

Muddysuonnsie k— 1 ke—Moe/i BIIOJHE YAOBJIETBOPUTEIHHO OIU-
CBIBAIOT IIUPOKUI KJACC 3aJay C MepeMeHHBLIM YCKODEHHEeM, B TOM
YucJie 3aJ]a4d C BBIKJIOUEHHBIM YCKOpeHueM u ¢ ToOHKuM cioeM. Ce-
mapainus MOKeT OBITh ONMMCAaHAa MyTeM BBEIeHUS ePeHOCHBIX UJIEHOB
10 cXeMe MPeABIAYIero MyHKTa, OJHAKO IOAKJIOUeHUe ee TpedyeT
0Cco00ro MCCJIeLOBAHMUS.

Il HaMMCaHWA MCXOAHBIX YPABHEHUM MOJE/IN UCII0JIb3yeM YpPaB-
HeHue (9.13). 3anumem ero BMecte ¢ TUMGY3UOHHBIM UJIEHOM

op 0 p 2/g/L
o= | Dot a “(p1-pP)(P-p2) |
ot ox| ox \(p1 -z ) (01 +P2) (P1=P)(P=P2) |- (9.15)

raie D =o0yLV ; ecim g >0, To Oeperca 3HAK «+», ecitu g <0, TO
bepercs 3HaAK «-».
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3mech yuTeHbI 00a mporecca: nuddysua u neperoc. IlepenocHoi
YJIeH UTPaeT OCHOBHYIO POJIb B OIpPeHesIeHNU pellleHus. OTO YpaBHe-
HUe TIPU HEKOTOPBLIX OTPAHUYEHUSIX CBOAUTCSI K M3BECTHOMY 0000-
IeHHOMY ypaBHeHUI0 Broprepca [38], cBoiicTBa pemieHui#l KOTOPOTro
XOopoIo usydeHnl. IlepeHOCHOH uneH ¢ KO3(M(UIMEHTOM (., SABJISAETCA
TJIABHBIM B ONpeeIeHU MHTeHCUBHOCTH TYPOYJIEHTHOTO IIepeMeIn-
BaHUA, Tu(pGY3MOHHBIA UJIeH CTAHOBUTCA AO0OABKOI, pasMbIBaIOIIe
OCHOBHOe perlieHue. IIpuueM B JaHHOM CJIyyae PasMBITHE IPOUCXO-
IuT Ha GPOHTAX MepeMelInBaHus.

ITosTomy HamboJiee ecTeCTBEHHBII CIIOCO0 yUeTa cemapaiuy pas-
nmenbHBIN. Ha HeycToiunBoil cTagun (g(ap/ d0x) > 0) clexyeT NIPAMEHATh
TOJIBKO Ju(PysuonHyI0 Mozens (o, = 0), Ha yeToHunBOM (g(ap/ dx) < 0) —
TOJIBKO cenaparnuoruyo (D =0). Kak ocylnecTBIATL mepexo ¢ OHUX
ypaBHeHUI Ha Apyrue?

st aTOTO HY:KHO NPUBJIEYL YPaBHeHUe OajlaHCa KMHETHUUYECKOI
sHepruu TypOyseHTHOCTH (3.5). OT™METHMM, UTO Temephb T'eHepallmoH-
HEI uieH g(dp/dx) claemyeT YIUTLIBATHL IIPH JIIO00M 3HAKE.

Ilepexon k cemapamuonHOR Momgeau (D =0, oy #0) yBsxeMm
co 3HAUeHHeM TYypOyJIeHTHOM cKopocTu. IToce cMeHBbI HEYCTOMUYNBOM
CTaauy Ha YCTOMYMBYIO CKOPOCTH V HAUHET IaJaTh, CTPEMCH K HYJIIO.
Cemapanusa, Kak TOKa3bIBAIOT 9KCIIEPUMEHTHI [37], HacTymaer He cpa-
3y IIOCJIe CMEHBI 3HAKa YCKOPEHHs, a Yepe3 HeKOTOPBINA IPOMEIKYTOK
BpeMeHHt. ITOT IIPOMEKYTOK oIlpeneaseTca u3 ypaBHeHud (3.5), xorga
CKOPOCTh Ha YCTOHMUMBOI cTaguu oOpaTUTCA B HYJIb. KoHeuHOo, 00pa-
IeHre TypOyJIEHTHON CKOPOCTH B HYJIb CKOPEe BCEero ABJISIeTCA Hel0C-
TaTkoM Mogenu. Ilosromy B m. 9.5 paccmarpuBaeTcs ciaydaii, Korga
9Ta CKOPOCTh IIPUHUMAET HeKOTOPOe IIOCTOAHHOE 3HAUEHUeE.

TouHble KOJIMYECTBEHHbIE COOTHOIIECHUA OYAYT IIOJYUYEHBI IIOCTe
ocpenHeHUs ypaBHeHUdAd (3.5).

OcpenHeHHOe ypaBHEHWE IJis [/ U ypaBHEHWE IJIA IIUPUHBI L
ymoOHO 3amucaTh B ciaexayroiieMm Buge: (5.12) u (5.13)

avz  v: @

- +4k—=—gA

iL L g2 (9.16)
dL _

o 8nja,V, (9.17)

rae o, =0.
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ITonyuennasa cucrema ypaBHeHuit (9.16), (9.17) urTerpupyercsa
npu Jir000M 3aKOHEe YCKOopeHuA g. PaccMOTpuUM CTyIeHUYaToe yCcKope-
Hue coryiacHo (9.5). IIasa mpocToThl GyaeM IIoJiaraTh B HaYaJIbHBIN
MOMEHT HyJIeBble HauaJbHbIe JaHHBIE

V(0)=0, L(0)=0. (9.18)

Torma u3 (9.16) u (9.17) cinenyer pemenue I craguu. MbI mpoxoJi-
sxaeM ero Bo Il cragum IO Tex HOp, IOKa CKOPOCTH V He obpaTurcsa
B HyJIb. OTHM CaMBIM OIPEJeJNTCA IepexXoaHoe BpeMs i, , IPU KOTO-
POM IIPOMCXOIUT CMeHa MOZesei.

Pemenue ypaBHenuit (9.16) u (9.17) npu ycaouu (9.18)
u (9.5) ecTh

®,80AL
om? (1+4k)

1+4F

_ AL L

V2+7q;1g1 1-| =2 , tgSt<t
2n? (1 +4k) L

, 0<t<t,

80(,2nnf<blg0At2
L= 1+4k
Ly<L<L., ty<t<t,.

, 0<t<t,,

3aBHCHMOCTh IIUPUHLI OT BpeMeHHU Ha HMHTepBaje ty <t <t, om-

penesnTcsa Imocjie UHTerpupoBanusa ypasHeHuA (9.17). 3HaueHMe miu-
puHBl L, BRIUHNCIAETCA KaK pellleHUe YPaBHEHUA

4k 1+4k
L (L) _ &, (L) _ -4 010
Ly | L g | L 1+4k° (9-19)

Cc

Ilpu 3HavyeHun MUPUHEL L, CKOpPOCTH V obparmaercsa B HYJIb:
V(L.)=0, (9.20)

M03TOMY corJyiacHO (9.17) mpu ¢ = ¢, IMHPHHA JOCTUTaeT CBOETO MaK-
CUMAJILHOTO 3HAUCHUS.

3aMeTHM, UTO 3KCIIePMMEeHTAaIbHO U3MepeHHbIe OTHOIIeHuA L, / L,
ut, / ty AarOT BO3ZMOKHOCTH JOIIOJHUTEIHLHOIO KOHTPOJIA IIPABUIBHO-
ctu BbIGOpa crenenu 4k, koropas Ha I cragum npu A=0 ects 5.
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Bpema t, momydaerca mHTerpupoBanueMm (9.16):

LC
tC = tO + 21 IldL.
8T]l(xm 4
Ly

IlopepiaTerpanbEyo PyHKINMIO Ha nHTepBane Ly < L < L, MOXHO

MPUOIMKEHHO 3aMEHUTh CJIEIYIONIeli:

1 _ |[2mfa+4k) [L -L,
Vv o\ &gALy \ L-Ly

Torma HHTerpaJ JerKo 6epeTCH, nu o tc nmMeeM

1 a 2(1 + 4k)
4an; o, D,g1AL,

t :t0+ .(LC_LO)'

Bpema t, cayXuT 14 DepeKIIOUeHHA Ha CellapallMOHHOE ypaB-

HeHue

ap -2g1L ap
— == -(p .|.p _2p .
ot s\/(pl —pg)(p1 +p2) (1 +p2 )ax (9.21)

HavanbHBIMU JaHHBIMHY IJIS 9TOTO YpaBHEHU OyIeT pacmpemese-

HUe IJIoTHOCTU u3 (5.4) Ha MOMeHT ¢ =t,

P1+P2 , P1 P2 2x
p(x,t,)= 5 + 5 (I)(mL ]
C

YpaBHeHUe IS ITUPUHBI OTIPEIEIUTCS U3 XaPaKTEePUCTUIECKOTO

ypaBHEHUA
dvL
4 = -0, 28, AD, (9.22)

npu ycnosuu t=t,, L=1L,.

Ouesunno, yro Ha II craguu npu ¢ = ¢, MUpUHA IOCTe UHTETPU-

poBanuda (9.22) mpuMeT BUJ

VL = JL, - Jo,J-2g,A®; (t-1,). (9.23)
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ITocnenuee YPaBHEHUE OaeT BbIPpaXKeHUue MJIdA cnenylou_(eﬁ KPpUTHU-

A
cc c \/OTS'——ZglAd)l.

B nanHOM ciiydae mpu ¢ = t; , eCIM yCKOpeHNUe CHOBa MeHsdAeT 3HaK,

yecKoii Touku, Korma L =0:

HACTYOUT HEYCTOMUMBAA CTaAUs, Ha KOTOPOH OyAyT meiicTBOBAThL ypaB-
HeHuA quddysronHoit mogesnu (11.16) u (11.17) npu ycioBuu, 4To

V(t)=0; L =L(t)=yL -Jo,J-2¢40; (4 -t.),

Penrenuem ma sTOM sTame Oyner

P1+P2 P —Pg o[ 2x [P1824
= + O] , L = JLy +4omg [ —=—-
P="" 2 L Lo+ Ay g

9.5. Yuer cemapanuu B k—Momesu

ITocTpoennas Teopuda (cMm. 9.4) GasupyeTcA Ha MEPEKJIIOUEHUU
Ind¢ysnoHHOM MoZeJN Ha celapalloOHHYIO, IpUYeM MOMEHT Iepe-
KJIIOUEeHUA ONPEeIAeTCs 10 00paleHNIo B HYJIb KMHETUUECKOM DHED-
ruu obsacTy TypOyJIEHTHOTO IepeMeIuBaHus. B TakoM mpubiamixe-
HUU TOJTHASA cemapaiusd HACTYyIUT uepes KOHEUHBIH MPOMeKyTOK Bpe-
MeHHU.

OmHaKoO OT 3TOr0, BUAWMO, HEECTECTBEHHOTO CBOMCTBA MOYKHO
JIETKO n30aBUTHCS, €CJIN B PAMKAaX PACCMAaTPUBAEMBIX MOJeJel Ipes-
IIOJIOJKUTH, YTO MEPEKJIIOUEHYIE OIIPEeIAETCS 110 HEKOTOPOMY HEHYJIEBO-
My 3HaUEHUWIO KMHETUYECKON sHepruu o06JacTu TypOyJIEHTHOTO IepeMe-
muBaHuA. [[JIA 3TOrO CJIegyeT OIpeNeSJUTh 3TO 3HAUEHUE, HAIpUMep,
Kak dacTb N OT KUHETHMYEeCKOU SHeprum B MOMEHT IIepeKJIIUeHUSI
YCKODeHMs:

72 _ 72
V:=NVy,
N << 1, 1 5TO 3HAUEHNe MOKeT ObITh MOACKA3aHO 9KCIePHUMEHTOM.
Ecau panbHeliliee moBeleHNe KHUHETHUYECKOU sHepruu obJjacTu
TYypOYJIEHTHOTO IIePeMEIINBAHKNA IIPEAIOJOKUTh N3BECTHLIM U IIO-

CTOSHHBIM, TO €CTECTBEHHO HA CeIapalOHHOM 9Talle, B OTJIUYUE OT
ITPOBEAEHHOTO BHIIIIE PACCMOTPEHUS, yuecTb quddysmnoHHbIH wieH (9.15),
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rae
D =qyLV,,

TO ecThb TypOyJIeHTHAs CKOPOCTH HA BCEM WHTepBaje cellapanuyu Io-
JlaraeTcs IIOCTOSHHOM.

Taxkas IIOCTaHOBKA IPMBOAUT K TOMY, UYTO Ha CelapamyoOHHOM
sTalle IOJHOIO pa3JieieHUs CMeCcU He IIPOUCXOANT, & IPU { —> oo yCTa-
HaBJIMBAETCA HEKOTOPHIN aCUMITOTHUECKUI TPODUIL IJIIOTHOCTH, OII-
penesisieMblii ypaBHeHUEM

9 _ Vo —25 L

dx oLV, \(py - P2)(py +Pa

)(pl-p)(p—pz)-

ITpu sTom sdhdexTuBHaa mupuHa L, ycTaHOBUBIIErocs Ipodu-

a4 OymeT cBA3aHa C MapaMeTpaMU 3aJadul CJeIYIOIuM o0pasom:

_ 205 (@ )’ N gy

Ly
37]%0‘3 81

oo .

OueBugHO, mpu N = () IOJyYaeTcs pacCMOTPEHHOoe B 1. 9.4 peiiie-
Hue. Beioop mapamerpa N octraercsa cBobogubIiM. Ha srame cemapamunu
ypaBHEHUe I KUHEeTUUYECKON sHepruu TypOyJEeHTHOCTU HYMKIAETCS
B YTOUHEHUU.

3aKiaoueHue K riaase 9

TakuMm ob6pasoM aHaim3 MOAENU TypOYJEHTHOTO IlIepeMeInBa-
Huda I. IHrca, ocCHOBaHHOUM Ha MCIIOJH30BAHUU CUCTEMBI YPaBHEHU
MHOTOKOMIIOHEHTHOM MHOTOCKOPOCTHOM KHUAKOCTH, IIOKasaJy, YTO B
clydyae HEC)KMMAaeMbIX KHUAKOCTEH YpaBHEHUSA MOJENU MOTYT OBITH
CBeJeHbI K KBasUJINHEHHOMY YpaBHEHUIO IePeHO0Cca, CBOMCTBA KOTOPO-
IO XOpOIIo u3ydyeHbl. VciienoBanrue HECUMMETPUU TIepeMeITnBaHU A
TIO03BOJINJIO YCTAHOBUTE, UTO IPHU GOJBIINX UMcIaxX ATByZa OHA CyIIle-
CTBEHHO OTJIMYAETCA OT 9KCIEePUMEHTAJbHOI. JTO, B CBOIO OUYepenb,
TIOMOTJIO BHIPAa0OTATh IPEJIOMKEHNA II0 COBEPIIIEHCTBOBAHUIO MOJEJIN.

B pesyabTare nsyueHus cemapanyuy B yCJIOBUAX TPUMEHEHUT TUQ-
dbysuonHbIX B— 1 kE—Mogesieli 3afjaua cBeeHa K M3BECTHOMY ypaBHe-
HuIo Broprepca, B KOTOPOM cemapaloHHYIO TO0aBKY CJIeNyeT YUUTHI-
BaTh TOJBKO HA YCTOMYMBOM 3Tale MeHCTBUS YCKOPEHUs, MPUUEM
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He cpasy, a c HeKOTOPOU 3aTAXKKOU, onpeiesieMOli U3 pelleHusa ypaB-
HEeHUS I KUHETUYECKOH 9Hepruu TypOyJIeHTHOCTH.

B pesyabraTre aHasimsa onbITOB ¢ cenapanueit SIurca u Kyuepesn-
Ko — IIbinaeBa ompejesieHa IOCTOAHHAA cellapany O :

dy/hy = oA, o, =0,01. (9.24)
dy/2(s - s,) — 28, (t — t,)

Ha ocHOBaHWM IIOCTPOEHHBIX TOUHBIX PEIEHUN BOSHUKAIOT CJIe-
[IYIOI[/ie BOIIPOCHI ¥ PEKOMEHIallVu:
1. CmpaBeanuBa jiu 3aBUCUMOCTD (9.24) N1 TPOU3BOJIHLHOTO YKC-

na Ateyna? 3nech IOCTOSHHAA O, BBIUMCJIeHa Ipu 3HaueHun A = 0,5.

2. Kakoe pellleHre yCTAaHOBUTCA HA YCTOMUYMBOM STalle IIPU IOC-
TaTouHO 6osbIitoM BpeMmeHu? I[as aroro B onbiTax Kyueperko — IIbr-
JlaeBa CJeIyeT IPOJOJIKUTh MHTEPBAJ AEHCTBUS YCTOMYMBOTO dTalla
II0 CPaBHEHUIO C HEYCTOMUMBLIM Oojiee ueM B 2 pasa.

3. IIpoBepuThb BLIBOJ TeOpUI 00 aBTOMOIEJILHOM XapaKTepe ILIOT-
HOCTU: B Ge3pasMepHbBIX IIePEeMEHHBIX OH OCTAeTCS ONHUM W TeM Ke
Ha BCeX dTamax. B 3aBUCHMOCTHY OT 3HAKA YCKOPEHUSA HPOMUIb ILIOT-
HOCTH CaMOIIOJO0HO «pPaCIIUPAETCI» JU00 «CyrKaeTcs».
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INIPUJOKEHUE 2

BriBog mucmepcuoHHOTO ypaBHeHHA (3.6)

B § 3 mocae moacramoBku (3.5) B (3.6) mosyueHa cucrTema IeCTH

ypaBHeHH{l OTHOCHTEeJBHO IIecTu HemsBeCTHRIX dymrmui U; (x;),

i=1,2,3, p'(x1), P'(x1), s'(x1):

iwp +ikgpUs +ikypUy + ai(pUll) =0
X1 ’

p
ioUy = —iky — ,
p
ins" = -Uy 95
oxy ’

p’:+@ s+ ®» P’
0s| p oP ),

C yueToM BBeIeHHBLIX paHee 0003HaUYeHUI

1oP o 1 dlnp
o=~ g =—> = 5
p 0% 9P 921
0P|

2
%o = =80 (go + Coao)-
u3 (I1.2.5) u (I1.2.6) caenyer:

1 0 ;P
pr= 020U1+7,

0 goco )

(I1.2.1)

(I1.2.2)

(I1.2.3)

(11.2.4)

(I1.2.5)

(I1.2.6)

(I1.2.7)
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IIpu BreiBOZE (I1.2.7) MCIOTB30BAHO PABEHCTBO

dp _dp| s, dp| P
dx; 0s|pdx; 0P|, 0xy
nin
dp| Os 8 o
B 7:a0+7g:_702.
pasPaxl <y £0¢o

U3 (I1.2.1), (I1.2.3), (I1.2.4) crenyer:

. ’ . P/ a ’
iop’ ik - a( U; )=0 (I.2.8)

B (I1.2.8) moacrasum p’ u3 (I1.2.7) u moxyuum

2

1 L T d ’ (00 r

[6'2_(1)2J wP +§(9U1 )+72 pUy =0, (I1.2.9)
0 1 80¢0

ITocnenuee ypaBHeHue npeobpasyercs B (11.2.10)

1 k12 , Uy pgy .,
———5 [P +p——-"—-U; =0
(cg 0)2] dx cg . (I1.2.10)

Ypasrerue (I1.2.10) npozuddepernupyeM mo x; U HOIYyUUM

(I1.2.11)
1 k| P g d (. .\_ 3 [ U
[C(z) (DzJ aX1 c(z) axl( 1 ) axl{ axl . (H.2.11)

Ilogcrasum p’ u3 (I1.2.7) B (I1.2.2) u moayunm

im+ 5
l(,l)CO

=- 5P (I1.2.12)

4

oP
Haxomner, saxogum us (I1.2.10) u (I1.2.11) P’ u Fv ¥ IIOJICTAaB-
1

asem B (I1.2.12). Tem cambIiM mosyuaem ypaBHeHue (3.6).
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INIPUJOKEHHUE 3

ITokaskeM, UTO MCKOMOE peIlleHNe JOJYKHO BBIXOAUTH U3 TOUKU
(4.4) u BXoguTH B TOUKY (4.5). [lyia 3TOTO HY’KHO YCTAHOBUTD, UTO

2
n :y(}‘l)zg}”l-
PaCCMOTpI/IM BCe OIITyCTHMBbIE€ 3HAYECHUA

Y1:y1=0; yp =5 y; >0
U KOHEUYHO.

1) y; =0. Cucrema ypaBHenuii (4.2)—(4.3) B OKpPeCTHOCTHU TOU-
Kz (Aq,0,0) mpumer Buz

’ 3 Fg 2 ’ ;\'
=—}\, = - ; = —-—
g 9 1(3 Y J y 3

el

Mo:kHO mmOKasaTh, UTO Cpelu PEIIeHUH, BBIXONAIIUX W3 TOUKH

(21,0,0) HeT MCKOMOTrO, yAOBJIETBOPAIOIIETO OUEBUAHBIM YCIOBUAM

£€>0; y>0. [eiicTtBuTenbHO, pasjennB OJHO ypaBHeHNUe Ha APYToe,
TIOJTyYUM

dg _3y°-¢
dy y ¢

Bugso, uTo cpefu KPUBLIX, JeaIux B KBagapanTe & >0; y >0,
HET pellleHunsI, IPOXOJAIIEro yepes Hauaio KOOPAUHAT.
2) y; =. B sToM ciyuae ypaBHeHus (4.2)—(4.3) s5KBUBAJIEHT-

HBI ype3aHHOU cCuUCTeMe:
2 2¢ g 1 2.9 2
R S e T

2 , 2y’ I1.3.1
‘(37*1 +i)=§[y2+y]- ( )
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BespasmepHasa KoMOWHAIUSA y2§ B TOYKe A =A; paBHA HYJIO.

HeiicTBUTENBHO, €CIU BePHYTHCA K UCXOOHBIM BeJIMUUHAM, TO

J
y%~D %
pox

’

2
TO eCTh BbIpa)keHHe yY“C ecTh IIOTOK CMeCH U I0O3TOMY Ha (DPOHTE

rmepeMeIrInBaHus PaBHO HYJIO.
Cucrema (I1.3.1) mocie caemaHHOTO 3aMeUaHHUSA 3aMETHO YIIPO-

I1aeTcs:

IlomenuB oxiHoO ypaBHEHME Ha APYroe U IPOMHTErPUPOBAB, OIYINM

d _
YoV y=c?,
¢ 28
3) y; >0. y; — mocToaHHaA. Ype3aHHAsA CHUCTeMa IPUMeET BUJ,
2. ., 2 , 2y’
ShE =y | St |2 uf
3 3 n )

OTKyJa HEMHWHYEMO CcJIeayeT, 4To

2 2
="h; E(M)=—=2q.
51 31‘%(1) 3’

Amnanoruuao ucciengyeTrcda agpyras ToOukKka 1 IIOKa3bIBaeT, 4TO

2 , 2
Ys 257‘2? & (hy)= —gxz-
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INTPUJOKEHHUE 4

Ycpenuenue ypasHeHHud (5.7) mo obmactu —L, <x < L,.

IIpounTerpupyeMm JeBy0 W NpPaByi0 dacTu ypaBHeHus (5.7)
B VKasaHHBIX Ipefesax. [IpeBapuTeJbHO OIEHUM PAN UHTETPAJIOB

Iy I,
a) J. pV2dx =V2m, toe m = J. pox
_Lm _Lm

L
IIpu Gonbmux BpeMeHax Tm >>1:

0 0
- L
m= {pg + P1 P2 CD(O]JL,” = p?Lm ,

2 2Vt

Ly 0
p g(pl _92)L0 -
—dx = 1-e
6) J 9% Jon (1=,
_Lm
T op oV'2
P dx=0
8) ox Ox ;
_Lm
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IIpenebperas uneHaMu 60Jiee BBICOKOTO IIOPSIKA MAJIOCTH, IIOJIY-
YyM ypaBHeHUE

A(7m) o7?m &[0l -08)Lo(1-¢7)

+ =
20t o? L,zn Jin

Ecnu B aTO YpaBHEHUE IIOACTAaBUTh BMECTO MAacCChl 1M ee 3HaYeHue

p(l) L, , a BMECTO IIUPHUHEL L, = anx/; , TO TTOJIyYuM ypaBHeHue (9.8).
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INTPUJOKEHMUE 5

HUccrenoBaHne MOBeJeHNS NHTEIPATLHBIX KPHABBIX CACTEMEI YPaB-
HeHuii (8.8) B okpecTHOCTH TOUKM L=k =¢ =0.

B ypaBuenuu (6.8) mepeiimem ot L K T. I[loryuum

P _pty =L,

ar %1 CMEZ Jt

de & co8 cqB§ (I1.5.1)
7_P27+77 = — .

dt T CMkS N

a) IlycTh B OKPECTHOCTH HYJIS

9 —
€ P,

%2<POE+71
cuk T o

Torga cucremy ypaBHeHuii (I1.5.1) MOXKHO 3aMeHUTH CJIeAyIOIei

) P,
di :EPO +71;
dt = Jt
dt = EJt

ITonyuenuble ypaBHEHUA HUMEIOT CEMENCTBO MHTETpPaJbHBIX
KPUBBIX, BEIXOAIIIEE U3 HYIA:

- 2P,
k=1
1-2R,

Pl (I1.5.2)
& = const ¢t (O5-F0)+ By

6) IyCTh B OKPECTHOCTH HYJIH
_2
&

=2
ch

E P
> Py~ +—1
A2

T
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Torma ot (I1.5.1) mepeiimeM K ypesaHHOU cucTeMe ypaBHEHUI

de &

dr cptlg2 ’

= =3
det _ 082 i

dr N B3’

Pemennsa nosryueHHOM cucTeMbl YPABHEHUN IPUBOAAT K OTPUILA-

TeJIbHBIM 3HAUeHUAM f , IIO3TOMY He PacCMaTpPUBAIOTCS.

8) Hakoner, octaercsa ciayuaii, Korjga MMeeT MeCTO PaBEHCTBO,
TO €CTh

-2 -
& _ k P
772 = COPO —+ —=
ch T oo
rae ¢y — mnocroanHasa. Haligem ee. I3 mepBoro ypaBHEHUA CUCTEMBI
(I1.5.1) caemyer
o E kB

- G Py+ Py +-L
OO‘C O’L'

ot NCS

Pemennem, BEIXOAAIIUM U3 HYJIA, OyIET

2P\t

W3 BTOporo ypaBHenus cucteMmbl (I1.5.1) moayuaem BbIpasKkeHue

OIS C
_0,25-P +¢y (B -0,5)

C,
0 By (€e1 —cea)

Taxum o6pasom, B ciaydae «8» MOJTYyUAeTCs eJUHCTBEHHOE HEeTPHU-
BUAJBbHOE DeIlleHre, UMeIoIlee BU

E= ’3] (Csz - csl) \/;;
Ces (0,5 By) - 0,25 + P,
0,25 P P 05
€~ (e —cu ) B ) + ce1 (B —0,5) N (11.5.3)

(0,25 - P, + ¢y (By - 0,5)]°
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K sTomy caenyer mo6aBuTh, uto momuMmo pertenus (I11.5.3), 6yzer
TaKsKe CYIeCTBOBATh 0ECUMCIeHHOE MHOKECTBO PEIIIeHNH, NMEIOIAX
pasnosxenue (I1.5.2).EcrecTBeHHO, BO3HMKAET BOIIPOC O BLIOOPE HYIK-
HOro pernenusi. KBagpaTuuHbIil 3aKOH PA3BUTHUS IMHUPUHBI 00JACTH
IepeMeIInBaHusA OT BPeMeHU IOJYUUTCSA, €CAN MPUHATH eIUHCTBEH-
Hoe pemrenue (I1.5.3). B aTom cayuae moaryuyum

_ 0,25¢, (ce1 — ez )’ Bit?
[0,5+c. (2R —1)-2R, |[0,5+ ¢,y (2B —1)-2R, |

N

(I1.5.4)

Hpyroii kjaacc pemrenuii, onpenenasaembrit popmynamu (I1.5.2) Tak-
JKe CYII[eCTBYeT. ITO OJHOIapaMeTPpUIYECKOoe CeMeiCTBO MHTErPAIbHBIX

KPUBBIX, BEIXONANIIUX U3 HYJIEBOU TOUKU T = 0; k= 0; &, =0, npuso-
IUT K HEKOTOPOMY CTEIeHHOMY 3aKOHY

1
L ~ t2c€1_1 *

3Iech CTelleHb BBHIUKCIEHA AJA Madbix unces Atsyna. U, Boobiie
roBOp#, He ICHO, KaKOoe pellleHre cJIeqyeT BhIOPaTh.
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ITPRJIOKEHUE 6

I/ICCJIeJ_IOBaHI/Ie II0OBEeJE€HUA MHTEerpaJIbHbIX KPHUBBIX B OKPECTHOC-

i 0c060i TouKku T=Tgy; kB =€, =0 cucremsr ypaBuenuii (6.8).

€
t
a) Ilycrs 5 — 0, Torga ypesanHaa cucTeMa MMeeT B

ok _ B
"o
aE_Plcsl

|| oo

ot /'[:0
a ee pellleHueM OyJeT

. p
g =constkl; k=—"L (1-1))
To :

U3 touku T=7Ty;k =¢ =0 BoIxOoguUT OgHOmApaAMETPUUECKOE

CceMeucTBO HNHTEerpaJIbHbIX KPUBBIX.

€
0) mycThb ft — , Torgma cucremy (I1.5.1) npubamkeHHO MOMXKHO

3aMEHUTD CJEAYIOIei:

ok _ &
ot culgz’
05 _ g €
ot N B3’

Ee pemenue g, = const £ ‘€2 IPOTUBOPEUNT HAIIIEMY IPEAII0I0Ke-
HUIO «0».

€
t
8) yCThb ? — const . B srom ciayuae U3 HYJA BBIXOAUT eIUH-

CTBEHHO€ peIlleHue
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Taxum 06pa30M, II0BeJeHNEe NHTEerPaJbHbIX KPHUBBIX B OKPECTHO-

CTH M3ydIaeMoil TOUKU Ha IIocKocTH (&, €,) Oyzer umeThb BUJ OIpesie-

JsieMbIll ypaBHeHUEM

T, _ —
_ —7081(‘2 +P1 T0k2 —9
e 4 k
dg;,  CaTp €,

=2 2
& +PiceiTok
c

u
KoTopoe moayuaercs us (6.8), (I1. 5.1), ecaiu mepBoe ypaBHeHMe pasje-
JUTh Ha BTOPOe U OTOPOCUTL B OKPECTHOCTHU T =T, UJeHBI Oojee

BBICOKOTI'O IMOpAAKa MaJIOCTH.
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INTPRJIOKREHHUE 7

Ycpenuenue ypasHeHus (7.7) mo obmactu —L, <x < L,.

IIpounTerpupyem JeByi0 M IpaByio dacTtu ypaBHeHusa (7.7)
B VKasaHHBIX Ipenesax. IIpeaBapuTeJbHO OIEHUM PAA UHTETPAJIOB

L L
a) J. pV23dx=V2m, raem= J. pOx
=L, ~L,

L
IIpu Gosbiimx BpeMeHax Tm >>1

PL—P L
mg[p;u - 2‘1’[2})} Ly = obL

Lo 2(0? - p9)L
6) fggzd“ (1\/52) O(I_e_n);

— Lm

2
J' ap IV =0
ox ox 3
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IIpenebperas uneHaMu 60Jiee BBICOKOTO ITOPAIKA MAJIOCTH, IIOJIY-
YuM ypaBHeHUE

A(Vm) ov2m _&(oF=0%)Lo(1-¢7)

2dtr %L Jn

Ecau B aT0 VYpaBHEHUE IIOACTAaBUTh BMECTO MAaCChl m ee 3HaYeHue

ngm , @ BMECTO LIUPUHBI L = an\/; , TO TIoJTy4uM ypaBHeHue (7.8).
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ITPRJIOKREHHE 8

ITocTpoum mpubam:keHHoe pernerue cucteMsl (7.18), (7.19). Insa
sroro B (7.18) mpemeGpesxem wieHoMm &', a QyHKNuo £ 3aMEeHHM

HOCTOAHHOI (), KOTOPYIO OIpeeJnM IIyTeM IPUOINKEHHOIO HHTET-

pupoBauus ypaBHeHud (2.5).
B pesyabTare

B 3 ’
C(B+1)g, yh=y" +2y0, (118.1)
1-1,5B
(1+B)¢, :V—y4
W+f0' (118.2)
- Ao,1

ITocenHee cOOTHOIIIEHNE TTOYUEHO CIAENYIOITUM 00pasoM. Y pas-
HeHue (7.19) ymHOXKeHO Ha & U OT 00emX yacTeil ero B3SAT MHTETPAJ

Mo 06JacTu [—7»0,1, ?»0,1] , TIPXA 9TOM HCITIOJIb30BaHbI IPUOINKEHHbIE

paBeHCTBa
Xo1
B 2 ’ B 2
—A+(1+2 dh>~—-———A\
J.{B+1 (1+2B)cy }& B+1/01%0,
—Ao,1
Ao,1
2 2 B 2 4 3
— A+ d\ ~ 2 0)EN
J.E"y(B+1 §yJ y" (0)&ro,1
-A0,1

HuddepennnansHoe ypasaernue (I18.1) nna pyHKIMYM Yy ecTh ypas-
HeHue Bepuyanau. OHO MHTErpUPYeTCA, U PeIlleHre IPeICTaBIAeTCA
B BHUE

0,5 0,5
Ao 1 +(1+B&0n) ® AB -
2B (2(B+1)&)”
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Y oByeTBOPAA IpaHUUYHBIM ycaoBuAM (7.20), umeem

, -1
e =2n(n+1), [2(1+B)gn]" = nn : (T18.3)
Us yenosusa 8(Ag 1) =0.1 naxoaum
Mo (n-1)
M1 = 05 - (118.4)

Nz (I18.2)—(118.4) MO:KHO OIPeNeJUTh IOKa3aTelb aBTOMOIEJb-
HOocTH B. BrIpaxeHme [IJd Hero TOMKAECTBEHHO cCOBIazaeT ¢ opMy-
ot (7.29).
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